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Numbers involved in this book are integers, and letters used in 

this book stand for integers without further specification. 

Given numbers zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa and b zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, with b # 0, if there is an integer zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc , such 

that a = bc , then we say b zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdivides a ,  and write b I a .  In this case we 

also say b is a factor of a ,  or a is a multiple of b .  We use the notation 

b'ia when b does not divide a (i. e. , no such c exists). 

Several simple properties of divisibility could be obtained by the 

definition of divisibility (proofs of the properties are left to readers). 

(1) If b I c , and c I a ,  then b I a ,  that is, divisibility is transitive. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( 2 )  I f b l a ,  andblc,  thenbl ( a+c ) , tha t i s ,  thesetofmultiples 

of an integer is closed under addition and subtraction operations. 

By using this property repeatedly, we have, if b I a and b I c , then 

b I (au  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+cv), for any integers u and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv. In general, if a l  , a 2 ,  . . . , a ,  

are multiples of b ,  thenb I ( a l  +az  + . . a  +a,>. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(3) If b l a ,  thena =Oor I a 121 b I .  Thus, i fb l a  andalb ,  then 

Clearly, for any two integers a and b , a is not always divisible by 

b .  But we have the following result, which is called the division 

algorithm. It is the most important result in elementary number 

theory. 

(4) (The division algorithm) Let a and b be integers, and b > 0. 

Then there is a unique pair of integers q and r , such that 

l a l = l b l .  

a = b q + r a n d O < r < b .  

The integer q is called the (incomplete) quotient when a is 

divided by b , r called the remainder. Note that the values of r has b kinds 



PROBLEMS OF NUMBER THEORY IN MATHEMATICAL COMPETITIONS

© World Scientific Publishing Co. Pte. Ltd.

http://www.worldscibooks.com/mathematics/7242.html
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of possibilities: 0, 1, . . . , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb - 1. Ifr = 0, then a is divisible by b.  

It is easy to see that the quotient zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq in the division algorithm is in 

fact ~ (the greatest integer not exceeding zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 1, and the heart of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[b" 1 b 

division algorithm is the inequality about the remainder r :  0 < r < b. 

We will go back to this point later on. 

The basic method of proving b I a is to factorize a into the product 

of b and another integer. Usually, in some basic problems this kind of 

factorization can be obtained by taking some special value in algebraic 

factorization equations. The following two factorization formulae are 

very useful in proving this kind of problems. 

(5) if n is a positive integer, then 

x n  - y "  = (x -y)(x"-' f x " - Z y  +... f x y " - Z  f y " - ' ) .  

(6) If n is a positive odd number, then zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
xn f y n  = (x + y ) ( x n - l  -,n-Zy + ... -xyn-2 + yn-' >. 

Example 1 Prove that 10.-.01 is divisible by 1001. 

P m f  By factorization formula (6), we have 

- 
200 

1 0 2 1  = 10201 + 1 = (103167 + 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
200 

= (103 + 1)[(103)66 - ( 1 0 3 ~  + - - -  - 103 + 11. 
Therefore, lo3 + 1 (  = 1001) divides 1 0 2 1 .  

200 

Example 2 Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm > n 2 0,  show that (22n + 1) I (2" - 1). 

P m f  Take x = 2'"' , y = 1 in factorization (51, and substitute n 

by 2m-n-1 , we get 

22m - 1 = (22"+1 - 1)[(22"+1)P-'-l + ... +22"'1 + 11. 

Thus, 

(22n+1 -1) I (2" -1). 

But 
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Divisibility zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
22"+' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 1 = (22" - 1)(22" + 1). 

Hence, 

(22" +1> I (22"+l -1). 

Further, by property (1) we have (2'" + 1) I (22m - 1). 

Sometimes it is difficult to prove b I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa directly when 

dealing with divisibility problems. Therefore, we can attempt to 

choose an "intermediate number" c and prove b I c and c I a first, then 

use the property (1) of divisibility to deduce the conclusion. 

For a positive integer n , write S ( n )  to denote the 

sum of digits appearing in the expression of n in base 10. Show that 

91n if and only if 91S(n>.  

Proof Writen = a k  + - - - + a l  xlO+ao (whereO<ai <9 ,  

andah ZO), thenS(n) = a o + a l  +. -+ah.  Wehave 

Remark 

Example 3 

For 1 < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi < k ,  from factorization (5) we get 9 I (lo" - 1). So every 

term of the k terms in the right-hand side of equation (1.1) is a multiple of 

9, thus property (2) implies that their sum is also a multiple of 9, that 

is, 9 I ( n  - S ( n )  >. Hence, the result can be obtained easily. 

The divisibility property (2) provides an elementary 

methodto proveb I (a, +az  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ - a  +a,). We can try to prove a stronger 

statement (which is usually easier to prove) : b divides every a j  (i = 1, 

2, ... zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 n) .  

Of course this stronger statement does not always hold true. But 

even if it does not hold true, the above method is also useful. We can 

rewrite the sumal +az +- +an into c 1  +cz  + a -  +ck by regrouping the 

numbers, then we need to prove b I c (i = 1, 2, . . . , k ). Readers will 

find out that in order to solve some special problems, sometimes we 

can express a as a sum of certain numbers, and then apply the above 

method to prove it. 

Remark 2 From the proof of Example 3 we actually obtain a 

stronger conclusion, that is, the difference between n and S(n> is 

Remark 1 
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always a multiple of 9. So zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn and S ( n >  have the same remainder when 

divided by 9 (so we say n is congruent to S (n>  mod (9). Please refer 

to Chapter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 for details). 

Remark 3 In some cases from the properties of digits base 10 of a 

positive integer we can judge whether or not this integer is divisible by 

another integer. This kind of results sometimes are called "the digit 

character of divisibility". The digit characters of an integer divisible 

by 2, 5 and 10 are well-known. In Example 3 we present the digit 

character of an integer divisible by 9. For this result there are many 

applications. In addition, in Exercise 1. 3 the digit character of an 

integer divisible by 11 is given. This result is useful too. 

Example 4 Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk > 1 be odd. Prove that for any positive integer 

n , 1' + 2' + --. + n is not divisible by n + 2. 

Proof When n = 1 the statement is obviously true. For n 3 2, 

denote the sum by A ,  then 

2A = 2 + ( 2 k  + n ' )  f ( 3 '  + ( n  -1Y) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ * . a  + ( n k  +2'). 

Since k is a positive odd number, from formula (6) we know that 

for everyi > 2 ,  ik +(n + 2  -ilk is divisible by 

i + ( n  +2  -i)  = n +2. 

Thus 2 A  has remainder 2 when divided by n + 2 ,  which implies that A 

is not divisible by n + 2 (note that n + 2 > 2). 

In the proof we use the "pairing method" which is a 

common method to transform the expression of a sum. 

Example 5 Let m and n be positive integers with m > 2. Prove 

that (2" - 1)f(2" + 1). 

Proof At first, when n < m it is easy to prove that the result is 

true. In fact, when m = n the result is trivial. When n < m 
from inequalities 

Remark 

2" +1 <2"-' + l  <2" -1, 

we can get the result (note that m > 2 and refer to the divisibility 

property (3) 1. 
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Divisibility zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Secondly, we can reduce the case zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn > rn to the special situation 

above: by the division algorithm, n = rnq + r , 0 < r < rn , and q > 0. 

Since 

2" +1 = (2- -1)2 '+2 '+1 ,  

we know(2"-1) I (2--1)byfactorization(5). ButO<r<rn,from 

the discussion above we get zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(2" -l)i(2n +1) (note that whenr = 0 the 

result is trivial) . Hence, when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn > rn we also have (2" - 1) 'i (2" + 1). 

The proof is complete. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Exercises 

1.1 Let n and k be positive integers, then among numbers 

1, 2, . . . , n there are exactly [ t]  numbers which are divisible by k . 

11 girls and n boys go to pick mushrooms. All the children 

pick n + 9n - 2 mushrooms in total, and every child picks the equal 

number of mushrooms. Are there more girls or more boys among these 

children? 

Let n be a positive number, and n can be expressed as 

ak.-alao (where0 <ai  < 9, ak # 0). Set zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1.2 

1.3 

T ( n )  = ao + ... + (- l ) k ~ k  

(the alternating sum of the digits of n beginning with the units digit of 

n ) .  Show that 11 divides n - T ( n ) ,  which implies that the digit 

character of an integer divisible by 11 is: 11 divides n if and only if 11 

divides T ( n ) .  

1.4 Suppose that there are n integers which have the following 

property: the difference between the product of any n - 1 integers and 

the remaining one is divisible by n . Prove that the sum of the square of 

these n numbers is also divisible by n .  

1.5 Let a ,  b ,  c , d be integers withad -bc > 1. Prove that there 

is at least one among a , b , c , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd which is not divisible by ad - bc. 



















































































































































































1.1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAmong 1 ,  2,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA... , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn ,  the numbers k ,  2k,  ... , dk are 

divisible by k , where the positive integer d satisfies dk < n and (d + 
1)k >n. Hence, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7t -1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA<d GE , that is, d = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

k k 

numbers which are divisible by k among the numbers considered. 

1.2 Since numbers of mushrooms picked up by each child are the 

same, the number of children n + 11 divides the number of mushrooms zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
7z2 +9n -2  = ( n  + l l ) ( n  -2) +20. 

Hence, n + 11 divides 20. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs n + 11 > 11, n must be 9. Therefore, 

there are more girls than boys. 

1.3 We know that 

n - T ( n )  = (a0 -a01 + (10a1 + U l )  +... + ( U k  x lok - (- l)kak).  

I t iseasytoseethatfor i  = 0 ,  1 ,  ... , k,ajX1Oi-(-l)'ujisdivisible 

by 11 (depending on whether i is even or odd, we apply factorization 

(5) or (6) , respectively). Hence n - T ( n )  is divisible by 11. Thus the 

divisibility condition for 11 is necessary and sufficient. 

1.4 Let a l  , . . . , a ,  be integers with the given properties, and A 

A 
their product. n divides ~ - a i  for 1 G i < n , hence divides 

ai 

a j  (A - a i )  = A  -a;.  
ai zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

So n divides the sum of these numbers 

Thus n divides a: + +a:. 
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1.5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa ,  b , c are all divisible by ad -bc , then (ad - b ~ ) ~  divides 

ad and bc ,  and so divides ad - bc,  which implies I ad - bc I = 1, 

contradicting the given condition ad - bc > 1. 

2.1 We have 4(9n + 4) - 3(12n + 5) = 1. 

2 .2  Letd =gcd(2"-1, 2"+1). Then2"-1 = d u ,  2"+l  = d v ,  

where u and v are integers. It is easy to get (du  +1)" = ( d v  -1)", by 

expanding the two sides (note that rn is odd), we get d A  + 1 = dB - 1 

(A and B are integers) , hence d I 2,  that is, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd = 1 or 2. But obviously, 

d must be 1. 

2.3 Since gcd(a, b )  = 1, we have gcd(a2, b )  = 1. Hence gcd(a2 + 
b 2 ,  b )  = 1. Similarly, gcd(a2 + b 2 ,  a )  = 1. Thus gcd(a2 + b 2 ,  ab )  = 1 

(by using (6) of this chapter). 

P 

4 
2.4 Let rational number ~ (with gcd(p, q)  = 1) be a root 

of polynomial zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f<x> = x" +a1x"-' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ . a .  +an-lx +a,  

with integer coefficients. From f (") = 0 it follows that 
4 

p" +alp"-'q + a * .  +a,-lpq"-' +a,q" = 0. 

Since alp"-'q, . . . , a,-lpq"-' , anqn are all divisible by q , we have 

sip". Butgcd(p, q)  =1, hencegcdcq, p") =l. Thusq =+1, thatis, 

the rational number ~ is an integer. P 

4 

2.5 According to (10) of Chapter 2, the given condition is 

Since 

from the above equation we have 
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96 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAProblems zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof Number Theory in Mathematical Competition zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(A. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1) 

Suppose that g c d h ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk) = d l .  Thenm = m l d l ,  k = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk l d l ,  where 

gcd(ml,kl)  =l.  Next, supposethatgcd(n, k) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=dz .  Thenn = n l d z ,  

k = kzdz , where gcd(nl , kz) = 1. Thus equation (A. 1) becomes 

Multiplying two sides of the above equation by kl , and using k l d l  = 

k z d z ( = k ) ,  weget 

(ml + k l ) m l k 2  = ( n l  + k z ) n l k l .  

The left side of the above equation is a multiple of kz . Thus kz divides 

therightside, thatis,& Ik ln? .  BUtgcd(k,, n l )  =l,sogcd(kz, nf) =1, 

thus& I kl. Similarly, k 1  Ikz. Therefore, k1 = k z ,  i . e . ,  gcdcm, k) = 

gcd(n, k). Due to(A. l) ,  (m + k ) m  = (n + k ) n ,  thus we getm = n. 

3.1 It is easy to verify that (n + l)! + 2, (n + 1) ! + 3,  . . . , 
(n + 1) ! + (n + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1) are n consecutive composite numbers. 

3.2 We can prove it by a method similar to the method by which 

Euclid proved that there are infinitely many primes. Assume that there 

are only finitely many primes of the form 4k - 1, we set all of them to 

be P I  , . . . , p,. Consider the number N = 491 p ,  - 1. Obviously, 

N > 1 , and N has prime divisors. Moreover, a product of two primes 

of the form 4k + 1 is also a number of the form 4k + 1. But N is of the 

form 4k -1 , so N must have prime divisor p of the form4k -1. By the 

above assumption, p is one of p ,  , . . . , p,. Hence N - 4 p 1  p ,  is 

divisible by p , namely p I 1, a contradiction. Similarly we can prove 

that there are infinitely many primes of the form 6k - 1. 

h t m  =9k3(k = 1, 3,  ... 1, then 3.3 

8" +9m2 = (2")3 + ( 9 k 2 ) 3 .  

It is easy to verify that it has a proper divisor 2" + 9 k 2 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3.4 Prove by contradiction. Suppose that there is a required set 

of numbers a ,  b , c and d , such that ab + cd is a prime, say p .  
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p -cd 

b 
Substitute zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa = ~ into the given equation, we have 

p(p -2cd +bc) = (b2 +c2) (b2  + b d  -d2). 

Since p is a prime, p divides b2 +c2  or b2 +bd  -d2. 

If p I (b2 + 21, then 

0 < b 2  + c 2  <2ab <2(ab+cd)  = 2 p  

which yields b2 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc2 = p , namely, 

ab +cd = b2 + c 2 .  

Henceb I c ( c - d ) .  Clearly,gcd(b, c )  =l (a sab+cd i sap r ime) ,  so 

b I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( c  - d) , contradicting 0 < c - d < c < b. 

I f p  I ( b 2 + b d - d 2 ) , t h e n 0 < b 2 + b d - d 2  <2(ab+cd)  = 2 p  

whichyieldsb'fbd-d2 = p ,  that is ,ab+cd = b 2 + b d - d 2  = a 2 +  

ac - 2 ,  SOU I ( c  + d ) c  andb I ( c  +d)d. Butgcdbb, cd)  = 1, s o c  + 
d is divisible by both a and b. Since 0 < c + d < 2a , and 0 < c + d < 
2b, thus c + d = a and c + d = b , a contradiction. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.5 Set a - b = k , then the given equation can be rewritten as 

k ( c  -b)  = b2. (A. 2) 

Set gcd(k , b - c )  = d. If d > 1, then d has a prime divisor p . From 

the above equation we havep I b 2 ,  so p I b. Combining withp I (b -c> 

and p I k we get p I c and p I a ,  contradicting gcd(a , b , c )  = 1. Hence 

d = 1 and (A. 2) implies that k and c - b are all perfect squares. 

Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx(z + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAl>(x + 2)(x + 3) = y 2 ,  where x and y are 

positive integers. Then 

4.1 

( x 2  +3x +1)' -y2 = 1, 

and it is easy to check that it is impossible. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4.2 Assume that integer n can be expressed as the difference of 

two squares of integers: n = x 2  - y 2 ,  that is, n = (x - y)(x + y). 
Since x + y and x - y have the same parity, n is either odd or divisible 

by 4. 
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Conversely, if zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn is odd, we can takex - y  = 1 andx + y  = n ,  

+' andy = ~ . If 41n, we can takex - y  = 2and namelyx = ~ 

2 
n -1 

2 

n n n 
2 4 4 

4.3 Eliminate x from the system of equations we have 

x + y  = -, namelyx = - + l  andy = - -1, thenx' -y2 = n. 

8 - 9 ~  - 9 ~  +3x2 + ~ X Y  +3y2 -x2y -xy2 = 0,  

and rewrite it as 

8 -3x(3 -x) -3y(3 -x) + x Y ( ~  -x) +y2(3  -x) = 0,  

that is, (3 -x)(3x +3y -xy -y2> = 8. So (3 -XI I 8, thus3 -5 = 

k l ,  +2 ,  + 4 ,  f 8 .  Hencex =-5, -1, 1, 2, 4, 5, 7, 11. 

Substitute them into the original equations and check them one by 

one, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwecanfindallintegersolutions(x, y ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAZ> = ( l ,  1, 1>, (-5, 4,  

4), (4, -5,  41, (4, 4, -5). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5.1 By properties of combinatory numbers we have 

n 

m + n  m + n  -1 

m m - 1  
so,( ) = ( m  +n> ( ) . Since gcd(m, m +n> = gcd(m 7 

n ) = l , m ~ (  m +n -1 ). 

5.2 Let n = x  +(x +1) +-.- +(x +k -l), wherex is a positive 

integer and k 3 2. That is, 

(2x + k  - l ) k  = 2n. (A. 3) 

If n is a power of 2, then k and 2x - 1 + k are all powers of 2. But 

2x - 1 is odd, so k = 1, contradicting the given condition. 

Conversely, if n is not a power of 2, say n = 2"-' (2t + 1) , m 3 1, 

t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 1. Whent 2 2"-', we can take k = 2", x = t + 1 - 2"-'. When 

t<2"- ' ,wecantakek = 2 t + l ,  x =2"-l- t ,  then k and x are all 

positive integers and k 3 2. 
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5.3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAWhen zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn is even we can takea = 2n and b = n. If n is odd, we 

assume that p is the least odd prime which does not divide n . Then p - 

1 has either no odd prime divisors (i. e. , is a power of 2), or its odd 

prime divisors all divide n . Hence a = p n  and the number or different 

prime divisors of b = ( p  - l ) n  is equal to the number of different 

prime divisors of n plus 1. 

5.4 Rewrite the equation in the question as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

x! y !  = z  ( z  -1)!. 

Take x = n ,  y = n ! - 1 and z = n ! , then infinitely many integer 

solutions satisfying the condition follow. 

We can construct it by induction. When n = 2 we can take 

a l  = 1, a2 = 2. Suppose that we have a l  , . . . , a k  satisfying the 

requirement when n = k , put bo to be the least common multiple of 

a l ,  ... , a k ,  a j  - a j ( l  < i ,  J! < k ,  i # j ) ,  then thek +lnumbers 

5.5 

bo, a1 +boy ... 7 ak +bo 

meet the requirement. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

6 . 1  Denote by S the sum stated in the question. We replace - 1 

at any vertex by +1, then there are four numbers in S , say a ,  b , c and 

d whose signs are changed. Denote by S’ the sum of 14 changed 

numbers. Since a + b + c + d = 0 (mod 21, we have 

S -S’ = 2 ( a  + b  + c  + d )  = O  (mod4). 

Repeat this process until all numbers at the vertices are + 1. Thus S = 

1 + l  + .* -+ l  = 14 = 2  (mod4),  SOS # O .  

Positive integers N consisting of n - 1 digits 1 and one digit 7 

can be expressed as N = A, + 6 X lok , where 0 < k < n - 1, A,, is the 

integer consisting of n digits 1. 

When 3 I n , the sum of digits in A, is divisible by 3, so 3 I A, and 

3 I N , but N > 3, thus in this case N is not a prime. 

Now suppose 31n. Note that 106=1 (mod 7 ) ,  so we can classify n 

by modulo 6 to discuss the values of A, modulo 7 (we do not need to 

consider the case n = 0,  3 (mod 6) 1. It is easy to see, for I 3 0, 

6.2 
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1 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
9 9 

1) = - x A61+1 = - X - - 1) x 10 +- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx (10 - 1) 
1 

9 

= 1 (mod 71, 

A6112 E 4, E 5 9 A61+5 E 2 (mod 7). 

On the other hand, loo ,  l o 2 ,  l o4 ,  lo5 modulo 7 are congruent to 1 , 2 , 

4,  5, respectively. Thus when n > 6 according to n = 1 , 2 4 , 5 (mod 

6),  take zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk = 0,  4, 5, 2, respectively, we have zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
N =A,  + 6  XIOk =A, -10' = O  (mod7), 

so N is not a prime. Hence n does not meet the requirement if n > 5. When 

n < 5, it is easy to check that only n = 1,  2 meet the requirement. 

By urn = 1 (mod p )  we have urn = 1 + p x .  Hence 6 .3  

(A. 4) 

Further, up-' = 1 (mod p 2 ) ,  so u(~-')" = 1 (mod p 2 )  thusurn = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6.4 We can assume m > 1. Denote by x k  the remainder of x k  

urn (mod p 2 > .  Combining with (A. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4) we know urn = 1 (mod p 2 ) .  

divided by m. Consider the ordered pairs of the numbers 

(51, ZZ), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 2 2 ,  Z3), ... 9 ( Z , ,  %+I). (A. 5) 

Since there are m2 different ordered pairs of the remainders 

divided by m there must be two pairs which are the same if we take 

the left most m2 + 1 pairs in sequence (A. 5) .  Suppose (Zi, Zii l )  is a 

pair which is equal to some other pair ( Z j  , Zj+l ) and has the minimal 

index i ( j  < m2 + 11, we have to prove that i must be 1.  

Otherwise, from 

xi -1  = Xi+l -xi, xj-1 = Xj+l - x j  

it follows that xi-1 = xj-l (mod m), so (Z27i-1 Zi) = (Z j - l  Z j )  

contradicting the minimal property of i. Thus i = 1. Now from ( Z j  

Z ~ + I >  = ( Z l ,  Z2) = (1, 1)  it follows  that^^-^ 
(mod m), namely, m I x j - l ( l  < j  -1 <m2>. 

-xj = 1  -1 = O  
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7.1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBABy the condition we have 

3 ( n  - 1) = 4(2p-' + 1) (2p-1 - I). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A. 6) 

As the prime p > 3 ,  by the Fermat's little theorem we have p I 0 - l  - 1). 

Combining with (A. 6) we get 2p I (n -11, thus (22p - 1) I (2n-' -1). By 

the given condition we haven I ( Z Z p  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1). Therefore n I (2n-' - 1). 

Since there are infinitely many primes, we can choose zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2n 

distinct primes pl , . . . , p,,, . Due to the Chinese Remainder Theorem, 

a system of congruences 

7.2 

5 =-k (modpzk-ipzk), k = I ,  2,  ... 9 n ,  

has a positive integer solution. As for anyk (1 < k  < n )  , x + k  has at 

least two distinct prime divisors, it is not a power of a prime. 

Assume that m = l l i u ,  n = Il'v , where i , j are nonnegative 

integers, and u , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv are positive integers not divisible by 11. We want to 

prove that u = v ,  thus m = lli-jv. If u # v ,  we can assume u > v. 

Since gcd(u , 11) = 1, by the Chinese Remainder Theorem, there 

exists a positive integer x , such that 

7.3 

x = O  (modu),  x =-1 (mod l l) ,  (A. 7) 

that is, x = I l k  - 1 (k is some positive integer). From (A. 7) it follows 

that gcd(l1k -1, m) = gcd(x, Il iu) = u, but gcd(l1k -1, n) = gcd(x, 

l l jv) < v < u, contradicting the condition gcd(1lk - 1, m) = gcd(l1k - 

1, n), thusu = v. 

We have to prove that any prime divisor p of Fk satisfies 

p = 1 (mod 2k+1 . Clearly, p # 2. Suppose that the order of 2 modulo 

p is r ,  by p IFk we have 

8.1 

2' =-1 (modp) ,  (A. 8)  

so 2' = 1 (mod p)  , hence r I 2k+1. Therefore r is a power of 2. 

Assume that r = 2', where 0 < I < k + 1. If 1 < k , then from 2'' = 1 

(mod p)  it follows that 2' = 1 (mod p). Combining with (A. 8) we 

get p = 2, this is impossible. Hence 1 = k + 1. Furthermore, 2p-1 = 1 

(mod p)  , thus r I (p - I ) ,  and 2'+' I (p - 1) , namely, p = 1 (mod 

+1 

 P
ro

b
le

m
s 

o
f 

N
u
m

b
er

 T
h
eo

ry
 i

n
 M

at
h
em

at
ic

al
 C

o
m

p
et

it
io

n
s 

D
o
w

n
lo

ad
ed

 f
ro

m
 w

w
w

.w
o
rl

d
sc

ie
n
ti

fi
c.

co
m

b
y
 1

8
7
.1

9
4
.2

7
.8

3
 o

n
 0

7
/2

6
/1

3
. 
F

o
r 

p
er

so
n
al

 u
se

 o
n
ly

.



102 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAProblems zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof Number Theory in Mathematical Competition zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2k+1 1. 

(1) Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr be the order of a modulo mn. Bya' =1 (modmn) 

we get zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAur = 1 (mod m )  and aT = 1 (mod n ) .  Thus d l  I r and d 2  I r ,  

hence [ d l ,  d z ]  I r .  On the other hand, from ad, = 1 (mod m )  and 

adz = 1 (mod n )  it follows that a[d17dzl = 1 (mod m )  and a[d19dzl = 1 

(mod n ) .  Since gcd(m, n )  = 1, aCdl'dzl = 1 (mod mn). Thus r I [dl ,  

d z ] .  Combining these results we have r = [ d l  , d z ] .  

(2) By direct verification we obtain that the order of 3 modulo 24 

is 4. Also, we have the order of 3 modulo 5 is 4, so by (1) of Example 

5, we get that the order of 3 modulo 54 is 4 X 53. Hence from (1) of 

this exercise we know the order of 3 modulo lo4 is [4, 4 X 5 3 ]  = 500. 

8.3 We prove it by induction. When zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk = 1, 2, the result is 

clearly true. Assume that fork > 3  there exists n o  such that 2' I (35 +5), 

write 3"o = 2ku -5. If u is even, then2'" I (3"o +5). In the following 

we assume that u is odd. 

8.2 

The key of the proof is to note that fork 3 3 we have 

3"-' = 1 +2kv, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv is odd, 

(See (8.11) of Example 5 in Chapter 8.) Now we have 

3n0+2k-2 = 3"o 3p-z = (- 5 + 2ku) (1 + 2'v) 

=-5 + (u -5v +2kuv) 2'. 

The number in the parentheses about is even, so 2k+1 divides 3"0+'~-' + 
5. This completes the proof. 

9.1 Rewrite the equation as 

(22 +3yI2 = 17y2 f 4  X 122. 

Apply modulo 17 and we have (2x +3yY = 12 (mod 17). But it is easy 

to verify that a perfect square modulo 17 has only values 0 , 1 , 2, 4, 8 , 
9, 13, 15 and 16, not 12. Therefore, the original equation has no 

integer solutions. 

9.2 Applying modulo 4 we know that the equation 
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has no positive integer solutions. Clearly, the equation 

12" -5" = 7  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A. 9) 

has solution zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm = n = 1. In the following we prove that when m > 1 it 

has no positive integer solutions. (A. 9) modulo 3 we have - (- 1)" = 

1 (mod 3), so n is odd, and 5" = 5 (mod 8). Since m 3 2, we have 

8 I 12". (A. 9) modulo 8 we get - 5 = 7 (mod 81, which is impossible. 

Therefore m = 1, thus n = 1. 

When p = 2 or p = 5 the condition is not satisfied. Assume 9.3 

the prime p > 2 and p # 5. By the binomial theorem, we have 

= 52u + 5p x 2*-', 

where u is an integer. 

So 5 II (2P + 3P) ,  hence 2* + 3P is not a k-th power of an integer 

9.4 Obviously, the equation has solution x = y = 1. The 

equation modulo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 we know that y must be odd. If y > 1, the equation 

modulo 9 we have 

(k > 1). 

5" = 2 (mod 9). (A. 10) 

It is easy to find that for x = 1 , 2, . . . , 5" modulo 9 they are 

periodically 5,  7, 8 ,  4, 2, 1. By (A. 10) we know that x must have 

the form 6k + 5. The equation modulo 7 , it is easy to verify that for 

odd y we have 

3y = 3 ,  5, 6 (mod 7). 

When zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx = 6k +5, from the Fermat's little theorem it follows that 56 = 

1 (mod 71, so 

5" = 56k+5 - 5 = 5  = 3  (mod 7) ,  

thus the two sides modulo 7 are not zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAequal. Hence it has no solution when 

y > 1. Thus it has only one positive integer solution y = 1, x = 1. 
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10.1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASince a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 3 ,  a - 1 has a prime divisor p . By Fermat's little 

theorem, we have a* = a = 1 (mod p). By induction, it is easy to 

prove that all zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn = pk zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(k = 1, 2, . . . ) meet the requirement. (We can 

compare the problem with Example 2 in Chapter 8. ) 

10.2 The given condition can be rewritten as 

2'9 = 1  ( m o d n l ) ,  2'3 = I  ( m o d n 2 ) ,  ... , 2'5 = I  (modnk).  

Let D = [n , . . . , n k]. From the above equation it follows that 

2O = 1 ( m o d n i l ,  i = 1, ... , k. 

Hence, 2O = 1 (mod zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0). Thus by Example 2 in Chapter 8 we have 

D = 1. Thereforenl = n 2  = = nt = 1. 

3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 

10.3 Leta3 +b3 =ma2b ,  then ( f )  - m ( f )  +I  = 0 ,  namely, 

the rational number a is a root of the following polynomial equation 

with integer coefficients and the leading coefficient being 1 

b 

x3 -mx2 + I. (A. 11) 

So a must be an integer. On the other hand, any integer root of 

equation (A. 11 ) must divide the constant term 1, thus it is * 1. 

Further, a , b are positive integers, so 

b 

a 

10.4 Obviously, y > 1. The original equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcan be factorized into 

(A. 12) 

The key is to prove that y - 1 and y" +y"-' + + y + 1 are relatively 

prime. If their greatest common divisor d > 1, then d has a prime 

divisor p. By y = 1 (mod p)  we know yi  = 1 (mod p). Hence we have 

= 1, that is, a = b. 

( y  - l ) ( y "  +yn-I + * . . + y  +1) =xn. 

y " + y " ~ ' + - - . + y + I = n + l  ( m o d p ) ,  

thus p I ( n  + I). But from (A. 12) it follows that p I x" , thus prime 

p 1x , contradicting gcd(x, n + 1) = 1. Hence d = 1. Now it follows 

from (A. 12) that there are positive integers a and b , such that 
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Appendix zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: Answers zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAExercises 105 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
y -1 = a n ,  y" +y"-' +. .*+y  +1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=b".  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A. 13) 

Buty" < y "  +yn-' +-. + y  +1 < (y +1)" , that is, y" +yn-' +-. + 
y + 1 lies between two adjacent n-th powers. Thus it is not an n-th 

power of some integer, contradicting the proved result (A. 13). 

X Y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA10.5 Let a = -, b = -, x ,  y and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz positive integers, and 

gcd(z, y , z )  = 1. Then the statement a" - b" is an integer is equivalent to 

x" = y" (mod z") .  (A. 14) 

We have to prove that z = 1, from this we know that a and b are 

integers. 

Let z > 1, then z has prime divisors. If z has an odd prime divisor 

p , we denote by Y the least positive integer such that xr = yr  (mod p )  

holds. By (A. 14) we have X" = y" (mod p )  , so Y In (see Remark 3 in 

Example 5 of Chapter 8). Let p' II n and pP II (xr - y') (note that as 

a # b , x # y ) . Then from (1) of Example 5 in Chapter 8 it follows 

that II (5" - y") , but (A. 14) implies that p" I (5" - y"),  hence 

p" <p'+p, son  < a  +p. Moreover, p a  < n ,  so a < log,n, thus 

z z 

n < log,n +p ,  

which does not hold when n is sufficiently large (note that p is a fixed 

number). Therefore (A. 14) does not hold for infinitely many values 

of n , a contradiction. 

If z has no odd prime divisor, then z is a power of 2. Combine 

with (A. 12) and gcd(z, y ,  z )  = 1 we know that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx and y are odd 

numbers. When n is odd, from 

x" -y" = (x - y)  (x"-' + x n - z y  + .*. + x y n - 2  + yn- '  ) , 

noting that the second divisor of the right side of the above equation is 

odd, it follows that2" I (x" -y") implies2" I (X -y) forx  #y. Thus 

there are only finitely many such n. When n is even, let 2' II (x2 - 

y2>  , by (2) in Remark 3 of Example 5, Chapter 8, we know that if 

2" II n , then 2'+'-' II (x" - y"). Combining with (A. 12) we have 
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106 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAProblems zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof Number Theory in Mathematical Competition zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< a  + s  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1. Sincea < logzn, we have zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

n < logzn zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ s  - 1, 

which does not hold for sufficiently large even values of n ,  a 

contradiction. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
10.6 The result is easy to prove if every ai is not equal to n .  

Since 2n numbers 

a l ,  az, ... , a, ,  2n - a l ,  2n -a2 ,  ... , 2n - a ,  

are all positive integers and less than 2n,  there must be two which are 

the same, namely, there are i and j such that ai = 2n - a j  . Since i = j 

implies that ai  = n , contradicting the assumption, we have i # j , thus 

a;  + a = 2n is divisible by 272. 

Now without loss of generality we assume a ,  = n. Consider n - 1 

(3 3 )  integers a1 , a2 , . . . , , among them there are two numbers 

whose difference is not divisible by n ,  since if all ( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 ') differences 

of these numbers are divisible by n , then ( ') 3 3  implies that there 

are three numbers a < aj < a k  such that n I ( a j  - a j  ) , n I ( a k  - aj ) , 
thusak -a i  = (ak - a j )  + ( a j  - a i )  3 2n,  which it impossible. 

Without loss of generality we assume a l  - a  - 2 is not divisible by 

n. Consider the following n numbers 

If they are not congruent modulo n pairwise, then among them there is 

one number which is divisible by n .  If there are two numbers in (A. 

15) which are congruent modulo n ,  then the difference of these two 

numbers is divisible by n ,  which implies that there is a sum of some 

numbers of a l  , . . . , a,-l divisible by n (as a l  - a2 is not divisible by 

n ) .  Denote this sum by Kn. If k is even, then the result holds. If K is 

odd, add a ,  into the sum, we also get the result. 
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