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Preface

Elementary geometry is a foundational and important topic not only in
Mathematics competitions, but also in mainstream pre-university
Mathematics education. Indeed, this is the first axiomatic system most
learners encounter: definitions, theorems, proofs and counterexamples.
While beginners find the basic theorems and illustrations intuitive, they
may encounter difficulties and frequently become clueless when solving
problems. For example, the concept of congruent triangles is the most
straightforward and easy to understand, but many beginners find it difficult
to identify congruent triangles in a diagram, not mentioning constructing
congruent triangles intentionally to solve the problem. In particular,
drawing auxiliary lines is perceived by many learners as a mysterious skill.

Geometry problems which appear at higher level Mathematics
competitions are of course more challenging and require deeper skills. Even
the most experienced contestant may spend an hour or so to solve one such
problem — while the final solution may be elegantly written down in half a
page. In this case, a beginner cannot learn much from merely reading the
solution. Such obstacles, with insufficient scaffolding and the lack of
guidance, hinder many learners when studying problem-solving in
geometry.

In this book, we focus on showing the readers how to seek clues and
acquire the geometric insight. One may find a few paragraphs named
“Insight” for almost every problem, where we illustrate how to start
tackling the problem, which clues could be found, and how to link the clues
leading to the conclusion. Note that such a process is inevitably a lengthy
one, during which the reader could attempt a number of strategies and fail
repeatedly before reaching the final conclusion. A formal proof, usually
much shorter, will be presented after we obtain the insight. Occasionally, if
sufficient clues have been revealed, we will leave it to the reader to
complete the proof.

In the first few chapters, we introduce the basic properties of triangles,
quadrilaterals and circles. Proofs and explanatory notes are written down so
that the learners will gain the geometric insight of those results, instead of
memorizing the literal expression of the theorems. Examples, which range
from easy and straightforward to difficult, are used to elaborate how these
properties are applied in problem-solving.
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In the later chapters, we give a list of commonly used facts, useful skills and
problem-solving strategies which could help readers tackle challenging
geometry problems at high-level Mathematics competitions. Such a
collection of facts, skills and strategies are seldom found in any mainstream
textbooks as these are not standard theorems. They essentially focus on
ideas and methodology. We illustrate these skills and strategies using
geometry problems from recent-year competitions. The following is a list of
these competitions.

1. International, Regional and Invitational Competitions

e |MO International Mathematical Olympiad
(including shortlist problems)

e APMO Asia Pacific Mathematical Olympiad

e EGMO European Girls’ Mathematical Olympiad
e CMO China Mathematical Olympiad

e CGMO  China Girls’ Mathematical Olympiad

e CWMO China West Mathematical Olympiad
(Invitation)

e (CZE-SVK Czech and Slovak Mathematical Olympiad

e |WYMIC Invitational World Youth Mathematics
Intercity Competition

2. National Competitions and Selection Tests

e AUT Austria

e BLR Belarus
e BRA Brazil

e BGR Bulgaria
e CAN Canada
e CHN China

e HRV Croatia

e GER Germany
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e HEL
e HUN
e |IND
e |RN
e |TA
e JPN
e ROU
e RUS
e SVN
e TUR
e UKR
e USA
e VNM

Elementary geometry is a beautiful area of mathematics. Upon the mastery
of the basic knowledge and skills, one will always find solving a geometry
problem an exciting experience. We wish the readers a pleasant experience
with the time spent on this book. Enjoy Mathematics and enjoy problem-

solving!

Greece
Hungary
India
Iran
ltaly
Japan
Romania
Russia
Slovenia
Turkey
Ukraine
U.S.A.
Vietnam
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Chapter 1

Congruent Triangles

We assume the reader knows the following basic geometric concepts,
which we will not define:

Points, lines, rays, line segments and lengths

Angles, right angles, acute angles, obtuse angles, parallel lines (//) and
perpendicularlines (L)

Triangles, isosceles triangles, equilateral triangles, quadrilaterals,
polygons

Height (altitudes) of a triangle, area of a triangle

Circles, radii, diameters, chords, arcs, minor arcs and major arcs

1.1 Preliminaries

We assume the reader is familiar with the fundamental results in geometry,
especially the following, the illustration of which can be found in any
reasonable secondary school textbook.

(1)

(2)

(3)

(4)

For any two fixed points, there exists a unique straight line passing
through them (and hence, if two straight lines intersect more than
once, they must coincide).

For any given straight line € and point P, there exists a unique line
passing through P and parallel to €.

Opposing angles are equal to each other. (Refer to the diagram below.
Z1and £2are opposing angles. We have £1=180°- 4£3=£2))

Opposing Angles

In an isosceles triangle, the angles which correspond to equal sides are
equal. (Refer to the diagram below.)
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The inverse is also true: if two angles in a triangle are the same, then
they correspond to the sides which are equal.

A

Equal angles comespond to equal sides.

(5) Triangle Inequality: In any triangle AABC, AB+BC > AC.
(A straight line segment gives the shortest path between two points.)

(6) If two parallel lines intersect with a third, we have:

¢ The corresponding angles are the same.
e The alternate angles are the same.
e Theinterior angles are supplementary (i.e., their sum is 180°). (Refe

to the diagrams below.)

[

/ /

Corresponding Angles Alternate Angles Interior Angles

Its inverse also holds: equal corresponding angles, equal alternate
angles or supplementary interior angles imply parallel lines.

One may use (6) to prove the following well-known results.
Theorem 1.1.1 The sum of the interior angles of a triangle is 180°.

Proof. Referto the diagram below. Draw a line passing through A which is
parallel to BC. We have £B=Zland £LC= £L2.
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B i

Hence, ZA+ 4B+ /£C=ZLA+ L1+ £2=180".
O

An immediate and widely applicable corollary is that an exterior angle of a
triangle equals the sum of two non-neighboring interior angles. Refer to the
diagram below. We have £1=180°- ZC=ZA+ 4B.

1
B c

It is also widely known that the sum of the interior angles of a quadrilateral
is 360°. Notice that a quadrilateral could be divided into two triangles. Refer
to the diagram below.

One sees that similar arguments apply to a general n-sided (convex)
polygon: the sum of the interior angles is 180° x (n —2).

Example 1.1.2 Find LA+ LB+ LC+ LD+ LE+ LF + £ZG in the left
diagram below.
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Ans. Referto the right diagram above. Let BC and FG intersect at H. Notice
that ZA+ £B=Zland L1+ £LG=XL2.

Now L2+ ZC+ 4D+ LE+ ZF =540° as this is the sum of the interior
angles of the convex pentagon (i.e., a 5-sided polygon) CDEFH.

In conclusion, ZA+ 4B+ /ZC+ /D+ ZLE+ ZLF+ £G=540°. -
Note: Using the exterior angles of a triangle is an effective method to
solve this type of questions. Refer to the following diagrams. Can you see
LA+ LB+ LC+ LD+ LE+ LF+ £ZG=540° in both cases?

(i)

(i)

Hint:

(i) ConnectEG.Canyousee LZE+ £ZF+ £ZG=180°+ £1? A similar argumer
appliesto LA+ LB+ LC.

(ii) Connect BG.Canyousee ZA+ 4B+ £ZG=180°+ £1? Canyousee ZE
ZLF=42?Canyoufind L1+ £2+ £3? (Consider their supplementary
angles.)

Example 1.1.3 Refer to the diagram below. AABC is an isosceles triangle
where AB =AC. D is a point on BC such that AB =CD. Draw DE L AB atE.
Show that 2ZADE=348B.

D

Insight. We are not given the exact value of ZBAC or £B, but if we know
either of them, then the positions of D and E are uniquely determined,
according to the construction of the diagram. Let £ B =x. Can you express
ZADE in term of x?
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Proof. let £B= ZC =x. We have £ BAC = 180° — 2x. Notice that ACAD is

an isosceles triangle, where AC =AB =CD. It follows that
. 1 X

ZADC = 46.451::{189“—;:):9{:%:_

-
“k

Now /BAD= /BAC - ZCAD =(180°~2x)-| 90°-

3
el o LR
5 | )

A

Hence, . 4DE = — v (because £BAD + ZADE = 90° in the right angled

e | Laa

triangle AAED). The conclusion follows.
O

Example 1.1.4 Given a quadrilateral ABCD, Eis a point on AD. F is a point
inside ABCD such that CF, EF bisects ZACB and £ BED respectively. Show

that /('FE = 9{]°+l[',_’cj£}+ ZCBE) (Note: an angle bisector divides
i d

the angle into two equal halves.)

B

Insight. Refer to the diagram below. One sees that £ CAD and £ CBE are
NOT related. For example, if ZCAD is given, one may move E along AD and
Z CBE will vary. On the other hand, if £ CBE is given, one may choose A' on
DA extended so that ZCA'Dis smaller than ZCAD.

Hence, if we let ZCAD = a, we cannot express ZCBE in a (and vice versa).
How about letting £ CBE = B? We should be able to express ZCFE in a and
B.
Notice that £ CFE is constructed via angle bisectors EF and CF. Let £BED =
2x and LACB =2y. Refer to the diagram below. Let AC and EF intersect at G.
In ACFG, one sees that ZCFE = 180° —y — LCGF, where ZCGF = LAGE =
LDEF- LEAG=x—q.

Hence, ZCFE=180°-x—y+a. (1)
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1 , 1.,
We are to show LCFE =90° +—(£CAD + ZLCBE) =9@°+:{u +B).

How are x, y related to o, ? Let AC and BE intersect at P. Consider AAEP and
ABCP. One sees that ZPAE+ ZPEA =180°— LZAPE=180°—- ZBPC= ZPBC +
ZPCB.

Hence, a +(180° — 2x) = 8 + 2y, which implies x + y = gﬁf‘-i-l{{r—ﬁ}_

= .

( 1 ) oo iy .

90°+—(a—fB) |+ a=90"+—(a+B)
£ ) i

\
\
,

Now (1) gives /CFE = 180° —

Note: This is not an easy problem, but it could be solved by elementary
knowledge. When solving problems purely about angles, it is a useful
technique to set an unknown angle as a variable and apply algebraic
manipulations. If one variable is not enough (to express the other angles),
one may set more variables, but remember to work towards cancelling out
those variables, simply because they should not appear in the conclusion. In
order to cancel out the variables, one should seek for equalities among
angles. Useful clues include right angles, isosceles triangles, exterior angles
and angle bisectors.

The following examples give standard results which are frequently used in
problem-solving. One should be very familiar with these results.

Example 1.1.5 In AABC, ZA =90° and AD L BC at D. Show that £ZBAD =
ZCand ZCAD= /B.

B D *C

Proof. Refer to the diagram below. We have £ BAD = £90° — LB = ZC
and similarly, ZCAD=90°- £C= £B.
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a

Example 1.1.6 Referto the diagram below. ABand CD intersect at E. If £B
= /D, show that ZA= ZC.

b B

Proof. We have LA=180°- 4£D- ZAEDand £C=180°- £B- £BEC.
Since ZB=/ZDand ZAED=/BEC, it follows that ZA= ZC.

O
Notice that LA+ LD = £ZB+ ZC always holds even if we do not have £B =
£ D. We used this fact in Example 1.1.4.

Example 1.1.7 In an acute angled triangle AABC, BD, CEare heights. Show
that LZABD = ZACE.

Proof. Referto the diagram below. We have ZABD=90°- LA = LACE.
O

One may also see this as a special case of Example 1.1.6, where £BEC =
£ BDC =90°.

Example 1.1.8 In AABC, Mis the midpoint of BC. Show that if AM :lBC,

then ZA =90°.

Proof. Refer to the diagram below. Since AM =BM =CM, we have £1 =
ZBand £2=/C,i.e., ZA=/2B+ ZCSince LA+ B+ £C=180°, LA =
90°.

O
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B5* M C

Example 1.1.9 In AABC, Dis on BC. Show that the angle bisectors of ZADB
and ZADC are perpendicular to each other.

Proof. Refer to the diagram below. Let DE, DFbe the angle bisectors of
ZADB and ZADC respectively.

Since ,j'_l:l/-_“iﬂﬁ_ ,jj:lL{DC and ZADB + ZADC = 180°, we
) 2

have £1+ Z2= 90°, and hence the conclusion.
O

Example 1.1.10 Refer to the diagram below. Let AD bisect ZA. If BD // AC,
show that AB = BD.

Proof. We are given £1= £2.Since BD //AG £2= Z3.Now £L1= 43

and it follows that AB=BD.

O

Note:

(1) Itisacommonly used technique to construct an isosceles triangle from
an angle bisector and parallel lines. Besides giving equal angles, angle
bisectors have many other useful properties, which we will see in later
chapters.

(2) Notice that the inverse also holds:

e |If we are given that AB=BD and AD bisects ZA, then we must have
BD//AC.

www. TechnicalBooksPDF.com



e If we are given that AB = BD and BD // AC, then AD must be the
angle bisector of ZA.

Example 1.1.11  Given lines €, // €, and a point P, draw PA L €, at A and
PB L €, atB, then P,A,B are collinear (i.e., the three points lie on the same
line).

Proof. Referto the diagrams below. Suppose otherwise that P,A,B are not
collinear. Let AP extended intersect €, at C. Now ZPCB = 90° and APBC has

two 90° interior angles. This is absurd.

A h s P

|

.J. el & h

F

/ !

| |
ot I Jm E
CB CB

Notice that the argument holds even if €,,€, are on the same side of P.

Refer to the diagram above on the right.
O

1.2 Congruent Triangles

Congruent triangles are the cornerstones of elementary geometry. We say
two triangles AABC and AA'B'C' are congruent if they are exactly the same:
AB =A'B',AC =A'C',BC =B'C', LA = LA', LB = 4B and LC= 4LC'. We
denote this by AABC = AA'B'C'.

Moreover, if AABC = AA'B'C', all the corresponding line segments and angles
are identical. Refer to the d@rams below for an example: Given AABC =
AA'B'C', let AH be the height of AABC on the side BC and A'H' be the height
of AA'B'C' on the sideB'C'. LetM,M' be the midpoints of AH, A'H'
respectively. We must have BM =B'M'and £BMH = £LB'M'H..

A A’

3

|
L}
[
|
i |
m_c B 7 C
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Applying the definition directly could verify a pair of congruent triangles.
However, in most of the cases, this is unnecessary. It is taught in most
secondary education that one can verify congruent triangles using one of
the following criteria:

S.A.S.: If two pairs of corresponding sides and the angles between then
are identical, then the two triangles are congruent, i.e., if AB=A'B', AC
=A'C'and LA = ZA', then AMABC = NA'B'C'.

A.AS.: If one pair of corresponding sides and any two pairs of
corresponding angles are identical, then the two triangles are
congruent.

S.S.S.: If all the corresponding sides are identical, then the two triangles
are congruent.

Note:

(1)

(2)

(3)

S.A.S. applies only when two pairs of corresponding sides and the angle
between them are identical. Otherwise, we cannot use this criterion.
Refer to the following counter example:

Let AABC be an isosceles triangle where AB =AC. P is a point on CB
extended. Refer to the diagram below. Consider APAC and APAB.

We have AB = AG 4ZP is a common angle and AP is a common side.
However, one sees clearly that APAC = APAB because ZPBA > 90° >
Z PCA.

BE B C

One may also write A.A.S. as A.S.A. In fact, it does not matter whether
the corresponding sides are between the two pairs of corresponding
angles, simply because two pairs of equal angles automatically gives
the third pair of equal angles: the sum of the interior angles of a
triangle is always 180°.

H.L.: If AABC and AA'B'C' are right angled triangles, then they are
congruent if their hypotenuses and one pair of corresponding legs are
identical, i.e., if ZA=ZA'=90°, AB =A'B' and BC =B'C', then ABC =
AA'B'C.

Indeed, one may place the two right angled triangles together and
form an isosceles triangle. Refer to the diagram below. BC =B'C'
immediately gives £ZC = ZC and hence, we have AABC = AA'B'C
(A.AS.).
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One immediate application of congruent triangles on isosceles triangles is
that the angle bisector of the vertex angle, the median on the base and the
height on the base of an isosceles triangle coincide.

Definition 1.2.1 In AABC, let M be the midpoint of BC such that BM =CM,
then AM is called the median on the side BC. (Refer to the diagram on the
below.)

Theorem 1.2.2 Let AABC be an isosceles triangle such that AB =AC. Let M
be the midpoint of BC. We have:

(1) AM L BC

(2) AM bisects LA, i.e., ZBAM = ZLCAM.

Proof. The conclusion follows from AABM = AACM (S.S.S.).
a

Notice that in the theorem above, any point P on the line AM gives an
isosceles triangle APBC. Refer to the diagram below. Indeed, AM is the
perpendicular bisector of the line segment BC.
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Definition 1.2.3 The perpendicular bisector of a line segmentAB is a
straight line which passes through the midpoint of AB and is perpendicular
to AB.

|
|
A '_Ir-ﬂ

Perpendicular bisector of AR

Theorem 1.2.4 Given a line segment AB and a point P. We have PA = PB if anc
only if P lies on the perpendicular bisector of AB. In particular, if P,Q are twc
points such that PA = PB and QA = QB, then the line PQ is the perpendiculc
bisector of AB.

One may show the conclusion easily by using congruent triangles. We leave
it to the reader.

Notice that Theorem 1.2.2 states that in an isosceles triangle AABC where
AB = AC,the angle bisector of £A, the median on BC, and the height on BC
coincide. Moreover, one could show by congruent triangles that the inverse
is also true: if any two among these three lines coincide (for example, AD
bisects ZA where D is the midpoint of BC), then AABC is an isosceles
triangle with AB = AC This is an elementary property of isosceles triangles,
but it may apply in a subtle manner in problem-solving, which confuses
beginners.

Example 1.2.5 Given AABC where ZA =90°and AB=AC, Dis a point on AC
such that BD bisects ZABC. Draw CE L BD, intersecting BD extended at E.
Show that BD = 2CE.

Insight.  Apparently, the conclusion does not give us any clue because BD
and CE are not directly related. Perhaps we should seek clues from the
conditions.

It is given that BE bisects ZABC and we see that BE is almost a height: not a
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height of any given triangle, but BE L CE. If we fill up the triangle by
extending BA and CE, intersecting each other at F, then BE is the height of
ABCF. Refer to the diagram below.

Can you see ABCF is an isosceles triangle? Moreover, E must be the
midpoint of CF as well, which implies CF = 2CE. Hence, it suffices to show BD
=CF.

How are BD and CF related? If it is not clear to you, seek clues from the
conditions again! Which conditions have we not used yet? We are given AB
=AC and £BAC = 90°. How are they related to BD and CF? We should have
AABD = NACF if BD = CF. How can we show AABD = AACF ? We have a pair of
equal sides AB =AC and a pair of right angles. Showing AD = AF may not be
easy because we do not know the position of A on BF. Can we find another
pair of equal angles?

Proof. LetBA extended and CE extended intersect at F. Since BE bisects
ZABCand BE L CF, we have ABEC = ABEF (A.A.S.) and hence, CF = 2CE. It is
easy to see ZABD = £ DCE (Example 1.1.6). Since AB=AC and £BAD =90° =

Z CAF, we have AABD = NCF (A.A.S.). It follows that BD = CF = 2CE.
O

Note:

(1) One may derive a few conclusions from the proof above. For example,
can you see ZADB= £ZBCEand BC=AB+AD?

(2) How did we see the auxiliary lines? Notice that we basically reflected
ABCE along the angle bisector BE. This is an effective technique which
utilizes the symmetry property of the angle bisector.

Recognizing congruent triangles is one of the most fundamental but useful
methods in showing equal line segments or angles. In particular, one may
seek congruent triangles via the following clues:

e  Equilateral triangles and isosceles triangles

e  Right angled triangles with the height on the hypotenuse (which gives

equal angles, Example 1.1.5)
e Common sides or angles shared by triangles
e  Parallel lines
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e Medians and angle bisectors
e  Opposite angles (Example 1.1.6)

e  Equal angles sharing the common vertex: Refer to the diagram on the
below. If L1= /2, then ZAOB= ZCOD. Notice that the inverse also
holds, i.e., if ZAOB= ZCOD, then £L1=Z2.

Example 1.2.6 Refer to the diagram below. In AABC, draw equilateral
triangles AABF and AACE outwards from AB,CA respectively. Show that BE =
CF.

B® 2

Proof. We have equal sides AF =AB and AC =AE due to the equilateral
triangles.

Notice that we also have £1=Z£2=60°.

Hence, Z1+ £BAC=/2+ £BAC, i.e., ZBAE= ZCAF.

F

i C

It follows that ABAE = AFAC (S.A.S.), which leads to the conclusion that BE =

CF.
g

Example 1.2.7 In an acute angled triangle AABC, LA = 45°. AD, BE are
heights. If AD, BE intersect at H, show that AH = BC.

www.TechnicalBooksPDF.com



Insight. Can we find a pair of congruent triangles where AH, BC are
corresponding sides? It is given ZA =45° and BE L AC. Hence, it is easy to
see that AE =BE.

Refer to the diagram below. It seems that AAEH and ABEC are congruent.
Since ZLAEH = 90° = £BEC, we only need one more condition. Shall we
prove CE = EH, or find another pair of equal angles? Can you see ZCBE =
£ CAH (Example 1.1.6)?

E

B n C

We leave it to the reader to complete the proof.

Example 1.2.8 Refer to the diagram below. In AABC, LA =90°. P is a point
outside AABC such that PB L BC and PB = BC. Dis a point on PA extended
such that CD L PA. Eis a point on CD extended such that BE L AB. Show
that AE bisects £BAC.

Insight. We are given PB = PC and one can easily see that ZABP = ZEBC.
Are there any congruent triangles? It seems from the diagram that AABP =
AEBC. |s it true? We are to show AE bisects ZBAC, i.e., ZBAE = 45°. Hence,
we should have AABE a right angled isosceles triangle where AB = BE,i.e.,
AABP and AEBC should be congruent. Now can we find another pair of equal
sides or angles?

Proof. Notice that LZABP =90° — LABC = ZEBC. We also have ZAPB =
£ BCE (Example 1.1.6, BC intersecting PD). Since PB = BC,we conclude that
AABP = AEBC. Hence, AB=BE, which implies AABE is a right angled isosceles
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triangle.

Now ZBAE =45° :lLBAC, which implies AE bisects ZBAC.

- O

Example 1.2.9 Referto the diagram below. AABC is an equilateral triangle
with AB = 10 cm. D is a point outside AABC such that BD =CD and £BDC =
120°. M, N are on AB, AC respectively such that ZMDN = 60°. Find the
perimeter of AAMN.

Insight. The difficulty is that M is arbitrary, i.e., it can be any point on AB.
Even though we know <~ AMDN = lLBDC__ itis hard to apply this condition

directly.

What if we choose a special point M, say when ADMN is an equilateral

triangle? Refer to the left diagram below. Now AAMN is also an equilateral

triangle. One may show (by studying the property of the right angled
7

triangle ABDM) that 4Af = — .45 Hence, the perimeter of AAMN =2AB =20

3
cm.

What if we choose M to be very close to A? Refer to the diagram above on
the right. AAMN seems to become very narrow. AM is approaching to zero
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length while AN and MN are very close to AC. In this case, we may expect
the perimeter of AMAMN to be 0+ AC+AC=2AC=20cm.

It seems that we shall prove AM + AN +MN =AB + ACj.e., MN = BM + CN
However, it may not be easy to show this directly as BM and CN are far

. e . 1
apart. Notice that we encounter the same difficulty: given that AMDN =_—

-

£ BDC, how to handle the remaining portions of £ BDC? If we can put those
portions together, an equal angle of £ MDN would appear. How can we put
Z£BDM and ZCDN, as well as BM and CN together? Cut and paste!

Ans. Extend AC to E such that CE = BM Connect DE. Notice that Z DBC =
£DCB =l(180° —120°) = 30°. Hence, £DBM = £DCE = 90° and we have

ADBM = Z DCE (S.A.S.). This implies £ZBDM = L CDE and DM = DE Refer to
the following left diagram.

In order to show MN =BM + CN = CE + CN = N i suffices to show ADNM =
ADNE. Since ZMDN =60°, £ZBDM + £LCDN =60°.
Hence, ZEDN = ZCDE + ZCDN = 60° = ZMDN. Since DM = DE, it follows
that ADNM = ADNE (S.A.S.).
In conclusion, AM + MN + AN =AB+AC=20cm.

O
One may apply congruent triangles to prove the following useful
properties. These are not the standard theorems, but one familiar with
these results could have a better understanding of the basic geometrical
facts and seek clues during problem-solving more effectively.

Example 1.2.10 Given aline segment AB and two points P, Q such that line
PQ intersects AB at C, if ZAPC= ZBPC and ZAQC = ZBQC, then PQ is the
perpendicular bisector of AB.

Proof. Case |:P, Q are on the same side of AB. Refer to the diagram
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below. We have £1=ZAQC- ZLAPC=/BQC—- £BPC= /2.

It follows that AAPQ = ABPQ (A.A.S.), which implies AP = BP.

Since PC is the angle bisector of the isosceles triangle APAB, it is also the
perpendicular bisector of AB.

Case II: P, Q are on different sides of AB. Refer to the diagram below. It is
easy to see that AAPQ = ABPQ (A.A.S.). Hence, PA =PB and QA = QB The

conclusion follows by Theorem 1.2.4.
O

0

Example 1.2.11 Given AABC, draw squares ABDE and CAFG outwards

based on AB, CA respectively. Let M be the midpoint of BC. Show that AM =

lEF.

Insight. We see that AABC and AAEF have two equal pairs of sides: AB =
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AE and AC = AF. However, it is clear that AABC = NAEF because ZBAC #
ZLEAF. Infact, £ZBAC and ZEAF are supplementary. (Can you see it?)

Since M is the midpoint of BC, a commonly used technique is to double AM.
Refer to the diagram above on the right. If we extend AM to A' such that AM
=A'M, can you see that ABAA' = AAEF?

Proof. Extend AM to A' such that AM =A'M. Since BM =CM and LA'MB =
ZAMC, we have AA'MB = AMMC (S.A.S.), which implies ZCAM = £LBA'M
and hence, AC // A'B. It follows that ZABA' = 180°-~Z BAC. Since ZEAF +
Z BAC =360°-90°-90° = 180°, we must have ZEAF=180°- ZBAC= ZABA'.
Since AB =AE, BA' =AC =AF, we conclude that ABAA' = AAEF (S.A.S.). It

follows that EF = AA' = 2AM.
O

Note: It is an important technique to extend and double the median of a
triangle because this immediately gives congruent triangles.

i,

i
4
A

Refer to the diagram below where AD is a median of AABC and we have
AACD = NA'BD.

After this rotation of AACD, we may put together lengths and sides which
are previously far apart and perhaps obtain useful conclusions.

Example 1.2.12 In AABC, Dis the midpoint of BC. Eis a point on AC such
that BE intersects AD at P and BP = AC. Show that AE = PE.

Insight. We are given BP = AC, which should be an important condition.
However, BP and AC are far apart and it seems not clear how one could use
this condition. How about the median AD doubled? Refer to the diagram
below. If we extend AD and take A'D =AD, one sees immediately that AACD
=A'BD. In particular, we have AC=A'B.

In fact, we rotated AACD and hence, moved AC to A'B. Now A'B and BP are
connected: we can apply the condition BP = AC.
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Proof. Extend AD to A' such that AD =A'D. It is easy to see that AACD =
AA'BD (S.A.S.). Hence, LA' = LZCAD and BP = AC = AB, i.e., ABA'P is an
isosceles triangle.

Now we have ZAPE= £BPA'= LA'= ZCAD, which implies AE = PE.

1.3 Circumcenter and Incenter of a Triangle

Given a triangle, there are many interesting pointsin it.

Recall the definition of the perpendicular bisector of a line segment. Since
each triangle has three sides, one may draw three perpendicular bisectors.
Note that these perpendicular bisectors are concurrent, i.e., they pass
through the same point. Refer to the following diagrams.

This particular point is called the circumcenter of the triangle. Notice that
each triangle has exactly one circumcenter and it could be outside the
triangle. Refer to the right diagram above.

Now we use congruent triangles to show the existence of the circumcenter
of a triangle.

Theorem 1.3.1 The perpendicular bisectors of a triangle are concurrent.

Proof. Referto the left diagram below. Let the perpendicular bisectors of
AB, BC intersect at 0. We are to show that the perpendicular bisector of AC
passes through O as well.
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Since O lies on the perpendicular bisector of AB, we have AO =BO (Theorem
1.2.4). Similarly, BO = CO. It follows that AO = CO. Hence, O lies on the
perpendicular bisector of AC (Theorem 1.2.4).

Note:

(1) This common point of intersection is called the circumcenter as it is the
center of the circumcircle of AABC. Refer to the right diagram above. A
circle centered at O with radius OA passes through A, B and C, since OA
=0B=0C.

(2) Inthe proof above, we assume the two perpendicular bisectors interse:
at O and show that this point lies on the third perpendicular bisector.
This is a common method to show three lines passing through the
same point.

Theorem 1.3.2 The angle bisectors of a triangle are concurrent.

Proof. Refer to the diagram on the below. Let the angle bisector of ZA
and Z£B intersect at/. We show that the angle bisector of ZC passes
through las well, i.e., ZACI= £BCl.

Draw /D L BC atD, /IE L AC atE andIF L AB atF. Since Al is the angle
bisector of ZA, it is easy to see AIF = AAIE (A.A.S.). Hence, IF = IE
Similarly, ID = IF. It follows that ID = IE.

Now it is easy to see that ACID = ACIE (H.L.), which leads to the conclusion
that LACI = ZABI.
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Note:

(1) [/iscalled the incenter of AABC.

(2) Since AAIF = AAIE, one sees that AE=AF, i.e., A (and similarly /) lie on tt
perpendicular bisector of EF. Hence, Al is the perpendicular bisector of
EF. A similar argument applies for Bl and Cl as well.

Theorem 1.3.3 Let/ be the incenter of NMABC. £BIC =90° + lAA.

7

Proof. Refer to the diagram below. Since / is the incenter of AABC, Al, BI,
Cl are angle bisectors. Since 2(£1+ £2 + £3) =180°, we must have £1 +
£2+ /£3=90°.

Now ZBIC=180°- /£2- /3=180°—(90° - £ 1)

=90° + 41:90°+14A.

2

- O

B C

Example 1.3.4 Given AABC where ZA = 60°,D, E are onAC, AB
respectively such that BD, CE bisects £B, ZC respectively. If BD and CE
intersect at /, show that D/ = El.

Insight. Refer to the diagram on the below. Since / is the incenter of
NABC, Al bisects ZA. If we can show AAElI = AADI, then it follows
immediately that DI = El.

However, it seems from the diagram that AAE/ and AADI cannot be
congruent:
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Z1is acute but £2 is obtuse, i.e., AME/ and AADI are not symmetric about
Al. Why not reflect AAEl about Al and construct congruent triangles? Let us
choose F on AC such that AF = AE Now AAE] = AAFI and we have El = Fl Can
we show D/ = FP Notice that AIDF should be an isosceles triangle. How can
we show it? Since ZAFI = Z1, it suffices to show that £1=180°- Z£2, or
equivalently, £1 + £2 = 180°. This may not be difficult because both £1
and £2 can be expressed using £B and ZC (using exterior angles) and we

know ZB+ Z£C=180°—- LA =120"!

Proof. Choose F on AC such that AE = AF. Notice that / is the incenter of
DABC, i.e., Al bisects ZA. Now we have AAE/ = AAFI (S.A.S.) and hence, El =
Fl.

Since Z1= LB+lLCand L2= AC+lLB, we have

; 3 )
L1422 = i_i3+z_"C]=—1|{15{]{’—;i_ﬁzlSﬂC. 1e, A1=180°"-/2

|-\..I|IJJ

It follows that ZDFI= £1= ZFDI. Now DI =Fl =El.
g

1.4 Quadrilaterals

A quadrilateral is a polygon with four sides. In this book, we focus on
convex quadrilaterals only. Refer to the following diagrams for examples.

Convex quadrilateral Concave guadrnlateral

There are two important types of quadrilaterals: parallelograms (including
rectangles, rhombus and squares) and trapeziums. We will study their
properties in this section.

Definition 1.4.1 A parallelogram is a quadrilateral with both pairs of
opposing sides parallel to each other.

We give a list of equivalent ways to define a parallelogram.

(1) A parallelogram is a quadrilateral with two pairs of equal opposite sides
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(2) A parallelogram is a quadrilateral with a pair of opposite sides equal
and parallel to each other.

(3) A parallelogram is a quadrilateral with both pairs of opposite angles
equal.

(4) A parallelogram is a quadrilateral with two diagonals bisecting each
other.

One may show that all these definitions are equivalent by the techniques of
congruent triangles.

Note that these definitions also describe the properties of a parallelogram.
One may pay particular attention to (4), which is less frequently mentioned
in textbooks, but widely applicable in problem-solving.

Example 1.4.2 Given a parallelogram ABCD, draw equilateral triangles
AABE and ABCF outwards from AB, BC respectively. Show that ADEF is an
equilateral triangle.

Insight. Refer to the diagram on the below. Given a parallelogram and
equilateral triangles, one shall seek congruent triangles. Apparently, AADE,
ACFD, ABFE should be congruent. It is easy to show equal sides, while a bit
of calculation might be needed to show equal angles.

Proof. We have AE =AB =CDand AD = BC = CFNotice that £ DAE = 360° -
£ BAD—- £BAE and £LFCD=360°— £BCF—- £BCD. Since £ZBAD = £BCD and
£ BCF =60° = £ZBAE, we have £ZDAE = ZFCD. Hence, AADE == ACFD (S.A.S.)
and DE = DF.
Similarly, BE = AB = CDand BF = CF. Notice that L EBF = LABE + LCBF +
ZABC = 60° + 60° + 180° — £LBCD = 300° — £BCD = 360° — £LBCF — £BCD =
ZFCD. Now ABEF = ACFD (S.A.S.) and hence, DF = EF. This completes the
proof.

O

Notice that the techniques for solving problems on quadrilaterals are still
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mainly through congruent triangles.

Example 1.4.3 Let ABCD be a quadrilateral such that £B = 4£D. AC and BD
intersect at P. If AP = CP, show that ABCD is a parallelogram.

Insight. It is not easy to show the conclusion using congruent triangles
directly. Although there are pairs of equal angles and identical lengths, they
do not form congruent triangles. Refer to the diagram on the below.

D
i

4 ‘y

B

Since DP is the median on AC, the median doubled could help to construct
congruent triangles.

Moreover, among all the criteria to determine a quadrilateral, we may use
(4): two diagonals bisecting each other. This is because we are given AP =CP
and we only need to show DP = BP. Bingo! This coincides with our strategy
to double the median DP.

Proof. We claim that BP =DP, which leads to the conclusion immediately.

Suppose otherwise, say BP < DP, without loss of generality. We extend PB
to E such that DP = EP. Now AECD is a parallelogram, which implies £D =
LE.

However, £ZB= ZD and we must have £ZB = ZE. This is impossible! Notice
that £ZB=ZABD+ £ CBD, where ZABD= ZAED+ ZEAB> ZLAED.
Similarly, ZCBD > ZCED. We have £B> LAED+ LCED= ZE.

In conclusion, we must have BP =DP and hence, ABCD must be a
parallelogram.
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Example 1.4.4 Given an isosceles triangle AABC where AB = AG M is the
midpoint of BC. P is a point on BA extended andPD L BC atD. If PD
intersects AC at E, show that PD + DE = 2AM.

Insight. AM is a median of AABC and we need 2AM in the conclusion.
Hence, it is natural to extend and double the median AM. Refer to the
diagram below. Extend AM to A such that AM = AM. We are to show PE +
PD =AA'". Can you see a line segment equal to DE?

Proof. Extend AM to A' such that AM =A'M. Since AB =AC, one sees that
NMBM = DNA'CM = AACM. Let PD extended intersect A'C at E'. We have ACDE
=ACDE' (A.A.S.) and hence, DE = DE'. We also conclude that PD // AM and AP
// A'C. Now AA'E'P is a parallelogram and AA' = PE". It follows that PD + DE =

PD + DE'=PE'= AA" = 2AM.
O

L

|

|

|
Ay

Note: One may also draw AN L PD at N and show that N is the midpoint of
PE. Refer to the diagram on the below. Since AMDN is a parallelogram (and
in fact, a rectangle), we have AM = DN Now it suffices to show PD + DE=
2DN. Note that this is equivalent to PD—DN = DN — DE, or PN =EN.

F

B M p €
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It is easy to see that N is the midpoint of PE because AAPE is an isosceles
triangle where AP = AE. (Can you show it?)

Definition 1.4.5 A rectangle is a quadrilateral with four right angles.

We give the following equivalent ways to define a rectangle.
(1) Avrectangle is a parallelogram with a right angle.
(2) Arectangle is a parallelogram with equal diagonals.

One may show that all these definitions are equivalent by the techniques of
congruent triangles.

Note that (2) is an important property of rectangles. In particular, in a
rectangle ABCD where AC, BD intersect at O, we have LZOAD = ZODA.
Refer to the diagram on the below.

4 D

B C

Given two parallel lines€; //#€,, the perpendicular distance from an
arbitrary point on one line to the other line is a constant. Refer to the
diagram on the below.

One could easily see that ABCD is a rectangle and we always have AB = CD
This length is defined as the distance between €, and ¢,.

Theorem 1.4.6 In a right angled triangle AMABC where ZA = 90° and M is
the midpoint of BC, we have AM = lBC.

Observe the fact that the right angl_ed triangle is half of a rectangle. Refer to
the diagram on the below. One may show the conclusion easily by
congruent triangles.
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This is a simple but useful result. However, even the experienced
contestants fail to recognize it occasionally, especially when the problem is
complicated.

Note that Example 1.1.8 is the inverse of Theorem 1.4.6. In summary, given

AABC where M is the midpoint of BC, ZA =90° if and only if AM =lBC.

Example 1.4.7 In an acute angled triangle AABC, BE, CF are heights on AC,
AB respectively. Let D be the midpoint of BC. Show that DE = DF.

Proof. This is an immediate application of Theorem 1.4.6. In the right

angled triangle ABEC, we have DEleC. Similarly, DF :lBC The conclusion

follows.
O

L
B* i s

Example 1.4.8 In a right angled triangle AABC where ZA =90° and £C =
30°,AB=lBC.

Proof. Refer to the diagram on the below. Let M be the midpoint of BC.
By Theorem 1.4.6,AM = BM We see that AABM is an isosceles triangle

where £B=60°, and hence, an equilateral triangle.
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It follows that AB=BM =lBC.
- O
Note:

(1) Refertothe diagram on the below. One may reflect AABC about the line
AC and see that AABC is half of the equilateral triangle ABCB'.

C
!
!
!
i
i
7
AR
B' A B

Itis now clear that AB = lBB' = lBC.

(2) Notice that the inverse also holds: given AMABC where ZA=90°, if AB="

BC, then ZC = 30°. This is because AM = BM JBC =AB by Theorem

1.4.6, where M is the midpoint of BC. Hence, AABM is an equilateral
triangle and £B=60°.

Definition 1.4.9 A rhombus is a quadrilateral whose sides are of equal
length.

We give the following equivalent ways to define a rectangle.

(1) Arhombusis a parallelogram with a pair of equal neighboring sides.
(2) Arhombusis a parallelogram whose diagonals are perpendicular to eac
other.

One may show that all these definitions are equivalent by the techniques of
congruent triangles.

Example 1.4.10 Given a parallelogram ABCD where BC = 2AB, E, F are on
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the line AB such that AE = AB = BF. Connect CE, DF. Show that CE L DF.

Insight. Refer to the diagram on the below. We are given a parallelogram
ABCD and AE = AB = BF Hence, we can see more parallelograms, for
example ACDE (because AE =CD and AE // CD).

It follows that AD and CE bisect each other. Now we can see that the
condition BC = 2AB is useful. Can you see arhombus in the diagram?

Proof. LetAD, CE intersect at G and BC, DF intersect at H. Since ABCD is a
parallelogram, we have AE// CD and AE = AB = CDwhich imply ACDE is also
a parallelogram. Hence, AD, CE bisect each other. Since AD =2AB, DG =AB =
CD. Similarly, CH = CD It follows that CDGH is a rhombus and hence, CE L
DF.

O
Note: One may find an alternative solution using the technique of angle
bisectors, parallel lines and isosceles triangle (Example 1.1.10):
Since AB = BF, we have AF = 2AB =AD, i.e., ANFD is an isosceles triangle.
Now ZCDF = LAFD = ZLADF, i.e., DF bisects ZADC. Similarly, CE bisects
Z BCD. One sees CE L DF because

1 1 1
LDCE+ ACDF = —jiBCD——j.&DC': -~ 180° =90°.
Notice that the last step is closely related to Example 1.1.9 that the angle

bisectors of neighboring supplementary angles are perpendicular to each
other.

Definition 1.4.11 A square is a rectangle whose sides are of equal length.

A square is a parallelogram which is both a rectangle and a rhombus. Hence,
a square has all the properties of rectangles and squares, including equal
sides, equal angles and diagonals of equal length which perpendicularly
bisect each other. Of course, one may write down a lot of statements which
are equivalent to the definition of a square.
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Example 1.4.12 Refer to the diagram on the below. ABCD is a square. Two
lines, €, and €,, intersect ABCD atE, F and G, H respectively. If €, L €,,
show that EF = GH.

G
PR T
HE"n B !
~d_ N
fllf N ‘L‘Fx :
d
B v H B

Insight. If €,, €, are in the upright position, the conclusion is clear. Refer
to the left diagram below.

Regrettably, we do not know the positions of €, and €, with respect to the
square ABCD. Indeed, we are to show that for any £; L €,, regardless of
how they intersect ABCD, the conclusion holds.

Let us move €4, €, around and observe. Refer to the middle diagram below.
If we push EF upwards until E reaches A, we still have EF = AF because AEFF'
is a parallelogram. If we continue to push GH towards the right, we see that
GH = DH. Refer to the right diagram below. Hence, it suffices to show that
DH' = AF'. This could be shown by congruent triangles.

I U S S B

A 1 -~ / - !
e Ty F.l

| i B L F 7 o
7 R S E) ~od 1 / L

[ S r

| / ~oF ok

i d 54 4 ='Ilr
B F ¢ B ,H ¢ B /g H C

Proof. Draw AF'// EF, intersecting CD at F' Draw DH' // GH, intersecting BC
at H' Since AEFF'is a parallelogram, EF = AF'.

Similarly, GH =DH'. It suffices to show that AF' = DH'

Notice that L DAF'=90°— LADH'= LCDH', LADC=90° = ZC and AD =CD.

Hence, AADF' = ADCH' (A.A.S.) and AF' = DH'
O

Example 1.4.13 Refer to the diagram on the below. ABCD is a square and
BDEF is arhombus such that C, E, F are collinear. Find Z CBF.
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Insight. We have a square, a rhombus and the collinearity of C, E, F. One
immediately sees that ZCBD = 45°. Can we find £ DBF? Notice that once
ZDBF is known, the rhombus is uniquely determined. Which rhombus
satisfies the conditions that C, E, F are collinear?

If we draw an arbitrary rhombus BDE'F' based on BD, as shown in the
diagram on the below, we will still have BD // E'F', but C will not lie on the
line E'F', i.e., we must use the fact CE // BC to show the conclusion.

Er

/_F"

B C

One may also observe that if F is chosen, i.e., CF // BD and BD = BE we do
not need to draw E as it is not relevant to the problem anymore.

Hence, we may simplify the problem. Refer to the diagram on the below.
Given BD // CF and BD = BE what can we deduce about ZDBF? We know
ABDF is an isosceles triangle, but calculating £ BDF or £BFD is not easy.
How can we use BD = BF then? We know AC =BD. How is AC related to BF?

B C

Given BD // CF, what is the distance between these two parallel lines? Can

you see this distance is —BD? What if we introduce a perpendicular line to

BD from F?

Ans. LetAC and BD intersect at O. Draw FH L BD at H. Since CF // BD and
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AC 1 BD we have FH =CO =lAC =lBD. It follows that in the right angled

triangle ABFH, Z FBH =30° (Example 1.4.8).

Now ZCBF = ZCBD— £ZFBD =45°-30°=15°.
a

Note: Since the distance between BD and CF is lBD, it is natural to think of

ZFBH = 30° in a right angled triangle. In fact_, one may even draw the
diagram accurately and see that ZFBH = 30°. Even though such a drawing
will NOT be accepted as part of the solution, it gives us a clue. Now
constructing a right angled triangle with £ FBH = 30°, i.e., where one leg is
half of the hypotenuse, becomes a natural strategy.

Definition 1.4.14 A trapezium is a quadrilateral with exactly one pair of
parallel sides.

By definition, a trapezium cannot be a parallelogram.

Example 1.4.15 In a trapezium ABCD where AD // BC, E is a point on AB.
Show that ZADE+ £ BCE= ZCED.

Proof. Refer to the diagram on the below. Draw EF // AD, intersecting CD
at F. Notice that ZADE = Z DEF and £BCE = ZCEF. Hence, ZADE + £ BCE =

£ DEF+ £CEF = ZCDE.
a

B e

An isosceles trapezium is a trapezium whose unparalleled sides are of equal
length. In fact, one obtains an isosceles triangle by extending the
unparalleled sides. Refer to the diagram on the below where ABCD is an
isosceles trapezium with AB = CD It can be shown easily that £B8= ZC and
AC=8BD.
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Example 1.4.16 ABCD is an isosceles trapezium where AD // BC and AB =
CD. Its diagonals AC, BD intersect at E and ZAED = 60°. Let M, N be the

1
midpoints of CE, ABrespectively. Show that MN = —AB.
Proof. Refer to the diagram on the below. Since ABCD is an isosceles
trapezium with AB = CO we must have ZABC = £BCD. Hence, AMBC =

ZDCB (S.A.S.), which implies £ZBCE= £CBE.

Since £BEC = ZAED =60°, ABCE must be an equilateral triangle. Since M is
the midpoint of CE, we must have BM L CE.
Since N is the midpoint of AB, MN is the median on the hypotenuse of

AAMB and hence, MN :lAB (Theorem 1.4.6).
- O
1.5 Exercises

1. Inarightangled triangle AABC where ZA =90°, P is a point on BC. If AP
=BP, show that BP =CP, i.e., P is the midpoint of BC.

2. Given AMBC where £B=24C, D is a point on BC such that AD bisects
ZA.Show that AC=AB +BD.

3. Refer to the left diagram below. Given AABC, draw squares ABDE and
ACFG outwards from AB, AC respectively. Show that BG = CE and BG L CE.
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4. Referto the right diagram above. Show that in AABC, the angle bisector
of ZA, the exterior angles bisectors of ZB and ZC are concurrent (i.e.,
they pass through the same point).

Note: This point is called the ex-center of AABC opposite A. One may see
that each triangle has three ex-centers.

5. Given AABC, J; and J, are the ex-centers (refer to Exercise 1.4) opposite
Band Crespectively. Let / be the incenter of AABC. Show thatJ;J, L Al

6. LetABCD be asquare. E, F are points on BC, CD respectively and £ EAF
=45°. Show that EF = BE + DF.

7. Inthe acute angled triangle AABC,BD 1 AC atD and CE L AB atE. BL
and CE intersect at Q. P is on BD extended such that BP =AC. If CQ = AB find
ZAQP.

8. Referto the diagram on the below. AABC is an equilateral triangle. D is
a point inside AABC such that AD = BQ Choose E such that BE =AB and BD
bisects ZCBE. Find £BED.

B C

9. Let/ be the incenter of AABC. Alextended intersects BC at D. Draw /|H
1 BCatH. Show that ZBID = ZCIH.

www.TechnicalBooksPDF.com



10. Given a quadrilateral ABCD, the diagonal AC bisects both ZA and Z£C.
If AB extended and DC extended intersect at £, and AD extended and BC
extended intersect at F, show that for any point P on line AC, PE = PF.

11. InAABC, AB =ACand D is a point on AB. Let O be the circumcenter of
ABCD and I be the incenter of AACD. Show that A, /, O are collinear.

12. Given a quadrilateral ABCD where BD bisects £B, P is a point on BC
such that PD bisects ZAPC. Show that £ZBDP + ZPAD =90°.

13. ABCDis a quadrilateral where AD // BC. Show thatif BC—AB=AD-C[
then ABCD is a parallelogram.

14. Given a square ABCD, €, is a straight line intersecting AB, AD atE, F
respectively and €, is a straight line intersecting BC, CD at G, H respectively.
EH, FG intersect at /. If €, // €, and the distance between €4, €, is equal to
AB, find £LGIH.
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Chapter 2

Similar Triangles

Similar triangles are the natural extension of the study on congruent
triangles. While congruent triangles describe a pair of triangles with
identical shape and size (area), similar triangles focus on the shape. The
diagram below gives an illustration.

Indeed, similar triangles are even more powerful tools than congruent
triangles. Many interesting properties and important theorems in geometry
could be proved by similar triangles.

Two tnangsles of the same shape

One would see in this chapter that the Intercept Theorem plays a
fundamental role in studying similar triangles, while the proof of this
theorem is based on an even more fundamental concept: area.

2.1 Areaof aTriangle

It is widely known that the area of AABC, denoted by [AABC] orSpagc is
given by [5,13(‘1: lB{_“x i _where h denotes the height on BC.
2
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Of course, one may replace BC and h by any side of the triangle and the
corresponding height on that side.

Notice that [g,iﬂc}:lbagex heicht implies that if two triangles have
5 =

equal bases and heightsj they must have the same area. Even though this is
a simple conclusion, it has a number of (important) variations:

In a trapezium ABCD where AD // BCand AC,BD intersect at E, we have
[AABC] = [ADBC] because both triangles have a common base and equal
heights.

By substracting [ABCE] on both sides of the equation, we have [AABE]=
[ACDE]. Refer to the diagram above.

In a triangle AABC where M is the midpoint of BC, we must have [AABM
[AACM]. Let D be any point on AM. We also have [ABDM]=[ACDM].
Refer to the diagram below.

It follows that [AABD]=[AACD]. Since AABD and AACD have a common
base AD, we conclude that the perpendicular distance from B,C
respectively to the line AM is the same.

Notice that the conclusion above still holds even if D is a point on AM
extended. Refer to the diagram below.
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D

If M is the midpoint of BC, can you see [AABD]=[AACD]?

Refer to the diagram below. Given a triangle AABC, extend BC to D such
that BC=CD. E'is a point on AC. Draw a parallelogram CDFE. Connect BE,
BF and AF. One sees that the area of the shaded region is equal to the
area of AABC.

This is because the shaded region consists of AAEF and ABEF, which
have the same base EF. Hence, the heights of the triangles, called h;

and h,, are the distances from A and B to the line EF respectively. Now

[AEBF] =é£F-hl+é£F-hz :%EF-[hl—I?gj. Since EF =CD =

BC and hy +Bz is equal to the distance from A to BC, we conclude that

[AEBF]=[AABC].

Given a right angled triangle AABC where ,~C=90°, draw CD //AB. Refer
the diagram below. Draw AE | BD at E.

A

3

L

B C
One seesthat AE-BD=AC - BC, because AE - BD = 2[AABD] and AC - BC =
2[AABC]. We have [AABC]=[AABD] since both triangles have a common
base AB and equal heights (because AB // CD). In fact, one may see this
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conclusion more clearly by recognizing the trapezium ABCD. (You may
rotate the page and hence, look at the trapezium from the “upright”
position.)

Note that using areas of equal triangles is an important technique to

show equal products (or ratios, in this example) of line

segments.

Moreover, [AABC]:lBCXh implies that if two triangles, say AABC and AA'
)

s

B'C', have equal bases BC and B'C', then M :i_ where h and h' are
[aBC] w

the respective heights. A similar conclusion could be drawn if two triangles
have equal heights.

This is a very useful result because we may calculate the area of triangles
indirectly by comparing its base and height with another triangle whose
areais known.

Example 2.1.1 Given AABC, D is a point on BC such that BC = 3BD. E is a
point on AD such that AD = 4DE. Show that:

(1) [AACE]=2[AABE]

(2) [AABC]=4[ABCE]

M
P

Proof. Referto the diagram below.

(1) Notice that AABD and AACD has the same height AH.

[A4BD| _BD _

Hence, = l or [AACD]=2[AABD].
lA4cD| cD 2

Similarly, [ACDE]= 2[ABDE]. Hence, we have:
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[AACE]= [AACD]-[ACDE]=2([AABD]-[ABDE]) = 2[AABE].
(2) Notice that AABD and ABDE have the same height BP.

Hence, [MBD] AD =i _or [AABD]=4[ABDE].

[ABDE|” DE 1

Similarly, [AACD]= 4[ACDE]. Hence, we have:

[AABC]= [AABD] + [AACD]= 4([ABDE] + [ACDE])= 4[ABCE].
O
Note: One may see that similar arguments apply even if the ratios given
(i.e., the positions of D and E) are different. Such an argument is commonly
used in solving problems related to areas. In fact, experienced contestants
in  Mathematical Olympiads could see the conclusions almost
instantaneously.

Example 2.1.2 Given AABC, D, E, F are points on BC, AC, AB respectively
such that BD =2CD, AE =3CE and AF =48BF. If the area of AABC is 240cm2, find
the area of ADEF.

B 'D C

Insight.  Refer to the left diagram above. Calculating ADEF directly will
certainly be difficult because we do not know any of its bases or heights.
We are given the area of AABC, but we do not know exactly how the areas
of ADEF and AABC are related. However, we could obtain the area of ADEF
by subtracting the areas of AAEF, ABDF and ACDE from AABC, where each of
these triangles share a (part of) common side with AABC. Let us choose one
of them, say AAEF. Refer to the right diagram above. Connect CF.

Observe that {ijii} = ;‘E :%_ We also have {iﬂigi} = :H; =i_ It
AABC A i)
follows that | A4EF] :g _or [AdEF]= '—E[msc]: % «240=144 .

[A4BC]
Similarly, [ABDF | =§><%><14i} =32 and [ﬂCDE}:%x%x 240=20.

Now [ADEF]= [AABC]-[AAEF]-[ABDF]-[ACDE]
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=240-144 - 32 - 20 =44 cm?.

Note:

(1)

(2)

(3)

One sees that [Q.,DEF]: H[ﬁag{_“] always holds regardless of the are
a0

and the shape of AABC. This is solely determined by the relative

positions of D, E, F on BC, AC, AB respectively.

In general, given AABC and D, E are on AB, AC respectively, we always

[AMDE] 4D AE

have = . )
[A4BC] 4B 4C

Refer to the diagram below.

One may see this conclusion by connecting CD and hence, relaying

[AADE| AE [A4CD] 4D
= and = .
|AdcD]  4c |A4BC| 4B

Alternatively, one may apply Sine Rule, which we will discuss in
Chapter 3.

Using such a “relay” of area comparison is a useful technique because it
links the unknown area to what is given. However, creating such a link
literally requires a sequence of triangles, one after another which
shares either a common side or a height. Of course, this may not be an
easy task and one needs to draw one or more auxiliary lines wisely.
Can you use this “relay” method to solve the following Example 2.1.3
and Example 2.1.4, without referring to the solution?

Example 2.1.3 Let ABCD be a quadrilateral. E, F are on AB such that AE = EF
= BF =1AB and G, H are on CD such that CG =GH =DH =1CD. Show that

3 3

[EFGH ] =%[ABCD].

Proof. Referto the left diagram below. Since AE = EF, we must have [AEFH
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1= L10aFH]. similarly, [aFGH 1= L[aceH].

Hence, [EFGH | = [AEFH | + [AFGH] =1[AAFH] +1[ACFH]

=1[AFCH l.

L
-~

Now it suffices to show that [ AFCH] :i[ABCD]. Refer to the previous right
3

diagram. Since AF =2BF and CH = 2DH, we have

[EFGH|=[AEFH|+[AFGH|= %[ﬂ..»iFH] + l [ACFH]
i ) O
Example 2.1.4 In AABC, D is a point on AB and 4D = £ =£_ M is the
AC  AB 3

midpoint of CD while AM extended intersects BC at E. Find

Ans. Refer to the diagram below. Connect DE. Since CM =DM, one sees
that

[AACM] = [AADM] and [ACEM] = [ADEM].

It follows that [AADE]= [AACE].
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[AMDE] 4D 4D 4c 4 . CE [AACE]
- = : =—_ we have =
[AMBE] 4B 4Cc 4B 9 BE |[A4BE]

: 4
Sice —.
0

O

Note: We will see this example again in Section 3.2 and Section 3.4,
where we will use two other methods (Intercept Theorem and Menelaus’
Theorem) to solve it.

Example 2.1.5 Refer to the diagram below. In an acute angled triangle AABC
where AB =AC, M is the midpoint of BC. P is a point on AM and Q is a point

on BP extended such that QC 1L BCat C. Draw QH 1 ABat
AB BC

H. Show that e,
AP HQ

¥

Insight. \We are to show AB- HQ =AP - BC. Since AB - HQ = 2[AABQ] and AP
1 BC, perhaps we can show the equality by area. Does AP - BC give the area
of any triangle, or at least the area of aregion in the diagram?

Proof. Refer to the diagram below. Connect CP. Since M is the midpoint
of BC and AB =AC, AM must be the perpendicular bisector of BC (Theorem
1.2.2). It follows that BP = CP (Theorem 1.2.4).

Since £BCQ =90°, we have BP = PQ (Exercise 1.1), i.e., P is the midpoint of
BQ.

Notice that AB - HQ = 2[AABQ] = 4[AABP] because BQ = 2BP.
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We also have AP - BC =2AP - BM =2 x 2[AABP] = 4[AABP].

It follows that AB - HQ = AF-BC, or i—B =£

AP HQ
O
Note: Since BM =CM and MP // CQ, one may obtain BP = CQ easily by the
Intercept Theorem. We will see this in the next section.

Pythagoras’ Theorem

Pythagoras’ Theorem is well known. Many of its popular proofs are based
on the clever construction of a diagram. An example is given on the right.
(We leave it to the reader to complete the proof based on this diagram.)

Proof of Pythagoras’ Theorem

We shall introduce the classical proof of this theorem in Euclid’s Elements.
The proof is straightforward and is based on the area of triangles. It also
illustrates a method applicable to many other problems related to areas of
triangles.

Theorem 2.1.6 (Pythagoras’ Theorem)/n AABC where LA = 90°, AB2 +AC? =
BC2.

Proof. Refer to the diagram below. We draw squares outwards from AB,

AC, BC respectively. Since AB?, AC?, BC? represent the areas of squares, we
are to show that the sum of the areas of the two small squares equals the
area of the large square, i.e.,

[ABDE] + [ACFG] = [BCHI]. (1)
Notice that [ 4CFG | = 2[A4CF | and [A4CF]= l CF-AC =[ABCF].

Since BCF = AHCA (Exercise 1.3), we must have [ACH] = [ABCF]

www.TechnicalBooksPDF.com



= [a4cF]= %[A CFG| (2

Similarly, [A4BI|=[ABCD]= [MBDF%[ABDE] (3)

Refer to the left diagram below.

H
F c
0
\
\ e
\ =
G 4 \\'\ﬂ
™,
E D

From (1), (2) and (3), it suffices to show [ﬁACH]+ [;_\,J{BI] - i[BCHI] !
2

One sees that AACH and AABI have equal bases CH and Bl with their
respective heights added up to HI. Refer to the right diagram above. This

completes the proof.
O

Example 2.1.7 ABCD s a trapezium such that AD // BC. If the two diagonals
are perpendicular to each other, i.e., AC L BD, show that AC% + BD? = (AD +
BC)2.
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Insight. Refer to the left diagram below. Given AC L BD, we are asked

aboutAC? +BD?. Apparently, one should apply Pythagoras’ Theorem.
However, AC, BD are not intersecting at the endpoints. Can we bring them
into a right angled triangle, say by moving the lines?

A D

B* C B* C B

Proof. Draw DE// AC, intersecting BC extended at E. Refer to the previous
right diagram. Clearly, ACED is a parallelogram and hence, AC = DE and AD =

CE. Now AC? + BD? = DE? + BD? = BE? because DE L BD. It s easy to see that
BE =AD + BC because AD = CE. This completes the proof.

O
We know that in a right angled triangle AABC where £B =90°, if LA =30°,
then AC = 2BC (Example 1.4.8). Hence, by Pythagoras’ Theorem, AB? =AC? -

2_ 2 - - =
BC- =3BC(C7, |.e.,AB—\|._; BC.

P =

c' B C

Refer to the diagram above where AACC' is an equilateral triangle with a

side of length g, i.e., EC:ln'_ We have 4B :ﬂa and hence, the area

of the equilateral triangle is ﬁﬂ.l _

4
Similarly, in a right angled triangle AABC where £B =90°, if LA = 45°, we
must have AB =BC and hence, AC= w"IEAB by Pythagoras’ Theorem.

Example 2.1.8 ABCD is an isosceles trapezium where AD //BC and AC, BD
intersectat P. If BC=ACand AC L BD, show that AD + BC = 2BP.

Proof. Refer to the diagram below. Since ABCD is an isosceles trapezium
and AC L BD, both APAD and APBC are right angled isosceles triangles.
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Let AP =xand CP =y. We have AD = w"l’}x and BC= x-"l” y.
Since AC=BC, we must have x +y = w,-'a} y. (1)

We are to show AD +BC = 2BP, i.e., w"I”X +w"I”y = 2y, but this can be

obtained immediately from (1), by multiplying x-"l” on both sides.
- O

The inverse of Pythagoras’ Theorem also holds, i.e., in AABC, if ABZ +AC? =
BC?, then ZA=90°. This can be proved by contradiction.

The following result could be seen as an extension of the inverse of
Pythagoras’ Theorem.

Theorem 2.1.9 Let A be a point outside the line BC and D is on the line BC. |
AB? - BD? = AC% - CD?, then AD L BC.

Proof. Suppose otherwise. Refer to the diagram below. Draw AP L BC at
P. We may assume, without loss of generality, that BD > BP.

4

B PD

By Pythagoras’ Theorem, AP? = AB? - BP? = AC? - CP>.

Since AB% - BD? = AC? - CD?, we have BD? - CD? = AB? - AC% = BP? - CP2. This
isimpossible since BD>BP and CD<CP, i.e., BD? - cD? > BP? - CP2.

Note that the proof is not complete yet because one should also consider
the cases where either D or P is outside the line segment BC. Refer to the

following diagrams. Indeed, we have BD? - CD? # BP? - CP? in each case. We
leave the details to the reader.
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Indeed, Theorem 2.1.9 still holds even if D does not lie on the line BC. One
may write down a similar proof by contradiction.

2.2 Intercept Theorem

Theorem 2.2.1 (Intercept Theorem) Let ¢4, 1,, 3 be a group of parallel lines
which intersect two straight lines at A, B, C and D, E, F respectively. We have

Proof. Referto the diagram below.

Notice that AB = [ﬁ‘iﬁE] _since AABE and ABCE share the same height
BC [ABCE|
from Eto the line AC. Similarly, DE = [ﬂB‘D‘E] _
EF |ABEF]

Notice that [AABE] = [ABDE] =lBEx h, where h is the height on BE.
]

2

The two triangles have the same heightas ¢4 // 5.
Similarly, [ABCE] = [ABEF].
AB [A4BE| [ABDE| DE

It follows that =
BC [ABCE]|

[ABEF| EF

Note:
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(1) One may easily see that the Intercept Theorem applies when more
than three parallel lines intercept two straight lines: the corresponding
line segments will still be in ratio.

(2) There are afew cases where the Intercept Theorem applies for only twc
parallel lines. Refer to the following diagrams.

B

4B _AD

In these cases, we always have ——— —

AC AE

Notice that one could always draw the third parallel line at A before
applying the Intercept Theorem.

(3) Notice that the inverse of the Intercept Theorem holds as follows: In

AABC where D, E are on AB, AC respectively, if we must

have DE // BC. This could be proved easily by contradiction:

Suppose otherwise. We draw DE' // BC, intersecting AC at E'. Refer to
the diagram below.

A
D E
B = &
We have by the Intercept Theorem.
Since we must have AE=AF', i.e., Eand E' coincide.

This completes the proof that DE // BC.

Corollary 2.2.2/n AABC, O E are on AB AC respectively such that DE // BC.
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AD AE DE
AB AC BC’

We have

Proof. Refer to the diagram below. Draw AH L BC at H. Let AH intersect
DE at G. Since BC// DE, AG L DE.

We have 4D = AG by the Intercept Theorem.
AB AH
Let 4D =£:k 1ie_AD=k-ABand AG=k - AH.
AB AH

Pythagoras’ Theorem gives DG> =AD?*> -AG? = (k -AB)? - (k -AH)?
—12(4B? —4m?)=k2BH ie, DO AP

4B

Similarly,

Now DE=DG+EG=k-BH+k-CH=k(BH+CH) =k - BC.

This implies_DE =k=—AD _
BC AB
O
Note:
(1) The conclusion holds even if D, E lie on BA,CA extended respectively,
i.e., when the lines BC, DE are on different sides of A. Refer to the

diagrams in the remarks after Theorem 2.2.1.

(2) Referto the diagram below where BC// PQ.

PR
We have _R =—— _because

www.TechnicalBooksPDF.com



One familiar with similar triangles may see the conclusion almost
immediately. We shall study similar triangles in the next section.

The Intercept Theorem and Corollary 2.2.2 are very useful in calculating the
ratio of line segments.

Example 2.2.3 InAABC, D, E are on BC, AC respectively such that BC = 3BD
and AC=4AE. If AD and BE intersect at F, find

Ans. Referto the diagram below. Draw EG // BC, intersecting AD at G.

=—_ We have

Note: This solution shows a standard method solving this type of
guestions. Once the positions of D and E are known, one could always use

this method to find E Can you use the same technique to show that AF =
EF
DF ? (Hint: Draw DP // AC, intersecting BE at P.)

Example 2.2.4 Given AABC, D, E, F are on AB, BC, CA respectively such that
[APOR]

AB=3AF, BC=3BD and AC = 3CE. Refer to the diagram below. Find )
[A4BC]
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B o
Insight. This is similar to Example 2.1.2. We can calculate [APQR] by
subtracting the unshaded areas from [AABC]. In order to calculate the area
of the unshaded region, we may divide it into a few triangles, say AABP,

ABCQ and ACAR. How can we calculate [AABP]? We know
1 [A4BP] 4P

3 AABD| AD

We can use the method illustrated in Example 2.2.3 to find

[&431)]: [MBC‘ ] because ED:%BC. Notice that

Proof. Referto the diagram below. Draw DX // AC, intersecting BE at X.

We have 2% :E:l and E:i
CE BC 3 AE 2

DX 1 PD
Hence, =—=—_18._ =

AE 6 AP AD 7
Since [ﬁABP] = AP :E and [ﬁ‘iBD]:l[ﬂ‘{EC]_we must have

[A4BD] 4D 7 3

[A4BP]

2 _2y

.
Similarly, one sees that [QECQ] - [ﬁC_{R] N ?[ﬂ_&BC] .

[APOR] 1

It follows that [&PQR]= é[ﬁi{BC]_ or W a2
7
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Recall Example 2.1.4.

In MBC, D is a point on AB and A0 = £ =
AB

AC
while AM extended intersects BC at E. Find

. M is the midpoint of CL

L] | [

Can you solve it using the technique demonstrated above, drawing parallel
lines and applying the Intercept Theorem?

Ans. Referto the diagram below. Draw DF // BC, intersecting AE at F.

DE DM DEF  AD 4D AC 4
We have ——_ _ =1 an = = : =—
CE CM BE 4B A4AC A48 ©
CE DF _ 4

It follows that — — =—
BE BE ©

An important special case of Corollary 2.2.2 is the Midpoint Theorem.

Theorem 2.2.5 (Midpoint Theorem) In AABC, D, E, F are midpoints of BG AC,
AB respectively. We have EF // BC, EF = lBC and AD, BE, CF are concurrent.
3

Proof. Since E, F are midpoints, EF // BC by the Intercept Theorem. Now

Corollary 2.2.2 impliesE = AF

BC 4B

= l Refer to the diagram below.
2

Suppose BE and CF intersect at G. We have E:E: 2 i.e., CF must

GE EF
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intersect BE at the trisection point closer to E. Notice that this argument

applies to AD as well, i.e., AD must also intersect BE at G where

Indeed, AD, BE, CF are concurrent at G.
O

Note: One may derive the following important properties easily from the

Midpoint Theorem.

(1) The medians of a triangle are concurrent (at the centroid) and the
centroid is always at the lower one-third position of a median.

(2) A midline, i.e., aline segment connecting the midpoints of two legs, is
always parallel to and has half of the length of the corresponding base
of the triangle. Hence, drawing a midline is an important technique
when solving problems related to midpoints as the line segments far
apart could be brought together.

Example 2.2.6 Let ABCD be a quadrilateral and E, F, G, H be the midpoints
of AB, BC, CD, DA respectively. Show that EFGH is a parallelogram.

Insight.  This is a simple application of the Midpoint Theorem. Refer to
the diagram below. One easily sees that EF // AC// GHand EH // BD // FG.

Example 2.2.7 Let D be a point inside AABC such that AD bisects ZA and
AD 1 BD. Let M be the midpoint of BC.

(1) IfAB=11and AC =17, find MD.

(2) Show that M cannot lie on AD extended.

Insight.

(1) We are to find MD where M is the midpoint of BC. If Dis the midpoint o
another line segment, perhaps we could apply the Midpoint Theorem.
Is there a line segment whose midpoint is D? Since AD is an angle
bisector, it is a common technique to reflect AABD about AD. This
technique is even more useful here because AD L BD. Refer to the
diagram below. Can you see AABE is an isosceles triangle?

(2) Let Ebe the reflection of Babout AD. If M lies on AD extended, can you
see BM =CM = EM ? What does it imply?
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Ans.

(1) LetADextendedintersect ACat E. Since AD is the angle bisectorand AL
1 BE, we have AABD = AAED (A.A.S.), which implies BD = DE and AE =

AB. Since BM =CM, we must have _.’1,{[):1{:“5 by the Midpoint
2

Theorem. It follows that A0 = i{_.i.(:_ AE)= i{;;c —ABY=% .
? T n ;

(2) Suppose otherwise that M lies on AD extended. It is easy to see that

AABM = AAEM (S.A.S.), which implies BM = EM.

Now BM =CM =EM implies £ZBEC =90° (Example 1.1.8). This is absurd

because AABE is an isosceles triangle.

O

Example 2.2.8 Given AABC, D is a point on AC such that AB =CD. Let M, N
be the midpoints of AD, BC respectively. Show that MN is parallel to the
angle bisector of £BAC.

Insight. How can we apply AB =CD, where AB, CD are far apart? Since we
are given the midpoints of AD, BC, if we connectBD and letP be the

midpoint of BD, then PM :lAB and PN :lCD.
¥

-

A A

Hence, PM =PN. Refer to the diagram below. Now APMN is an isosceles
triangle. Can we use the technique of the isosceles triangle and parallel line
to obtain the angle bisector (Example 1.1.10)?

Proof. LetP be the midpoint of BD. Notice that pAf = l:iB = i(‘:ﬂ =PN
ki g,
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by the Midpoint Theorem. Hence, £3= 4£4

Draw AE // MN, intersecting BC at E. Since AB // PM and AE // MIN, one sees
that £1 = £3 and similarly, £2 = Z4. It follows that £1 = £2, i.e., AE
bisects ZBAC. This completes the proof.

O

Note:

(1) One could see Z£1 = Z£3 and £2 = ZA4 easily by recognizing
corresponding angles, alternate angles and interior angles with respect
to parallel lines.

(2) If one draws the angle bisector of £ZBAC instead of AE// MN, the proof
similar. One could show £3+ £4= £ BAC (using parallel lines), which
also leads to the conclusion.

Example 2.2.9 Refer to the diagram below. Given AABC, D is the midpoint
of BCand AF bisects ZA. Draw BE L AF at £ and CF L AF at F. Show that DE
=DF.

Insight. Considering the midlines (and medians) could be a wise strategy
because we are given not only midpoints, but also right angled triangles.

For example, say P, Q are the midpoint of AB, AC respectively, we have QD =

lAB by the Midpoint Theorem and PE =lAB because PE is the median on
¥ )

the hypotenuse of the right angled triangTe AABE. Hence, QD = PE. Can you
see that PD = QF as well?

Proof. Refer to the diagram below. Let P, Q be the midpoints of AB, AC
respectively. We have PE — l;{ﬁ =D and P = ij(? =OF,
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In the right angled triangle AABE, we have AP =PE and hence, £BPE =
2 £ BAE = ZBAC, which implies PE // AC. Since PD // AC, we must have P, D,
E collinear. Similarly, D, F, Q are collinear. It follows that DE =PD - PE=FQ -
DQ =DF.

Note: It seems from the diagram above that P, D, E are collinear, but one
should not assume this without a proof. In fact, if an inaccurate diagram is
casually drawn, one may even see APDE = AQFD.

2.3 Similar Triangles

Congruent triangles are very useful in solving geometry problems, as a pair
of congruent triangles are of not only the same size, but of identical shape
as well. However, we may frequently encounter triangles which have
identical shape, but differ in size. For example, a height on the hypotenuse
of a right angled triangle gives three triangles of the same shape. Refer to
the diagram below. Note that AABD, ACAD and ACBA show similarity in their
shapes. We say two triangles AABC and AA' B' C' are similar if they have the
same shape, or more precisely, if all the corresponding angles are the same

and all the corresponding sides are of equal ratio, i.e., LA = LA,
FB=s,B. SC=/C" and A5 = i) = BC ~We denote this by
AR AC B

AABC~ DA'B'C'.

One may verify similar triangles by definition. However, this is often
unnecessary. It is taught in most secondary schools that one can verify
similar triangles by the following criteria, the proof of which is based on the
Intercept Theorem:
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e If two pairs of corresponding angles are identical, then the two
triangles are similar, i.e., if ZA = ZA'and £B = 4£B' (in which case
one must have ZC= £('), then AABC~ AA'B'C.

e If two pairs of corresponding sides are of equal ratio and the angles

between them are identical, then the two triangles are similar, i.e., if
AB AC

=—— and £4=.74"_then AdBC ~AA'B'C".

AB AC

e If all the corresponding sides are of equal ratio, then the two triangles ¢

congruent, i.e., if A = 26 BC , then AABC ~A4'B'C".

A'B AC BC

One may also determine a pair of similar right angled triangles by legs and
hypotenuses. This is similar to determining congruent triangles using H.L.
and it can be justified easily by Pythagoras’ Theorem.

Notice that if AABC ~ AA'B'C', all the corresponding angles are the same and
the corresponding line segments are of the same ratio. Refer to the diagram
below for an example.

B D C

Given AABC ~ NA'B'C', let AD bisect ZA and A'D' bisects ZA'. If P, P' are the

AR =E and ZACP =
AR CPF

midpoints of AD, A'D' respectively, we have

ZLA'CP'.
Now we can see that in a right angled triangle AABC where ZA=90° and AD

is a height, AABC ~ AABD ~ AACD. Refer to the diagram below. In particular,
the following result is useful.

ol
Example 2.3.1 AABC s a right angled triangle where ZA=90° and AD is a
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height. We have AB?>=BD - BC, AC?>=CD - BC and AD? =BD - CD.

Proof. Since £C = 4ZBAD, we have AABC ~ ADBA ~ ADAC, which gives
AB BC AC BC g 4D CD

- A = an =
BD 4B CD AC BD AD

It follows that AB% =BD - BC, AC2 = CD - BC and AD? = BD-CD.

Note:

(1) Pythagoras’ Theorem follows immediately from this example as AB? +
AC?>=BD-BC+CD- BC=(BD+CD) - BC=BC>.

(2) ABY BD

S This is a very useful
Ac® CD
conclusion. You may compare it with the Angle Bisector Theorem
(Theorem 2.3.7).

One sees from this example that

Recognizing similar triangles is a very important technique because a pair of
similar triangles gives equal angles and ratios of line segments. One may
seek similar triangles via the following clues:

e  Parallel lines

e Angle bisectors

e Opposite angles

e  Refertothe diagram below. If LACD = 4B, then AACD ~ AABC.
One may see this more clearly by reflecting AACD about the angle
bisector of ZA, which gives AAC'D'. It is easy to show BC //C'D' and
hence, AAC'D'~ AABC.
Notice that Example 2.3.1 could be seen as a special case of this result,
where ZACB=90°.

Example 2.3.2 Given AABC where ZA =120°, D is a point of BC such that
BD=15,CD=5and £ZADB=60°. Find AC.

Ans. Refer to the diagram below. Since ZADB = 60°, we have ZADC =
120° = £ BAC. It follows that AABC ~ ADAC.
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Now we have orAC%=CD - BC. Since CD=5and BC=BD +CD =

15+5 =20, we conclude that AC = 10.
O

Example 2.3.3  In ABC, ZA =2/B. Show that BC2=AC- (AB+AC).

Insight. We are only given that ZA = 24B. Hence, it is natural to draw
the angle bisector of £ZA and we obtain equal angles £B= £1= £2. Refer
to the diagram above. Perhaps we shall seek similar triangles and set up the
ratio.

Since £1= /B, ACAD ~ ACBA. We have . Hence, AC - AB

=BC-ADand AC?=BC- CD. Since AD =BD, we have AC - AB+AC? =BC - BD +
BC - CD, simplifying which gives the conclusion.

Example 2.3.4 In AABC, LA = 120° and AB =AC. LetD, E be trisection
points of BC, i.e., BD = DE = CE. Show that AADE is an equilateral triangle.

Proof. Refer to the diagram below. Draw an equilateral triangle APBC
from BC such that A is inside APBC. It is easy to see that £ZB = ZC = 30°,
which implies that A is the incenter of APBC. Clearly, A is also the centroid
of APBC.
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x5
Now ﬂ - E ~which implies AD // PB. Similarly, AE // PC.
3

CM BC

It follows that AADE ~ APBC and hence the conclusion.

Note:

(1) AABD, AACE and ABCA are similar.

(2) An isosceles triangle with 120° at the vertex is closely related to
equilateral triangles. Besides the example above, one may also double
a leg. Refer to the left diagram below. Extend BA to D such that AB =
AD. Notice that AACD is an equilateral triangle and BC L CD. Indeed,
we are familiar with ABCD, which is half of a larger equilateral triangle.

i AA
|
Aoor | B\ " Fal's
| \ /
B ¢ \ 4

T
-
™
"

AL

|

|

i A
S

]

|
W
D

On the other hand, one may draw an equilateral triangle ABCD
outwards. Refer to the right diagram above. Notice that both AABD and
AACD are half of a larger equilateral triangle.

Example 2.3.5 In aright angled triangle AABC where £B=90° D is a point
on AC such that BD bisects ZB. Draw DE L AB at E and DF L BC at F. Show

that BD® = 2AE - CF.

Insight. Refer to the diagram below. It is given that BD bisects a right
angle and DE, DF are perpendicular to AB, AC respectively. Can you see that
BEDF is a square!

e
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How is BD related to AE and CF? We know BD = w.-'a} BF and it is easy to relate

AE, CF and BF (or DE) together by similar triangles.

Proof. Itis easy to see that BFDE is a rectangle because DE // BF, BE // DF
and £B = 90°. We are given that ZABD = ZCBD = 45° and 4£BED = 90°.
Hence, BD = BE, which implies that BEDF is a square. It follows that BD = w.-'r}

BF. B

Clearly, A4DE ~ AACB . Now {—i :%. Let DE=BF =x .

<

_simplifying which gives x* = AE - CF.

We have =
AE+x CF+x

It follows that BD? = 2x% = 2AE - CF.
O

Example 2.3.6 Let P be a point inside the square ABCD. M, N are the feet
of the perpendicular from P to BC, CD respectively. If AP L MN, show that
either AP=MN, or AP L BD.

Insight. Refer to the diagram below. Notice that there are a lot of right
angles. Clearly, CMPN is a rectangle and MN =CP. If AP =MN, we should
have AP = CP, which implies P lies on BD. If AP L BD, then P lies on AC.

It seems from the diagram that AAEP = AMPN, which immediately gives AP =
MN. However, this may not be true because it excludes the case forAP L
BD. Nevertheless, we still have AAEP ~ AMPN since ZPAE = ZHPN =PMN.
Perhaps when AP £ MIN, we would have AP L BD. Notice that AE + PN =P\

+ PE and

Proof. LetAP extended intersect MN at H and MP extended intersect AD
at E. Since PN // AD, LPAE = ZHPN. In the right angled triangle APMN, we
must have ZHPN =PMN. Hence, ZPAE =PMN, which implies AAEP ~
AMPN.
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Letk:E: M 12 AE=k -PE and PM =k - PN. Since AE + PN =PM +

PE PN
PE, we have k- PE+ PN =k - PN + PE, simplifying which gives (k - 1): PE = (k -

1): PN. Hence, either k=1or PE=PN.

If k=1, we have AE=PE and PM = PN. Now AE = PE implies that ZPAE = 45°,
i.e., Plies on AC. PM =PN implies PMCN is a square and we must have MN
// BD. Hence, AP L BD.
If PE=PN, we have AAEP = AMPN and hence, AP = MIN.

O
Similar triangles are even more frequently seen when circle properties are
introduced, which we will discuss in Chapter 4.

The following is an important property of angle bisectors.

Theorem 2.3.7 (Angle Bisector Theorem)/n AABC, the angle bisector of ZA

intersects BC at D. We have

Proof. Refer to the diagram on the below. Draw DE // AB, intersecting AC
atE. We have ZBAD = ZEDA. Since AD bisects LA, ZEDA = ZBAD =
ZEAD. It follows that AE = DE.

B
Since DE// AB, we have Notice that AABC ~ AEDC.
Hence, DE - AR and the proof is complete.
CE AC
O
Note:

(1) We are still using the strategy of constructing an isosceles triangle with
the angle bisector and parallel lines.

(2) One may easily see that the inverse of the Angle Bisector Theorem holc

Given AABC where D is a point of BC, if then AD bisects

ZA. Otherwise, letAD' be the angle bisector and we have
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BD' 4B _BD

= ~which implies D and D' coincide.
cD' AC CD

(3) Notice that the conclusion still holds even if AD is an exteric

angle bisector, i.e., when AD bisects the supplementary angle of ZA
Refer to the diagram below.

The proof is similar. Draw CE // AB, intersecting AD at E.

One sees that AACE is an isosceles triangle where AC = CE (because £2
= £ 1= LCAE).

Now by the Intercept Theorem.

Example 2.3.8 Let AD bisect ZA in AABC, intersecting BC at D. Show that
BD = .where BC=a,AC=band AB=c.

b+c

Proof. Referto the diagram on the below. By the Angle Bisector Theorem,
BD 4B ¢

€D AC b

D C

dac

Sincea=BC=BD+CD= (1 _E1BD, we must have B0 =
\

c b+c
O

Note: One may draw similar conclusions if AD, BE, CF are the angle bisectors
of LA, 4B, ZC respectively. This result is useful if angle bisectors are
given and the ratios of sides are to be found.
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2.4 Introduction to Trigonometry

Since any two right angled triangles are similar if they have an equal pair of
acute angles, a right angled triangle with a given acute angle, say ZA, must
have constant ratios between the legs and the hypotenuse.

Refer to the diagram on the below.

. BC AC BC
We define sin /1 4=—— cos/4="—"and tan /4 ="——_

¥, <

Trigonometry is taught in most secondary schools. The most important and
commonly used properties are as follows, which one may see easily from
the definition.

e sin ZA=cos(90° - LA)

511 24

tan Ad=—"""
cos 24
*  (sin ZA)?+(cos ZA)?=1 by Pythagoras’ Theorem.

Trigonometric methods are widely applicable in geometric calculations,
which we do not emphasize in this book. Nevertheless, we still encounter
simple trigonometry occasionally in problem-solving and hence, one should
be very familiar with the basic properties.

One important application is about the area of triangles. Refer to the
diagram on the below.

B
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In AMABC, givenCD L AB atD, we have[ﬂ.ﬂﬁ{_“]:%ﬂﬂ.c‘ﬂ and by

definition,

CD =AC sin ZA. It follows that [AABC] =lAB -AC sin ZA. Notice that
¥

heights are no longer involved in this formula.

If LA >90°, we extend CA to D such that AC =AD. Refer to the diagram on
the below.

Since [AABC] = [AABD] _AB AD sin ZBAD and AC =AD, if we define sin

ZA=sin £LBAD= sin(180° - ZLA), we still have

[AABC] = _AB ACsin ZA. In particular, one sees that sin 90° = 1.

Now [AABC] = _AB ACsin ZA is consistent for any AABC.

Example 2.4.1 (HUN 10) Let ABCD be a quadrilateral whose areais S. Show
thatif (AB + CD)(AD + BC) =4S, then ABCD is a rectangle.

Insight. We have (AB+ CD)(AD+BC)=AB-AD+AB-BC+CD-AD+CD - BC.
How are these related to S?

Proof. Notice that S = [AABC] + [AACD]
=1AB .BC'sin B +i‘ﬂ} C'Dsin D Refer to the diagram on the below.
i )

Similarly, we have

5 =[a4BD]+[aBCD] = 17.45 -ADsin 4 —éEC-CD sinC, ie.,
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4S=AB-ADsinA+AB:-BCsinB+CD:-BCsinC+CD-ADsinD.

It is given that 4S5 = (AB + CD)(AD + BC). One sees that this is only possible
whensin A=sin Bsin C=sinD=1. We musthave LA=4B=/4C=4D=90°

and hence, ABCD is a rectangle.
O

Cosine Rule is one of the most elementary and commonly used results in

trigonometry. One may see it as an extension of Pythagoras’ Theorem.

Theorem 2.4.2 (Cosine Rule)/n AABC where BC=a, AC =b and AB =c, we
have a2 =b% + ¢ - 2bc cos A.

Proof. We use Pythagoras’ Theorem to prove Cosine Rule. Refer to the
below diagram, where ZA is acute. Draw CD L ABatD.

Let AD=x. We have BD=c-x.

Pythagoras’ Theorem gives AC?-AD* =CD? =BC? -BD? i.e., b® -x? =d? - (c
—x)2. Simplifying the equation, we obtain

b2=az—c2+2cx, ora?=h2%+c%-2x.
The conclusion follows as x = bcos A.

A similar argument applies if ZA is obtuse. Refer to the diagram on the
below. We draw CD L ABintersecting BA extended at D.

Let AD = x. Pythagoras’ Theorem gives

D
AT
\

il

B %
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AC? —AD? =CD* =BC*-BD?, ie B —x2=a?—(c+x)}.

Simplifying the equation, we obtain a®=b% + 2 + 2cx, where x = bcos £ CAD
= bcos(180° - ZA). One sees that the conclusion holds if we define cos8 =
-cos(180° - 6) for 8 290° and in particular, cos90° = 0.

Now a® =b? + ¢ - 2bccos A is consistent for any triangle AABC.

Note:
(1) 1f LA=90°, a® =b? + % is exactly Pythagoras’ Theorem.
(2) One may perceive congruent triangles by Cosine Rule: Given a, b, c are
b’ +e—a’
2bc

the three sides of a triangle, we have nqo 4 —

Hence, one may calculate £A, and similarly £B and £C. Now AABC is
uniquely determined.

On the other hand, if b, cand £A are given, one may calculate a using
Cosine Rule. Hence, AABC is uniquely determined.

Notice that these are consistent with the criteria determining
congruent triangles, S.S.S. and S.A.S. respectively.

One may apply Cosine Rule to calculate the length of a median in a given
triangle.

Theorem 2.4.3 In AABC where BC=a, AC=b, AB =c and M is the midpoint
of BC, we have 41~ :lbz _lrf _laj .

3 g
Proof. Refer to the diagram on the below. Extend AM to D such that AM =
MD.

By Cosine Rule, AD? = AB% + BD? - 2AB - BD cos Z ABD. Notice that AD and BC
bisect each other, which implies ABDC is a parallelogram. Hence, BD=AC=b
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and ZABD =180° - ZA.

We have AD? = b% + ¢% - 2bc cos(180° - ZA) = b? + ¢ + 2bc cos A.

g 3 9]
" b +¢c" —a°
Smce cosA=———————_ we have
2be
L
5 3 + —a L n
AD? =b'+r‘+ibf-T:2E}‘+2c‘3—n‘.
2bc

Itfollowsthat AM* == 4AD* =—p*> + ¢ —Z4°.
4 ]
O

Example 2.4.41n AABC, AB =9,BC =8 and AC = 7. Let M be the midpoint of
BC. Show that AM = AC.

Proof. By Theorem 2.4.3, 4\~ = lI::;iﬁ2 +AC? .:I— lﬁ(ﬁ'l
7 ¥ 4

8°=49 je. AM=7=AC.

N

2.5 Ceva’s Theorem and Menelaus’ Theorem

One important type of problems in geometry is on collinearity and
concurrence. We know that any two points determine a unique straight line
which passes through them. Hence, if we have three points say A, B, C, in
general we can draw three lines AB, BC, CA, unless in the special case where
A, B, Care collinear, i.e., they lie on the same line. Refer to the left diagram
below.

Cellineanty

Concmrence

Similarly, we know that any two distinct and non-parallel lines intersect at
exactly one point. If we have three such straight lines say ¢4, ¢, 3, in

general we should have three points of intersection, unless in the special
case where ¢4, 5, f3 are concurrent, i.e., they pass through the same point.

Refer to the right diagram above.
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In many geometry questions, one may need to decide whether a given set
of three points are collinear, or a given set of three lines are concurrent. For
example, one may recall that we show in any triangles, the perpendicular
bisectors of the three sides are concurrent (at the circumcenter). We have
also shown the existence of the incenter, the ex-centers and the centroid of
a triangle. We shall introduce Ceva’s Theorem and Menelaus’ Theorem,
which provide more general criteria to determine concurrency and
collinearity.

Theorem 2.5.1 (Ceva’s Theorem) /n AABC, D, E, F are points on AB AC, BC

respectively such that AD, BE, CF are concurrent. We have
AF BD CE 1

BF CD AE
Note: The conclusion is not difficult to remember. First, write down the
k- " Y
three sides of the triangle AB, BC, CA in this manner LE_C_zl
Be O g%

Notice that each letter appears in the numerator and denominator exactly
once. Next, replace * by the point which divides the respective side:

dd ’ il and € _Notice that all the letters are “cancelled out
BF  CD AE

II'

We use the area method to prove this theorem.

Proof. Refer to the diagram on the below. Let AD, BE, CF intersect at P.
Draw BH; L AP at H;and CH, L AP atH,.

[aa57] _

B WL — 1/ CH> .

3
Adcp| 1 " CH, CD
l ] —-AP-CH,

We have

.. |acBP] CE [AdcP] 4F
Simularly. = an = :
" [A4BP|  AE [ABCP] ™ BF
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AF BD CE [A4cP] [A4BP] [ABCP]
BF CD AE |ABCP] [A4cP] [A4BP]

MNow

Note:

(1) Theinverse of Ceva’s Theorem also holds: if D, E, F are points on BC, AC

AF.ED : Gk —1 thenAD, BE, CF are
BF CD AE

AB respectively such that

concurrent.

This can be proved easily by contradiction: Suppose otherwise that AD,
BE, CF are not concurrent. Refer to the diagram on the below. Let AD
and BE intersect at P. Suppose CP extended intersects AB at F'.

Now AD, BE, CF' are concurrent.

iF' BD CE _,

By Ceva’s Theorem, one must have -

BF' CD AE
Since Al k il . R —1. we must have LF:LF which implies F
BF CD AE BF RBRF"

and F' coincide.

(2) Ceva’s Theorem also holds even if the points of division are on the
extension of the sides of AABC. Refer to the diagrams below where AD,
BE, CF are concurrent at P.

A
P ,
/#r'\
- N\
s 4 of B C
- 3 L e -~
- %
& ! b Fs PR o ™
B* bt ' ,-l’__‘_..-* 'hE
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WestiIIhave_._.;:lineithercase.
BF CD AE

The proof is still by the area method. We leave the details to the
AF _[AdFC] _[A4PC]
BF |ABFc| [ABPC|
[A4FC] cF [ABFC]

[a4Pc] cP [ABPC] L

reader. (Hint: Can you see that in the

diagram on the right? Notice that

Ceva’s Theorem, especially its inverse, is very useful in showing
concurrency. For example, the proof for the existence of the centroid of a

triangle becomes trivial: ifD, E, F are the midpoints of BC, AC, AB

respectively, then £.E.E=1x1><1=1_ Hence, AD, BE, CF are

concurrent.

One may also show the existence of the incenter using Ceva’s Theorem
(and the Angle Bisector Theorem). We leave it to the reader.

Example 2.5.2 |In AABC, D is on BC. DE bisects ZADC, intersecting AC at E.
Draw DF L DE, intersecting AB at F. Show that AD, BE, CF are concurrent.

Insight. It suffices to show Since DE bisects ZADC

and DF L DE, DF bisects ZADB (Example 1.1.9). Perhaps we should apply
the Angle Bisector Theorem.

B D c

Proof. Since DE bisects ZADC and DF L DE, DF bisects LZADB (Example
1.1.9). By the Angle Bisector Theorem, we have and

W.-iF ED CE A4AD BD CD
BF CD AE BD CD AD
are concurrent.

No

=1. By Ceva’s Theorem, AD, BE, CF

a

Example 2.5.3 Given a triangle AABC, draw equilateral triangles AABF,
ABCD, AACE outwards based on AB, BC, AC respectively. Show that AD, BE,
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CF are concurrent.

Insight. Refer to the diagram on the below. It seems an application of

Ceva’s Theorem, i.e., say AD intersects BC at P, BE intersects AC at Q and CF
BFP C'Q :IR

intersects AB at R, we are to show —

CP A0 BR

How could we express say in terms of what we are familiar with? We

use areas of triangles when proving Ceva’s Theorem, but we cannot use the
same triangles once more because we do not know whether AD, BE, CF are
collinear.

Notice that = [MBP] = MBDPI . Hence, s = IMB‘D]
P [A4cP] [AcDP] CP [AdCD]
1 :
—AB.-BDsin ~ABD ; .
= 13 = A8 51.11{.1.'13(? i 6[}3 since BD =CD.
= AC CDsin ZACD ACsm(L4CB +60°)
o CQ BCsin{/ACB+ 60°) AR  ACsin(£BAC+60°)
Similarly. an = - =
T AQ Alen[.-»_BAC GDCP BR BCsm|Z4BC+60°)
It follows that —E ﬂ
CP AQ BR

Example 2.5.4 In AABC, M is the midpoint of BC. AD bisects ZA, intersecting
BC atD. Draw BE L AD, intersecting AD extended atE. If AM extended
intersect BE at P, show that AB // DP.

Insight. Referto the diagram on the below.
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C
.2 E
We should have 45 //DP 1e._ LD :E )
DE PE

Hence, if EM extended intersects AB atF, we should have

by Ceva’s Theorem, which implies AF = BF.

Given thatM is the midpoint of BC, we should have MF //AC, or
equivalently, EM // AC. How can we show it?

We have not used the condition AE L BE and the angle bisector AE. It is a
common technique to reflect AABE about AE (Example 1.2.5) and obtain an
isosceles triangle!

Proof. Refer to the diagram on the below, where BE extended intersect
AC extended atX, and EM extended intersect AB atF. Since AE bisects
£ BAX and AE L BX, AMABX must be an isosceles triangle where AB =AX. It
follows that BE = XE.

By the Midpoint Theorem, ME // AX, or equivalently, FF // AX. It follows
from the Intercept Theorem that F is the midpoint of AB.

AF BP ED

BF EP AD
which implies PD // AB by the Intercept Theorem.

By Ceva’s Theorem, =1. Since £:1~ we must have

Note:
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One may easily show the following result by applying Ceva’s Theorem.

(1) Refer to the diagram on the below. Given AABC where D, E are on AC,
AB respectively and BD, CE intersect at P, we have DE // BC if and only
if AP extended passes through the midpoint of BC.

(2) Example 2.5.4is not an easy problem. However, one may see the clues
more clearly by dividing it into three sub-problems: reflecting AABE
about the angle bisector AE (Example 1.2.5), applying the Midpoint
Theorem and the Intercept Theorem to the midline EM, and applying
Ceva’s Theorem with the median EF. Hence, one could understand how
the auxiliary lines are constructed. (You may draw the diagrams
separately for each sub-problem.)

Ceva’s Theorem has a trigonometric form. Refer to the diagram below.

T SR RS
If AD, BE, CF are concurrent, then sin 21 ; SIL3 s =1.

sin2 sS4 sin26

|-|1
I

A’

=]
"
=4
i
=

Proof. We still use the area method. Recall the area formula of a

: 1 :
triangle: [ﬁABC] =Tbc sinAd .

-A4AP.- ABsin -1 ) T

© ACsin 22

-AP-ACsin /2

1o o |
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[AdCP] ACsinZ3 o [ABCP] BCsin /5
[ABCP]  BCsin/4 [ABAP|  A4Bsin/6

Smularly,

Multiply the three equations and we obtain:

[a4BP] [A4cP] [ABCP] | 4B-AC-BC sin/1 sin/3 sin/5

: ; o : ; ; ]
[a4cP| [ABcP] [ABAP] AC-BC-AB sin/2 sin/4 sin/6’
which leads to the conclusion.

a

Applying the trigonometric form of Ceva’s Theorem, it is easy to show that
the three heights of a triangle are concurrent. Refer to the diagram on the
below for the case of an acute angled triangle.

Notice that £1=90° - LAHF = Z4. Similarly, £2=Z5and £3= Z6.

. T —
It follows immediately that sin £1 SR SMLe

sin/ 2 sms4 sin/S6

Hence, AD, BE, CF are concurrent, i.e., they pass through a common point H,
which is called the orthocenter of AABC.

A similar argument applies for obtuse angled triangles. Refer to the obtuse
angled triangle AHBC in the diagram on the below. Its orthocenter is A
(while His the orthocenter of AABC).

Example 2.5.5 Let H be the orthocenter of an acute angled triangle AABC.
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Show that ZBHC =180° - ZA.

One easily sees the conclusion by considering the internal angles of the
quadrilateral AEHF. Refer to the diagram on the below.

4

Note that there are a lot of pairs of equal angles in the diagram above. We
will study more about the orthocenter of a triangle after we introduce the
circle properties in Chapter 3.

Theorem 2.5.6 (Menelaus’ Theorem) Given AABC, a straight line intersects

AB, AC and the extension of BC at O E, F respectively. We have
AD BF CE_l

BD CF AE
Note: The conclusion of Menelaus’ Theorem is similar to that of Ceva’s
# = B
Theorem: it is also of the form 4 B— C— —1 where * is to be replaced
B# O A=

by the point which divides (internally or externally) the respective side of
AABC. Notice that all the letters are “cancelled out”!

We also use the area method to prove Menelaus’ Theorem.

Proof. Connect AF and BE. We denote S; = [AABE], S, = [AAEF] and S5 =
[ABEF]. Refer to the diagram on the below.

2

because AAEF and ABEF share a common base EF and

3

S

. AD
Notice that — =
BD

]
3

i AD BC
their heights on EF are of the ratio E - Simularly, —=
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Hence,

BF _BC+CF_BC . _ 8 ., _Si+$

cF  OF &% S

CE _[ABCE] _[AFCE] _[ABCE]+[AFCE] __s;

We also have =

Now

AE 5 85 Sy + 85 Sp+Sy

AD BF CE S, Si+8 S5
BD CF AE & 85 Si+5%

a

Note:

(1)

(2)

The inverse of Menelaus’ Theorem also holds: if D, E, F are points on AB
“ID.BF. cx =1 thenD, E F

BD CF AE

AC and BC extended respectively and

are collinear.

This can be proved easily by contradiction: Suppose otherwise, say DE
extended intersects BC extended at F'.
AD BF' CE 1

By Menelaus’ Theorem, we have ' =
BD CF' AE

BF' BD AE BF

CF' AD CE C(CF
that F and F' coincide.

Hence, by the condition given. We conclude

Applying Menelaus’ Theorem, especially its inverse, is an important
method when showing collinearity.

Menelaus’ Theorem applies regardless of the relative positions of the
division points, i.e., the division points can be on the extension of the
sides of a triangle. Refer to the below diagram where the line DE does
not intersect AABC.

4D BF CE _

We still have . =
BD CF AE

One may prove it by the similar area method. We leave the details to
the reader.

E \
F \\II\\
' C e
/ 1 -~
& L H‘%_
il E F
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(3) Although the conclusions of Ceva’s Theorem and Menelaus’ Theorem al
highly similar, one may see their different geometric meanings easily
from the diagrams.

One may apply Menelaus’ Theorem and calculate the ratio of line segments
very efficiently. Recall Example 2.1.4.

In AABC, D is a point on AB and M is the midpoint of CL

while AM extended intersects BC at E. Find

Ans. Refer to the diagram on the below. Apply Menelaus’ Theorem when

the line AEintersects ABCD = We have ch A4 =1.
D4 CM
4
D
5
E
B

. B4 B4 AC (3 9 DM CE 4
Smce = : =|=| == and =——=1, we have —=—

D4 AC DA \ 2 - f, 9

Note: Choosing an appropriate triangle and a line intersecting it is very
important when applying Menelaus’ Theorem. For example, if we choose
the line CD intersecting AABE in this example, we will not be able to obtain
CE
BE
Example 2.5.7 Given AABC, Dis a point on BC such that AD bisects ZA. E, F
are onAB, AC respectively such that DE, DF bisect ZADB and ZADC
respectively. If EF extended intersects the line BC at P, show that AP L AD.

Insight. Refer to the diagram on the below. It seems we should consider
the line EF intersecting AABC and apply Menelaus’ Theorem.
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Can we apply the Angle Bisector Theorem for

On the other hand, since we are to show AP L AD, AP should be the
exterior angle bisector of ZBAC (Example 1.1.9). Hence, we should have

by the Angle Bisector Theorem.
AE BP CF_l (*)
BE CP AF

Since DE, DF are angle bisectors, we must have and

Proof. By Menelaus’ Theorem,

by the Angle Bisector Theorem. Now because AD

bisects ZBAC. It follows from (*) thatE = 4B

CP AC

Hence, AP is the exterior angle bisector of ZBAC. We conclude that AP L

AD (Example 1.1.9).
O

Example 2.5.8 In AABC, M, N are points on AB, AC respectively such that
the centroid G of AABC lies on MN. Show that AM - CN + AN - BM =AM - AN.

Insight. Let AG intersect BC atD. Notice that Since G lies on
] A b
MN, if MN //BC, At = A == and Q=E=l_ Refer to the
AB AC 3 AC AB 3

diagram on the below.

2 1 2 1
It follows that AM -CN+ AN-BM =—AB-—AC+—AC- —AB
3 2 3 s |

4 2 2
=5 AB-AC=-AB—AC=AM AN,
: a a

Otherwise, say MN extended intersects BC extended atP. Refer to the
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diagram on the below. We see that the line MP intersects several triangles.
Moreover, we know BD =CD and AG = 2DG. Hence, applying Menelaus’
Theorem would probably help us to find the relationship among those line
segments.

It is also noteworthy that the common factors AM and AN appear on both
sides of the equation in the conclusion. Hence, we may consider dividing
both sides by AM - AN.

Proof. It is easy to show the conclusion when MN // BC. Otherwise, say

MN extended intersects BC extended at P. By dividing AM - AN on both

sides of the equation, it suffices to show that = i BM _ 1

AN  AM

Apply Menelaus’ Theorem when the line MN intersects AACD :

AG DP CN CN CP AG
- - =1.1e., = since ——=2 .
DG CP AN AN 2DFP DG
Apply Menelaus’ Theorem when the line MN intersects AABD :
AM BP DG_l = B_-’I.{_ BP
BM DP AG ~~ AM 2DP’
Hence, we are to show &F - BE =1 or CPF+BP=2DP.

2DP 2DP

This is clear because CP +BP =CP + CP + BC=2CP + 2DC = 2DP.

O
Example 2.5.9 (USA 11) In a non-isosceles acute angled triangle AABC where
AD, BE, CF are heights, H is the orthocenter. AD and EF intersect at S. Draw
AP L EF atP and HQ L EF at Q. If the lines DP and QH intersect at R, show
that HQ = HR.

Insight.  Refer to the diagram on the below. Besides the feet of
perpendicular D, E, F and the orthocenter H, the diagram is constructed by
drawing perpendicular lines and we also have AP // QR. In particular, for any
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given AABC, Q and R are uniquely determined.

How could we show Menelaus’ Theorem could be very useful in

such a diagram which is purely constructed by the intersection of straight
lines.

HO HS  HR HD

Since AP // QR, we have 2= —_ """ 354 — " It suffices to show
AP AS AP AD
thatgzﬁl Which triangle (and the line intersecting it) should we
AS  AD

apply Menelaus’ Theorem to?

Proof. Refer to the diagram on the below. Apply Menelaus’ Theorem to
AAHC and EF.

AS HF CE _
HS CF AE

: HO HS HR HD
Simce AP// QR , we have Q = an =
AP AS AP AD

1.(1)

We have

. We claim that

0. . which implies HE MR and hence. HO=HR .
AS AD AP AP
By (1). 1t suffices to show 20 Hb oF =%.(2)

= HD CF AE
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Let S, =[A4BH|. S, =[ABCH] and 5; =[A4CH].

AD S +5,+S; HF  § g CE_S:
& O UieE Raais - 4R ORS

We have

Now it is easy to see that (2) holds. This completes the proof. .
Note: One may perceive (2) as Ceva’s Theorem applied to AAHC where
linesAF, HE, CD are concurrent atB. Of course, beginners may find
difficulties in recognizing Ceva’s Theorem when the point of concurrency is
outside the triangle. In such cases, one may always use the area method.
We can see from the proof above that this is not difficult.

As an application of Menelaus’ Theorem, we will show Desargues’
Theorem, which is also an important result in showing collinearity and
concurrency.

Theorem 2.5.10 (Desargues’ Theorem)Given AABC andAA'B'C' such that the
lines AB, AB' intersect at P, the lines BC, B'C' intersect at Q and the lines AC,
A'C' intersect at R, if the lines AA, BB', CC' are concurrent, then P, Q, R are
collinear.

Proof. Refer to the diagram on the below, where AA',BB', CC' are
concurrent at X. Apply Menelaus’ Theorem when B'P intersects AXAB and
we obtain:

AB' BP AdA'

: =1.(1)
BB' AP X{

Similarly, when B'Q intersects AXBC, we have:
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BB' CO XC' _

: =1.(2)
AB' BQO CC"
When A'R intersects AXAC, we have e \ Sl . ki =1.(3)
X" A4' CR
0 BP AR

=1 . which implies P, Q, R

Multiplying (1), (2) and (3) gives —.——.
BQ AP CR

are collinear by Menelaus’ Theorem.

O

Note:

(1) We apply Menelaus’ Theorem extensively in this proof, which does not
depend on the relative positions of AABC and AA'B'C'.

(2) The inverse of Desargues’ Theorem also holds, i.e., if P, Q, R are
collinear, then lines AA', BB', CC' are concurrent (or parallel to each
other). One may follow a similar argument as above: givenP, Q, R
collinear and the lines AA', BB' intersect at X, show thatC, C', X are
collinear by Menelaus’ Theorem.

Applying Desargues’ Theorem changes the conclusion of concurrency to an
equivalent one of collinearity, or vice versa. This may be a wise strategy
when solving difficult problems, say if the conclusion to be shown seems
unrelated to the conditions given. We will see examples in Chapter 6.

Ceva’s Theorem and Menelaus’ Theorem are very useful in showing

concurrency and collinearity. However, we shall point out there are many

other ways to show concurrency and collinearity.

e Collinearity: Showing equal or supplementary angles is the most
fundamental and straightforward method. Refer to the diagrams

below.
A
/
/
B Al A
A I sl A~
.N.
b 1 0 ! B,{
3Cecis /s e
B < A ¢
P - C c P

{i (i) (i)

(i) PQ is a straight line where B lies. We have A, B, C collinear if £1+4£2 =
180°or £L2=ZL3.
(ii) B, C are on g4, ¢, respectively and ¢4 // ¢,. We have A, B, C collinear if

L1=L2.
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(iii) We have A, B, C collinear if LACP = £BCP.

Another commonly used method is via the properties of similar
triangles. Refer to the diagram on the below for an example, where C

isa pointon BD and AB// DE. Now A, C, E are collinear if

e  Concurrency: One may suppose two lines meet at a point and show that
the third line also passes through that point. We used this method to
show the existence of the incenter, circumcenter, centroid and ex-
centers (Exercise 1.4) of a triangle. Another commonly used method is
via the properties of similar triangles, an example of which is given
below.

Theorem 2.5.11 Given AABC and ADEF such that AB// DE, BC // EF and AC
// DF, then AD, BE, CF are either parallel or concurrent.

Proof. Notice that there are two possible cases regarding the relative
positions of AABC and ADEF. Refer to the diagrams below.

A 4
¢ C
i D
N o “ ¥
= s
E .5
b W F D
X

It is easy to see that AABC ~ ADEF because all the corresponding angles are
equal. Suppose AD and BE intersect at X. It suffices to show that CF passes

through X as well, i.e., C, F, X are collinear.

Connect CX, FX. Since AB// DE, we must have

Clearly, LCAX = LZFDX. We conclude that AACX ~ ADFX and hence, ZDXF =
ZAXC.Now C, X, F are collinear.
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Notice that the proof does not depend on the diagram.

2.6 Exercises

1. Refer to the diagram on the below. Given AABC, extend AB to D such that
AB =BD, extend BC to E such that BC = 2CE and extend CA to F such that AF =

2AC. Draw parallelograms BCXD, ACEY and ABZF. If the total area of these

three parallelograms is 175cm?, find the area of AABC in cm?.

2. Given AABC, draw squares ABDE and ACFG outwards from AB, AC
respectively. Let O;, O, denote the centers of squares ABDE and ACFG
respectively. If M, N are the midpoints of BC, EG respectively, show that
MO{NO, is a square.

3. In a quadrilateral ABCD, AB L AD and BC L CD. F is a point on CD such

that AF bisects ZBAD. If BD and AF intersect at E and AF // BC, show that AE

< lCD.

7

4. In a right angled triangle AABC, ZA = 90°and D, E are onAB, AC
respectively. If M, N, P,Q are the midpoints of DE, BC, BE, CD respectively,
show that MN = PQ.

5. Let ABCD be a quadrilateral and E, F, G, H be the midpoints of AB, BC, CD,
DA respectively. Let M be the midpoint of GH and P be a point on EM such
that FG = PG. Show that PF L EM.

6. Given a square ABCD, E, F are the midpoints of AB, BC respectively. Let CE,
DF intersect at P. Connect AP. Show that AP = AB.

7. Let G be the centroid of AABC. Show that if BG L CG, then AB% +AC? =
5BC2.
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8. Given a triangle AABC, a line g, //BC intersectsAB, AC atD, D'
respectively, aline g, // ACintersects BC, AB at E, E' respectively and aline ¢
3// ABintersects AC, BC at F, F' respectively. Show that [ADEF][AD'E'F].

9. Let AABC be an equilateral triangle andD is a point onBC. The
perpendicular bisector of AD intersects AB, AC atE, F respectively. Show
that BD - CD =BE - CF.

10. Given an acute angled triangle AABC where H is the orthocenter, show

that A6 =tan £A.
H

11. In a right angled triangle AABC where £ZA =90°, D, E are on BC such that
BD =DE=CE. Show that 4D% + 4F> =~ B¢
0

12. In AABC, M is the midpoint of AB and D is a point on AC. Draw CE // AB,
intersecting BD extended at E. Show that lines AE, BC, MD are concurrent.

13. Given AABC, draw squares ABDE, BCFG and CAHI outwards based on AB,
BC, AC respectively. Let P, Q, R be the midpoints of DE, FG, HI respectively.
Show that AQ, BR, CP are concurrent.

14. Refer to the diagram on the below. AABC is a non-isosceles triangle. AD,
BE, CF are the exterior angle bisectors of LA, 4B, ZC respectively,
intersecting the lines BC, AC, ABat D, E, F respectively. Show that D, E, F are
collinear.

15. Given an isosceles triangle AABC where AB =AC, M is the midpoint of
BC. A line g passing through M intersectsAB atD and intersects AC

]
extended at E. Show that 1 ' 1 e
A A4E AR
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Chapter 3

Circles and Angles

A circle is uniquely determined by its center and radius, i.e., if two circles
have the same center and radius, they must coincide. We use =0 to denote
acircle centered at O.

It is widely known that given a circle with radius r, its perimeter equals 2nr
and the area of the disc is rr?. Indeed, there are many more interesting
properties about circles. In this chapter, we will focus on the properties of
angles related to circles.

3.1 Anglesinside aCircle

Theorem 3.1.1 An angle at the center of a circle is twice of the angle at the
circumference.

Proof. Refer to the diagram below. We are to show £ BOC = 24£BAC.
Extend AO to D. Since O is the center of the circle, we have AO =BO. Now
4B = ZOAB in DAOB, and the exterior angle £ZBOD = 4B +Z0AB =
2 /£ 0AB.
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Similarly, ZCOD=£C+Z0AC=2Z£0AC.
Now £BOC=£ZBOD+£COD=2Z0AB+2Z0AC=24BAC.

Notice that the proof is not completed yet: there is another possible
situation as illustrated in the diagram on the right. Notice that the proof
above does not apply in this situation, but an amended version following
the same idea (using subtraction instead of addition) leads to the
conclusion. We leave it to the reader.

Example 3.1.2 Let O be the circumcenter of AABC. We have:
(1) £BOC=2ZLA
(2) LOBC=90-ZLA

Proof. (1) follows directly from Theorem 3.1.1.

(180°— /BOC)

2| e

(2) is because £ OBC =

He

N

1
=T[13U~‘—1g}=9u}°—;¢

a

Theorem 3.1.1 has a few immediate corollaries which are very important in
circle geometry.

Corollary 3.1.3 Angles in the same arc are the same.
Refer to the left diagram below. £1=Z2 because they are both equal to
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half of the angle at the center of the circle.

o

A

Angles in the same are Opposite angles m a cyclic gquadnilateral

Corollary 3.1.4 Opposite angles of a cyclic quadrilateral are supplementary,
i.e., their sum is 180°.

Refer to the previous right diagram. We have £1+£2

1 1 1
= 13—;£4=T-3609:189".

Notice that £3in the diagram is greater than 180°, but one can easily show
that Theorem 3.1.1 still applies.

Corollary 3.1.5 An exterior angle of a cyclic quadrilateral is equal to the
corresponding opposite angle.

Exterior angle of a cyclic quadrilateral

Refer to the diagram below where Z1=Z£2. This is immediately from
Corollary 3.1.4.

In Section 2.5, we studied the relationship between points and lines, i.e.,
collinearity and concurrence. Similarly, we will study the relationship
between points and circles in this chapter. First, one sees that any three
non-collinear points uniquely determine a circle: for points A, B, C not
collinear, there exists a unique circle passing through A, B, C. This is simply
the circumcircle of AABC.
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In general, four points do not lie on the same circle. Hence, it is noteworthy
if the contrary happens, in which case we say the four points are concyclic.
Refer to the diagram below for an example.

i

Concyclic

Showing concyclicity seems harder than collinearity or concurrence. For
example, one may prove collinearity by showing the neighboring angles are
supplementary, or prove concurrence by showing the intersection of two
lines lies on the third. Are there any similar and straightforward techniques
applicable to show concyclicity?

We have to accept that circles are not as straight as lines. Nevertheless,
circle geometry has a rich structure which provides us abundant methods in
showing concyclicity. For example, one sees that the inverse statements of
Corollaries 3.1.3 to 3.1.5 also hold, which can be shown easily by
contradiction. Now we have simple and effective criteria to determine
concyclicity. Refer to the diagrams below. In any of these cases, A, B, C, D
are concyclic.

:.'[,,.—*-—-.‘N-IEl
! > £
/ \
]
|
\ |
\ !
-~ e g
Zl =2 SA+ 2C=180° L1=.2

Example 3.1.6 In an acute triangle AABC, AD, BE, CF are heights. Show that
the line AD is the angle bisector of ZEDF.

Proof. Refer to the diagram below. Since £ BFH = 4ZBDH =90°,B, D, H, F
are concyclic by the inverse of Corollary 3.1.4. Hence, £1=43. Similarly, C,
D, H, E are concyclicand we have £2= Z4.

Since £BFC= £BEC=90° B, C, E, F are concyclic by the inverse of Corollary
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3.1.3. It follows that £1=/3=/Z4= /2.

Note:

(1) Since AD L BC, L1=Z2alsoimplies £LBDF = ZCDE. Since A, C, D, F are
concyclic, we also have £BDF = ZCDE = ZBAC (Corollary 3.1.5).

(2) One sees that a lot of concyclicity appear in this diagram. In fact,
experienced contestants know this diagram very well and are able to
recall those basic facts almost instantaneously.

(3) The conclusion implies that H, the orthocenter of AABC, is the incenter (
ADEF.

Example 3.1.7 LetABCD be a cyclic quadrilateral. A line ¢ parallel to BC
intersects AB, CD at E, F respectively. Show that A, D, F, E are concyclic.

Proof. Refer to the diagram below. Since EF // BC, £1=4ZC. Notice that
LA +/C=180° by Corollary 3.1.4. Hence, LA+Z1 = 180°, which implies A,

D, F, E are concyclic.
O

Example 3.1.8 (0, and 0, intersect atP and Q. If O,P extended
intersects 30, atB and O,P extended intersects 30, atA, show that
0,,0,, A, B, Qare concyclic.
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Insight. We are to show five points are concyclic. So many of them!
Perhaps we can show four points are concyclic first, say 04, O,, A, B. Refer to
the diagram below.

The simplest method is to show that £1=Z2. Are there any equal angles in
the diagram? Yes, say £1=/3 (because 0;A =04P) and similarly £2 = Z4.
We also have opposing angles £3 = Z4. Job done!

Next, we may show thatO,;, O,, A, Q are concyclic. Let us draw the
quadrilateral. Refer to the diagram below. Can we show Z£1+Z0,Q0, =
180° ? This seems not difficult.

Observe that 401002 = LO]_POZ (AO]_POZ = AO]_QOz), LIZLAPO:l and
ZAPO, + £0,PO, =180°. Job done!

In conclusion, both 04,0,, A, B and 04, O,, A, Q are concyclic, which means
that B and Q lie on the circumcircle of AO; AO,. Indeed, 0,,0,, A, B, Q are
concyclic.

Note: One may show that 04,0,, A, Q are concyclic and hence, 04,0,, B, Q
are concyclic by similar reasoning. This would also complete the proof.

Example 3.1.9 Refer to the diagram below. A, B, C are points on the circle.
PC extended intersects the circle at D. Q is a point on CD such that ZDAQ =
Z PBC. Show that £DBQ = ZPAC.
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Insight. We are given a circle and a pair of equal angles. Could we find
more pairs of equal angles? How are they related to our conclusion £DBQ =
ZPAC?

One may see the difficulty as £ PAC (and £PBC) are not extended by an
arc. Perhaps we should relate ZPBC to another angle on the circumference
besides ZDAQ and seek clues. How about ZPBC= £BCD-4ZBPD ? We may
connect AB. Now £ZBCD = ZBADis also related to ZDAQ !

Proof. Refer to the diagram below. We have ZPBC = £BCD -4BPC.
Connect AB. Notice that £ BCD = ZBAD (angles in the same arc). It is given
that £LDAQ = £PBC. Hence, £LDAQ = £BAD -4BPC, or £BPC = £BAD
-4ZDAQ = 4£BAQ. This implies P, A, Q, B are concyclic. Now £ZDBQ = £ZPQB

-ZCDB= ZPAB-ZCAB= ZPAC.
|

Example 3.1.10 Given an equilateral AABC and its circumcircle, M is a
point on the minor arc Show that MA = MB + MC.

Insight. We are to show MA =MB + MC. Hence, it is a common technique
to “cut” MB from MA and see whether the remaining portion equals to MC,

i.e., we choose D on MA such that MB = MD and attempt to show MC =AD.
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Refer to the diagram below. Notice that there are many equal sides and
angles due to the equilateral triangle and the circle. Can you find congruent
triangles?

\_1

M

Proof. Choose D on MA such that MB = MD. It suffices to show that AD =
MC. Notice that LAMB = ZACB = 60° (angles in the same arc). Hence,
AMBD is an isosceles triangle with the vertex angle 60°, i.e., an equilateral
triangle. Now BD = BM and £ DBM = 60°, which implies ZCBM = 60°- £ CBD
= £ DBA. It follows that ACBM = AABD (S.A.S.). Hence, AD =MC and the
conclusion follows.

O
Example 3.1.11 In a quadrilateral ABCD, AB=AD and BC # CD. If CA bisects
£ BCD, then A, B, C, D are concyclic.

Insight. Refer to the diagram below. If A, B, C, D are concyclic, we have
L1=£4 = £3 = £2. It seems exactly right! Perhaps we can show the
conclusion by contradiction: what if A, B, C, D are not concyclic?

Proof. Suppose otherwise thatA, B, C, D are not concyclic. Let the
circumcircle of AABD intersect the line AC at P. Refer to the diagram below.
Notice that £L1= ZAPD and £2=ZAPB (angles in the same arc).
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Since AB =AD, £1=42 and hence, ZAPB = LZAPD. We are also given that

ZLACB = LACD. Hence, AP is the perpendicular bisector of BD (Example

1.2.10). This is impossible because BC # CD. .

Note:

(1) This proof does not depend on the diagram, i.e., it still holds if C is
outside the circle.

(2) One may also show BC=CD by APBC = APDC (A.A.S.).

Example 3.1.12 LetABCD be a cyclic quadrilateral where the angle
bisectors of LA and 4B intersect atE. Draw a line passing through E
parallel to CD, intersecting AD, BC at P, Q respectively. Show that PQ =PA +
QsB.

Insight.  Given angle bisectors and parallel lines, can we have isosceles
triangles? Not exactly in this case because PQ // CD : if PQ // AB, we will
obtain isosceles triangles. Hence, we may draw P'Q' // AB, intersecting AD,
BC at P',Q' respectively. Refer to the diagram below.

Since AE bisects ZA, we have ZP'AE = £BAE = ZP'EA, which impliesP' A
=P'E. Similarly, Q' B=Q' E. We have P'Q' =P'A +Q' B. How are PQ and P'Q'
related? If we randomly draw a line PQ passing through E, we shall not have
PQ = PA + QB. Notice that we have not used the conditions PQ // CD and A,
B, C, D concyclic!

Proof. Draw P'Q'// AB, intersecting AD, BC at P',Q' respectively. Since Z P'
AE = LBAE = LP' EA, we have P' A =P'E and similarly, Q' B =Q'E. Hence,
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PIQI: PlA +Ql B. (1)
Since P'Q' // AB, PQ //CD and A, B, C, D are concyclic, we have ZPP'Q =
180°- LA = £LC= £ZPQQ'. Similarly, ZP'PQ= 4ZP'Q'Q.

Let the lines AD and BC intersect at X. Refer to the diagram below. Observe
that Eis the ex-center of AXAB opposite X.

n

- P s %,
s | \

- .|I - |
Ll | :
g2 | i \ |
A

Hence, XE bisects ZAXB. One easily sees that AXP' E= AXQE (A.A.S.) and
AXPE = AXQ'E (A.A.S.). It follows that P'E=QE, PE=Q' Eand PP'=QQ". Now
PQ=PE+QE=P'E+Q'E=P'Q'(2)and P'A+Q'B=PA+Q'B+PP'=PA+Q'B+
QQ'=PA +QB. (3) (1), (2) and (3) imply that PQ = PA + QB.

Note that the proof still holds if the lines AD and BC intersect at the other
side of PQ, in which case E is the incenter of AXAB instead of the ex-center,
and we still have XE bisects £X.

O

Note:

(1) Once itis shown that the corresponding angles in APP' E and AQ'QE are
the same, we should probably have APP' E = AQ'QE (which leads to the
conclusion immediately). Hence, it is natural to consider the
intersection of the lines AD and BC, which gives congruent triangles
with common sides.

(2) Another strategy to solve the problem is via “cut and paste”: since we a
to show PQ =PA +QB, we choose F on PQ such that BQ =FQ and we
attempt to show AP = FP. Refer to the diagram below. Since PQ // CD,
we have A, B, Q, P concyclic (Example 3.1.7).
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Since BQ =FQ, we have ZBFE = ZFBQ =14CQP =lABAD = / BAE,

) }
il il

i.e., A, B, E, F are concyclic. We are to show that £ PAF = ZPFA =l
-

Z DPQ, while lLDPQ =lAABQ = LABE. Since A, B, E, F are concyclic,
) )

we must have ZPFA = ZABE (Corollary 3.1.5). This completes the

proof.

One should also take note of another immediate corollary from Theorem
3.1.1 that the diameter of the circle always extends a right angle on the
circumference. This is acommon method in identifying right angles.

Corollary 3.1.13  [f AB is the diameter of =30 and P is a point on the circle,
then ZAPB=90°.

Proof. Referto the diagram below. Notice that ZAOB =180°.

P

o
AKI\:IH‘:)_J/TB
By Theorem 3.1.1, LAPB = lAAOB =90°

-

s

a

Note: The inverse of this corollary also holds, i.e., if a chord AB extends
an angle of 90° on the circumference, then AB is the diameter (which passes
through the center of the circle).

Example 3.1.14 Refer to the diagram below. Given a circle where AB is a
diameter, C, D, E are on the circle such that C, E are on the same side of AB
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while Dis on the other side. Show that ZC+ZE=90°.

LR,

D

Proof. Refer to the diagram below. Connect AE. Since AB is a diameter,
we have ZE =90°-ZAED. Notice that LZAED = £ZC (angles in the same arc)
and the conclusion follows.

Example 3.1.15 Given an acute angled AABC where AD L BC atD, M, N
are the midpoints of AB, AC respectively. Let ; be a line passing through A.
Draw BEL gat Eand CF L yatF.If the lines EM, FN intersect at P, show that
D, E, F, P are concyclic.

Insight. Refer to the diagram below. E We could probably show the
concyclicity by equal angles. Can you see A, D, B, E (and similarly A, D, C, F)
are concyclic?

What do we know about P? P is obtained by intersecting EM and FN. Notice
that EM, FN are medians on the hypotenuses of right angled triangles. This
gives us more equal angles!

Proof. Since LAEB= ZADB=90° A, D, B, E are concyclic and in particular,
M is the center of the circle. Clearly, ZAEM = ZEAM. Similarly, ZAFN =
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ZFAN.Now £P=180°-(LAEM + LAFN) =180° - ( LEAM + £LFAN)=4BAC.
On the other hand, we have £1 = 42 and £3 = Z4 (angles in the same
arc). Refer to the diagram below.

It follows that ZEDF = £1 +/£3 = £2 +/4 = ZBAC, since BCFE is a
trapezium (Example 1.4.15). Now £P = £LEDF, which implies D, E, F, P are
concyclic.

O
Example 3.1.16 LetABCD be a square.E, F are points onBC, CD
respectively and ZEAF =45°. Draw EP L ACatP and FQ L ACatQ (P, Q do
not coincide). Show that the circumcenter of ABPQ lies on BC.
EAF ? One may recall

Insight. How shall we use the condition £ EAF = 45° ? One may recall
Exercise 1.6. However, rotating AABE seems not useful this time.

A D A 5D
/
o F 7
i
)
= P i T
East — =
B o (& B E C

Notice that £ BAE = 45°- L CAE = Z CAF. Refer to the left diagram above. It
follows that AABE ~ AMAQF and ZAEB = ZAFQ. In fact, one may find other
pairs of equal angles due to symmetry. Refer to the right diagram above.
We have £LABQ = LADQ = ZAFQ (since A, D, F, Q are concyclic where
ZLADF = LAQF = 90°). Similarly, £ZPAE = ZPBE because A, B, P, E are
concyclic.

Now we have ZABQ = LAFQ = ZAEB = 90°- £ BAE, which implies ZABQ
+/4BAE=90°i.e., BQ L AE.

We are to show the circumcenter of ABPQ lies on BC.

Let us draw the circumcircle. Refer to the diagram below. Let the
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circumcircle of ABPQ intersect BC at R. Now it suffices to show that BR is a
diameter, i.e., ZBQR =90°.

Note that this is equivalent to showing QR // AE. We have already shown
L CAE = LCBP. Since LCBP = ZPQR (angles in the same arc), we have
L CAE= £ZPQR and AE// QR. This completes the proof.

B E RC

Occasionally, one may need to apply circle properties to solve a problem,
even though no circle is given explicitly.

Example 3.1.17 LetP be a point inside AABC such that £BPC = 90° and
£ BAP = ZBCP. Let M, N be the midpoints of AC, BC respectively. Show that
if BP =2PM, then A, P, N are collinear.

Insight. We are given a few conditions about the point P. However,
neither ZBAP = ZBCP nor BP = 2PM seems helpful in determining the
position of P. On the other hand, M, N are midpoints. If we can find a
triangle where PM is a midline, the Midpoint Theorem will give a line
segment equal to 2PM!

Refer to the diagram above. If we extend CP to D such that CP =DP, then AD
=2PM =BP. Since A, P, N should be collinear, ADBP should be an isosceles
trapezium, i.e., A, D, B, P should be concyclic and we should have ZBAP =
ZBDP. Now the condition £LBAP = ZBCP seems useful and we may
complete the proof by showing that ABCD is isosceles.

Proof. Extend CPto D such that CP =DP. Let CD intersect AB at E. Since M,
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N are the midpoints of AC, BC respectively, by the Midpoint Theorem, we
have AD=2PM =BP and PN // BD. (*)
Since ZBPC= 90°, we have ABCP = ABDP (S.A.S.). It follows that £ZBDP =
£ BCP = ZBAP and hence, A, D, B, P are concyclic. Since AD = BP, one sees
that AADE = APBE (A.A.S.) and hence, ADBP is an isosceles trapezium where
BD// AP.By (*), A, P, N are collinear.

O
Note: An experienced contestant may write down an elegant proof
starting with “Let the circumcircle of AABP intersect CP extended at D. ...” Of
course, beginners may feel puzzled because the motivation of constructing
the circumcircle of AABP is not clear. Nevertheless, by showing BC = BD and
ADBP is an isosceles trapezium, one sees that this is equivalent to the given
proof.

As shown in the examples above, Corollary 3.1.3 to Corollary 3.1.5, including
their inverse, are useful in showing equal angles and concyclicity. One may
also use these simple results to show the following theorem.

Theorem 3.1.18 (Simson’s Line) Let P be a point on the circumcircle oj
AABC. Let DE, F be the feet of the perpendiculars from P to the lines BG AC,
AB respectively. We have D, E, F collinear, called the Simson’s line of AABC
with respect to P.

Proof. Refer to the diagram below. Notice that P, D, C, E are concyclic
because £ZPDC = £ZPEC = 90°. Hence, we have Z£1=Z£2 (Corollary 3.1.3).
Notice that £2= 4£3 (Corollary 3.1.5). Now £1=£3=180°- £ PDF (Corollary
3.1.4.).

Thisimplies £1+ZPDF =180°, or D, E, F are collinear.

Note:
(1) The inverse of this theorem also holds, i.e., if P is a point such that the
feet of its perpendicular to the sides of AABC are collinear, then P lies
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on the circumcircle of AABC. This can be shown by reversing the
reasoning: if D, E, F are collinear, we have Z£1 +Z PDF= 180°. Hence,
£3=180°-4LPDF= £L1= £2, whichimplies A, B, C, P are concyclic.

(2) Naturally, beginners may find it difficult to recognize pairs of equal
angles, especially when the diagram is complicated. Such angle-
chasing skills can only be enhanced via practice. For example, can you
see £L1= 42 = /3 from the diagram without referring to the proof?
(Hint: One may occasionally erase extra lines and simplify the
diagram.)

Example 3.1.19 A quadrilateral ABCD is inscribed inside a circle and AD L
CD. Draw BE L AC atE andBF L AD atF. Show that the line EF passes
through the midpoint of the line segment BD.

Insight.  From the first glance, it is not clear how EF is related to the
midpoint of BD. Refer to the diagram below. What do we know about the
midpoint of BD? One may easily see that BD is the hypotenuse of the right
angled triangle ABDF. In fact, the only clues we have are the given right
angles!

Can we show ZEFD = ZBDF ? This may not be easy because ZEFD is
neither an angle on the circumference nor closely related to other angles.

Perhaps the other right angles can help us. Since £ZBFD = ZCDF = 90°, we
see that BD is almost the diagonal of a rectangle, except that BCDF is not a
rectangle yet while one of the corners is cut. What if we fix it? Refer to the
diagram below. We draw BP L CD atP. If EF indeed passes through the
midpoint of BD, EF should be part of the other diagonal of the rectangle
BPDF. Indeed, that diagonal is PF and what we need to show is thatP, E, F
are collinear. Do you recognize a Simson’s line?
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Proof. DrawBP L CDatP.Since AD L PDand BF L AD, we have AD // BP
and BF // PD, i.e., BPDF is a parallelogram (and a rectangle). Since P, E, F are
the feet of the perpendiculars from B to the sides of AACD respectively, we
must have P, E, F collinear (Simson’s Line). Now the conclusion follows as
the diagonals of a parallelogram bisect each other, i.e., EF passes through

the midpoint of BD.
O

We mention the following elementary but very useful theorem as the end
of this section. It is widely applicable when solving problems related to a
few circles intersecting each other.

Theorem 3.1.20 If =0, and =0, intersect at A, B, then 0,0, is the
perpendicular bisector of AB.

Proof. Referto the diagram below. Notice that AO,AO, = AO,BO, (S.S.S.).
O

3.2 Tangent of a Circle

Definition 3.2.1 A line AB is tangent to (or touches) a circle 0 atA if
ZOAB=90° case, A is called the point of tangency.
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It is easy to see that a tangent line cannot intersect the circle more than
once. Otherwise, we will have a triangle with two right angles!

Notice that 30, and =0, are tangent to each other (i.e., touch exactly
once) atP if and only if P introduces a common tangent to both circles.
Refer to the diagrams below.

Notice that 0,0, is perpendicular to the common tangent in either case.
One may consider this as an extreme case of Theorem 3.1.20.

Example 3.2.2 Refer to the left diagram below. The area of the ring

between two concentric circles is 16m cm?. AB is a chord of the larger circle
and is tangent to the smaller circle. Find AB.

Ans. Refer to the right diagram above. Let the center of the circles be O
and the point of tangency be P. Since OA =0B and OP L AB, one sees that
AOAP = NOBP (H.L.). Hence, AB = 2AP.

The area of the ring is the difference between the areas of two discs, i.e.,
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1-:0A%-1-0P? = 16m. Hence, 16 = OA? - OP? = AP? by Pythagoras’ Theorem. It
follows that AP=4cmand AB=8cm.

O
Note: If ABisachordin 30 and M is the midpoint of AB, we always have
OM L ABbecause AOAB s an isosceles triangle.

Theorem 3.2.3 Let P be a point outside a circle and PA, PB are tangent tc
the circle at A, B respectively. We have PA =PB (called equal tangent
segments).

Proof. Refer to the diagram below. Connect OA, OB, OP. Since OA =08,

one observes that APAO = APBO (H.L.). The conclusion follows.
a

Note: An immediate corollary from the proof above is that OP L AB. In
fact, OPis the perpendicular bisector of AB (Theorem 1.2.4).

We say a circle is inscribed inside a polygon if it touches (i.e., is tangent to)
every side of the polygon. For example, every triangle has an inscribed
circle, called the incircle of the triangle, centered at the incenter of the
triangle (where angle bisectors meet). Refer to the proof of Theorem 1.3.2.

Example 3.2.4 ABCD is a quadrilateral with an inscribed circle. Show that
AB+CD=AD+BC.

Proof. Refer to the diagram below. LetE, F, G, H be the points of
tangency. Note that AE = AH (equal tangent segments). Similarly, BE = BF, CF

=CG,DG=DH. Now AB+CD=AE+BE+CG+DG=AH+BF + CF+ DH=BC +AD.
O
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Note: Thisis called Pitot’s Theorem. However, as the result is simple and
well-known, the name of the theorem is seldom mentioned.

Example 3.2.5 ABCD is a trapezium with AD //BC and ;0 is inscribed
inside ABCD. Show that AO L BO.

Proof. Refer to the diagram below. Let O touchAB, AD atE, F
respectively. It is easy to see that AAOE = AAOF (H.L.) and hence, AO bisects
Z BAD. Similarly, BO bisects ZABC.

Since AD// BC, £ZBAD+Z ABC =180°. It follows that

1 1 :
£ZBAO + £ABO =Tiﬁ.iD—T.f_’AEC=90° ,1e, A0 1 BO.

a

Example 3.2.6 A circle is inscribed inside AABC and it touches the three
sides BC, AC, AB at D, E, F respectively. Show that the lines AD, BE, CF are
concurrent.

Insight. By Ceva’s Theorem, we only need to show
AF BD CE

show : : =1
BF CD AE
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This is true because AF = AE, CE = CD and BD = BF (equal tangent segments).

Example 3.2.7 (IWYMIC 10) A straight line divides a square into two
polygons, each of which has an inscribed circle. One of the circles has a
radius of 6 cm while the other has an even longer radius. If the line
intersects the square atA and B, find the difference, in cm, between the
side length of the square and twice the length of the line segment.

Ans. There are afew cases when aline intersects a square.

Case |: Both A, B are vertices of the square.

One obtains two equal triangles and the radii of the inscribed circles must
be the same. This contradicts the conditions given.

B B B
Casel Case [T Case 11

Case Il: Only A is a vertex of the square.

One obtains a triangle and a quadrilateral. Notice that the quadrilateral
cannot have an inscribed circle as the two pairs of opposite sides do not
have equal sums (Example 3.2.4).

Case lll: A, Blie on opposite sides of the square.
Similarly, the quadrilaterals obtained cannot have inscribed circles.

Case IV: A, Blie on neighboring sides of the square.

One obtains a triangle and a pentagon. Notice that the circle inscribed
inside the pentagon is exactly the incircle of the square.

Refer to the right diagram below. We focus on the bottom right quarter of
the square.

www.TechnicalBooksPDF.com



T
P

B
Caze IV

The square has aside length 2CM =CM + CN.
Now CM +CN -2AB=CM +CN - (AP + BP)- AB
=CM +CN —(AN + BM)-AB =(CM - BM) + (CN - AN)- AB
=BC+AC-AB=BC+AC-(AQ+BQ)
=BC+AC-(AE+BD)=CD+CE=12.
Note that we applied equal tangent segments repeatedly.

O
Example 3.2.8 (CGMO 13)In a trapezium ABCD, AD // BC. T is a circle inside
the trapezium and is tangent to AB, AD, CD, touching AD atE. T, is a circle
inside the trapezium and is tangent to AB, BC, CD, touching BC at F. Show
that the lines AC, BD, EF are concurrent.

Insight. Refer to the diagram below. We know that Ceva’s Theorem is
useful in showing concurrency, but those three lines given are not inside a
triangle. Perhaps we should use another method.

Notice that ABCD is an ordinary trapezium with no special properties.

Hence, we shall show thatE, F, P are collinear. Can we show that
AE DE

CF BF
and they could be expressed by the radii of the circles and the related
angles.

7 Notice that AE, DE, BF, CF are tangent segments of the circles

Proof. Refer to the diagram below. Let I'; be centered at O; with the
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radius O4F =R, Let ZBAD=2a. We have AE =R, tan £0, AD =R, tan a. Let
Z CDA=2p. DE=Ry tan B.

Similarly, if ', has aradius R,, we have

."'.1 R I
BF =R, tan| —Z4BC |J.i.-'1191'e :iABC‘z (180°—2a)=90°-a .
s

2
2

Hence, BF =R, tan(90°-a). Similarly, CF = R, tan(90°-B).

Notice that tan atan(90°-a)= 1 by definition. Hence, we have AE - BF =R4R,

tan a tan(90°-a)= Ry R,. Similarly, DE  -CF =R4R,.
AE DE S :

It follows that —=——_ which implies AC,BD, EF are concurrent.

O

The following theorem describes the properties of the points of tangency
and the radius of the incircle of a triangle.

Theorem 3.2.9 Let | be the incenter of BABC where AB=c, AC =b and BC=
a. Let the incircle of AABC touch BC, AC, AB at D, E, F respectively. We have:

(1) ﬂD:%{a—bw}

25
(2) DI=—— where § = [JABC‘] :
a+b+c

Proof. Referto the diagram below.
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(1) By equal tangent segments, AE =AF =x say.
Similarly, let BD=BF =y and CD=CE =z.
Notice thata+b+c=2(x+y+z)and AE+CE=x+z=b.

Hence, y = 1{a+b+c]—b: (d—b+c).

g )

P | =

(2) LetDI=El=Fl=r.Notice that DI, El, Fl are heights of ABC/, AACI and AAB.
respectively.

Hence, S = [ﬂBCI]+[&iCI]+ [.-i'-.ABIl =17r-a+1jr-b +ér-c‘

L.y q 28
=—r-la+b+c). It follows that r = :
2 a+b+c -

The following is another important circle property. It says the angle
between the tangent and chord equals the angle in the alternate segment.

Theorem 3.2.10 Let AP touch =0 at A. B is a point on the circle such that B

P are on the same side of the line OA. Then /BAP = ii‘-{(}ﬁ_
1.

Proof. Refer to the diagram below. Since AP is tangent to (30, we have
OA L AP. Now £BAP =90°-Z£ OAB. Since OA =0B, LAOB = 180°- 2 L OAB.

It follows that ~“ B4P = _ .~ 405,

N\
| a

e

| =

a

Note: By Theorem 3.1.1, we must have £ZBAP = ZACB for any point C on
the major arc Refer to the diagram below. This is another commonly
used result to show equal angles besides Corollaries 3.1.3 to 3.1.5.

It is easy to see that the inverse of this statement is also true, i.e., if ZBAP
= ZACB, then AP is tangent to the circle.
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Example 3.2.11 Let AB be a diameter of 0. P is a point outside 0 such
that PB,PC touch (= O at Band C respectively. Show that AC// OP.

Proof. Refer to the diagram below. It suffices to show £ A = Z1. Connect
BC. Since PBis tangent to 0, we have ZA=22 (Theorem 3.2.10). Since AB
L PB and OP L BC (Theorem 3.2.3), we have £1 =90°-Z0PB = £2. It

follows that ZA= /1.
O

Note: It is a common technique to connect AB if PA, PB are tangent to 0.
Refer to the diagram below. By connecting OA, OB, one obtains right angled
triangles with the heights on the hypotenuses. Moreover, we also see
angles at the center of the circle, tangent lines and equal tangent segments,
which, together with other conditions, may help us in finding equal angles.

\__/

Example 3.2.12 Refer to the diagram below. AB is a diameter of ;0 and
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C, D are two points on the circle. P is a point outside the circle such that PC,
PD touch 0 at C, D respectively.
Show that £ZCPD =180°-2 £ CAD.

Proof. Since the sum of the interior angles of the quadrilateral CODP is 360°
and ZOCP = Z0ODP = 90°, we have ZCPD = 180°-ZCOD. The conclusion
follows as ZCOD =24 CAD (Theorem 3.1.1).

O
Note: One sees that the diameter AB is not useful. In particular, the point B
complicates the diagram unnecessarily and should be deleted. One may
also connect CD and see that ZPCD = ZPDC = ZCAD (Theorem 3.2.10),
which also leads to the conclusion.

Example 3.2.13 Given (-0 with radius R, A, B are two points on (0 and AB is
NOT the diameter. C is a point on =0 distinct from A and B. 50, passes
through A and is tangent to the line BC at C. 0, passes through B and is
tangent to the line AC at C. If 304 and 0, intersect at C and D, show that
CD<R.

Insight. Refer to the left diagram below. It may not be easy to see the
relationship between CD and R immediately. Notice that 00; L AC and

00, L BC (Theorem 3.1.20). Given that BC, AC are tangent to 301, 00,
respectively, it is easy to see that 00,CO, is a parallelogram!

Rt o« %
_r o P \
~ oy A L1
/ )
/ | LR, e
T =l
L - b L T o _I
TS W
b =% b \ &
e ok e
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Let us focus on this parallelogram. Refer to the right diagram above. We are
to show CD <R =CO. Can you see that CD is vertical and CO is oblique with
respect to 0,0, ? Can you see that ZODC =90°?

Proof. One sees that00; L AC and O,C L AC. Hence, we have 00, //
0,C. Similarly, we have 00, //0,C, which implies that 00,CO, is a
parallelogram.

It is easy to see that AO,DO, = AO,CO, = AO,00,, which implies 00,0,D is
an isosceles trapezium. Hence, we have OD // 0,0,, which impliesOD L
CD. It follows that CD< CO =R.

O
3.3 Sine Rule
Theorem 3.3.1 (Sine Rule) In AABC, we have
AB BC AC

_ - = — = 2R, where R s the circumradius of AABC.
sinSC sS4 smnsB

Proof. First, we show that _ 4B —2R.

s S C

Let O be the circumcenter of AABC. Refer to the diagram on the below. Let
AD be a diameter of the circumcircle of AABC. Connect BD.

Clearly, AD = 2R and we have ZABD =90°.

By definition, - B =sin /D Since ~C = /D (angles in the same arc),
1
we - have
AB .. BC AC
we have ———=2R . Simlarly, ———=2R and — =2R.
sin SO sin A sin B

a

Note: Sine Rule is taught in most secondary schools. However, the last
equality, which links it to the circumradius (i.e., the radius of the
circumcircle) of the triangle, is usually not included.
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Corollary 3.3.2 Let AB, CD be two chords in a circle. If AB CD extend the same
angle at the circumference, then AB = CD.

Proof. Letthe radius of the circle be R. Refer to the diagram below.

AB

sin -1
sin Z2. The conclusion follows as £1=/2.

By Sine Rule, we have = 2R iea AB=2Rsin Z1. Similarly, CD = 2R

a

Note:

(1) One sees that the corollary still holds if two chords extend the same
angle at the center: Apply Theorem 3.1.1, or simply show that AAOB =
ACOD.

(2) The corollary still holds if we are given equal minor arcs Thi
is because the arc length is proportional to the angle extended at the
center (or on the circumference). Refer to the diagram below, which
illustrates a variation of Corollary 3.3.2. ABCD is a quadrilateral
inscribed in (0 where BD is a diameter. We have AC = 2R sin £D.
Notice that 2R = BD. Hence, AC=BDsin ZD=BDsin ZB. Thisis a useful
fact. One shall see this conclusion even if (0 is not shown explicitly,
say if we are only given AB L ADand BC L CD.

Corollary 3.3.3 Given AABC and its circumcircle, show that the angle bisectoi
of LA passes through the midpoint of the minor arc
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Proof. This follows immediately from the remarks above. Refer to the
diagram below where AM bisects ZA. One sees that because

they extend equal angles on the circumference, i.e., ZBAM ZCAM.

Example 3.3.4 Refer to the diagram below. Two circles intersect at A and
B. A common tangent line touches the two circles at M, N respectively.
Show that AMAN and AMBN have the same circumradius.

M

| | '|

Insight. The two triangles have a common side MN. Sine Rule states that
MN

sin “MAN
suffices to show sin ZMAN =sin ZMBN ?

— 2 R where R is the circumradius of AAMN. Can you see that it

Clearly, Z MAN #ZMBN as one is acute and the other obtuse. How about
LMAN +ZMBN = 180° ? Perhaps the tangent line would give us equal
angles.

Proof. Refer to the diagram below. We have £1=4£2 and 43 = Z4
(Theorem 3.2.10).

Since Z1+/3 +/Z MAN=180°, we must have £2 +/Z4 +/MAN = 180", i.e.,
ZMBN +ZMAN =180°.

Hence, sin ZMAN =sin ZMBN. Let Ry, R, denote the circumradii of the two

triangles. By Sine Rule, _MN IR MN R, It

: yand ————=2R,
sin S MAN sin S MBN &
follows that Ry =R,.
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Example 3.3.5 Given an acute angled triangle AABC where ZA = 60°, O
and H are the circumcenter and orthocenter of AABC respectively. Show that
AO = AH.

Insight. Refer to the diagram below. Of course, the most straightforward
method is to show that ZAOH = ZAHO, but this is not easy because we do
not know much about the line OH.

Let BE L AC atEand CF L AB at F. We know that A,E, H, F are concyclic. In
particular, AH is the diameter of this circle (because ZAEH = 90°, Corollary
3.1.13). Now it suffices to show that the radius of the circumcircle of AABC is
twice of the radius of the circumcircle of AAEH. We may show this by Sine
Rule. Notice that the right angled triangle with an internal angle of 60° gives
sides of ratio 1:2.

Proof. Refer to the right diagram below where BE, CF are the heights in
MABC. Since LAEH = LAFH = £90°% A, E, H, F are concyclic. We denote R
and r as the radii of the circumcircles of AABC and AAEH respectively.

. AB AE
By SimneRule, ———— =2R and —=2r.
g s S ACE sin SAFE

R AB sin ZAFE
Hence, — = -— .
r AE smA4ACH
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Notice that B, C, E, F are concyclic, which implies that ZACB = ZAFE
(Corollary 3.1.5). We also have AB = 2AE in the right angled triangle AABE
since ZA=60° (Example 1.4.8).

Hence,E =7 or R =2y which implies the radius of the circumcircle of

y
AABC equals the diameter of the circumcircle of AAEH. Since AH is the

diameter of the circumcircle of AAEH, we have AO = AH.
a

Note: Refer to the diagram on the below. Let BE, CFbe the heights of
AABC. One sees that AABC~AAEF. If BE, CF intersect atH andAG is a

diameter of the circumcircle of AABC, we must have because

these are corresponding line segments with respect to the similar triangles.

In Chapter 1, we learnt the criteria determining congruent triangles, among
which S.A.S. requires two pairs of equal sides and one pair of equal angles
between the sides. Otherwise, we cannot apply S.A.S. Nevertheless, given
AABCand AA'B'C,'if AB=A'B', AC=A'C' and £B = 4£B,"' we have either ZC =
ZC' (which implies AABC = AA'B'C') or £C = 180°- £ C." This is because Sine

Rule gives and hence, sin ZC =sin

£ C,'which implies either £ZC £C'or £LC=180-4C.

Example 3.3.6 (CGMO 03) In a non-isosceles triangle AABC, AD, BE, CF are
angle bisectors of LA, £B, ZCrespectively, intersecting BC, AC, ABat D, E,
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F respectively. Show that if DE = DF, then
¢ b c
= - _where BC=a, AC=b and AB =c.
b+c a+c a+b

A

B D C

Insight. Refer to the diagram below. It is given that AD bisects £ZA and DE
=DF. Consider ZADE and £ZADF. We have either LZAED = LZAFD or LAED =
180°— ZAFD.

If LAED = LAFD, we have AADE = AADF and it seems the diagram is
symmetric about AD, probably contradicting the fact that AABC is non-
isosceles. (Show it!) Perhaps we should work with the condition that ZAED
=180°—ZAFD.

Notice that the conclusion is about the ratio

and sit

b+c’ a+c a-+

reminiscent of the Angle Bisector Theorem? For example, ('E = 99 and

a+C

ac
(Example 2.3.8). In fact, CE and BF are the only choices related

BF =

-+

to and = _Perhaps we can show that CE + BF equals to a length
atc a+b

of 4
b+re

However, CE and BF are far apart. Can we put them together? Since DE = D}
and LAED =180°— LZAFD, we may rotate ABDF so that BF and CE are on the
same line.

sin SAFD 3 AD ¥ AD B sin L 4AED

sin/DAF DF DE sin/DAE
DF.Since ZDAE = ZDAF, we have sin ZAFD =sin ZAED, i.e., either ZAFD
= /ZAEDor ZAFD + L AED = 180°.

Proof. By Sine Rule, because DE =

If LAFD = LAED, we immediately have AADF = AADE (A.A.S.) and hence,

be
and AF =
a+c a+b
AC =AB, contradicting the fact that AABC is non-isosceles. Hence, ZAFD #

ZAED. We have ZAFD + Z AED =180°.

AE = AF. Notice that 4F = It follows that b =¢, or

Now ZCED = ZAFD and hence, we may choose P on CE extended such that
ZCPD = LABC. Refer to the diagram below. It is easy to see that ADEP =
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ADFB (A.A.S.).

P
%
W
5
\ i
\ 4
F A
E D '
ac
Hence, PE =EF = ,
a+b

. 1t suffices to show that PE+ CE = PC = g

Since CE= .
a+c b+c

Since ZCPD = £LABC, we have APCD ~ ABCA.

ab
B BB e g
Hence, — =——_ which gives PC = BC- < cpli¥e.. 2 .
BC - AC AC b b+c

This completes the proof.
O

Example 3.3.7 In a non-isosceles acute angled triangle AABC, BE, CFare
heights on AC, AB respectively. Let D be the midpoint of BC. The angle
bisectors of ZBAC and ZEDF intersect at P. Show that the circumcircles of
ABFP and ACEP has an intersection on BC.

Insight. Refer to the (simplified) diagram on the right. How can we show
the concurrency of two circles and a line? Perhaps we can show that X, the
intersection of the two circles, lie on BC, i.e., B, C, X are collinear. Thus, it
suffices to show

£ BXP+ £CXP=180°.

We do not know many properties of X, but given the circles, we know ZBXP
= LAFP and ZCXP = ZAEP, where ZAEP and ZAFP are inside the
quadrilateral AEDF and the angle bisectors may give useful properties of
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those angles. Now we are to show ZAFP + ZAEP = 180°. One may attempt
to show A, E, P, Fare concyclic, but it could be difficult (*) because we do
not know much about the angles except for AP bisecting £ EAF. How about
considering AAEP and AAFP? The angle bisector AP could be useful if we
apply Sine Rule, which gives

4P ___PF . AP __ PE
sin FAFP sin/FAP = sin/AEP sin ZEAP

Since ZEAP = ZFAP and we should have sin ZAFP =sin ZAEP, it seems
we are to show PE = PF. Notice that DE = DF(Example 1.4.7) and P is on the
angle bisector of ZEDF.

(*) One familiar with commonly used facts in circle geometry could see that
if we are to show A, E, P, F are concyclic, it suffices to show PE = PF (Example
3.1.11).

Proof. In the right angled triangle ABCE,
1 —_— 1
DE=—BC. Suilarly, DF =—BC=DE.

Refer to the diagram below. Since DP bisects ZEDF, we have ADPE = ADPF
(S.A.S.) and hence, PE=PF. Apply Sine Rule to AAFP and AAEP :
AP PF AP PE

, =— and — = —
s A AFP s AFAP s SAEP  sin SEAP
angle bisector of ZEAF, we must have sin ZAFP =sin LAEP.

. Since AP is the

Case |: LAFP= LAEP

We have AAFP = AAEP (A.A.S.) and hence, AE = AF. This implies AABE =
AACF (A.A.S.) and hence, AB = AC. This contradicts the fact that AABC is non-
isosceles.

Case ll: ZAFP =180°- Z AEP
Let the circumcircle of ZBFP intersect BC at X. We must have ZBXP = ZAFP
= 180° — LAEP = L CEP. Hence, C, E, P, X are concyclic, i.e., X lies on the

circumcircle of ZCEP. This completes the proof.
O
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Example 3.3.8 Refer to the diagram below. 0, touches 0, at Q. BCis
tangent to 0, atP. Show that if £ZBAO; = ZCAO,, then ZPAO; =
ZQAO;.

Insight. Refer to the left diagram below. Let AO; extended intersect -0,
at M. Since £ZBAO, = ZCAO4, M is the midpoint of Hence, O,M | BC.
We are to show £PAO; = £QAO;. Notice that O,P =0,Q. We should have
A, P, 04,Q concyclic (Example 3.1.11). How can we show this? Notice that
O4P | BC, i.e., 0,P//O,M. Perhaps the concyclicity and the parallel lines
could give us equal angles.

Proof. Refer to the previous right diagram. Let AO; extended intersect @)
0, at M Since £ZBAO, = £ZCAO,, M is the midpoint of and hence, O,M

L BC(¥)

Let MN be a diameter of 30,. We are given that 30, touches 0, atQ.
Hence, O, lies on QO; extended. Since O;P | BC, we must have O,P//MN.
Now the isosceles triangles AO;PQ and AO,NQ are similar and we must
have £1= Z£2 = Z3 whereP, Q, N are collinear. Notice that £1 = Z4
(angles in the same arc). We have £3 = Z4 and hence, A, P, 0,,Q are

concyclic. The conclusion follows as O,P = 0,Q (Corollary 3.3.2).
O
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Note: (*) Since 0,8 =0,C and BM = CM, O,M is the perpendicular bisector
of BC (Theorem 1.2.4). It is a simple but useful technique to introduce a
perpendicular bisector of a chord, which passes through the center of the
circle. We will illustrate this technique more in Chapter 5.

3.4 Circumcenter, Incenter and Orthocenter

We have learned the basic properties of the circumcenter, incenter and
orthocenter of a triangle. In this section, we will study a few results related
to these special points of a triangle using circle geometry techniques. These
results are important and frequently referred to as lemmas in various
competitions.

Example 3.4.1 Let O be the circumcenter of an acute angled triangle AABC.
If AD | BCat D, show that ZCAD = ZBAO.

A
4

Proof. Refer to the diagram below. Recall that £BAO = 90° - ZC

(Example 3.1.2). Clearly ZCAD =90° - £C. The conclusion follows.
O

Note: We also have ZCAO = ZBAD.

Example 3.4.2 Let/ be the incenter of AABC. If Bl extended intersects the
circumcircle of AABC at P, show that AP =CP =PI.

Insight. One sees that AP = CPfollows directly from Corollary 3.3.3. To
show AP = Pl,we may consider showing ZAIP = ZPAI, as there are many
equal angles in the diagram due to the incenter (i.e., angle bisectors) and
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the circumcircle.

Proof. Refer to the diagram above. Since BP bisects £B, we have AP = CFf
by Corollary 3.3.3. In AABI, we have the exterior angle ZAIP L1+ £3.0n
the otherhand, ZPAI= £2+ Z5where £L1=Z2and £3= 44 £5(angles
in the same arc). Now ZAIP=Z1+ £3= 42+ £5= ZPAIl. Hence, AP =PI
This completes the proof.

O
Example 3.4.3 Let H be the orthocenter of an acute angled triangle ZABC.
LetD be the foot of the perpendicular fromA toBC. If AD extended
intersects the circumcircle of AABC at E, show that DH = DE.

Insight. Refer to the diagram below. Given that BD | AE, since we are to
show DH = DE, we should have ZBEH isosceles, i.e., BE = BH Both the
circumcircle and the orthocenter give equal angles. Hence, one may show
that LCBH = £CBE.

Proof. Notice that L CBH = 90° — £BHD = ZCAE. Since £LCAE = ZCBE
(angles in the same arc), £ZCBH = £ CBE.
The conclusion follows as ADBH = ADBE (A.A.S.).

O
Example 3.4.4 Let H be the orthocenter of an acute angled triangle ZABC.
Let M be the midpoint of BC. If HM extended intersects the circumcircle of
AABC at A,' show that:
(1) HBA'Cisaparallelogram
(2) AA'is adiameter of the circumcircle of AABC.

Insight. (1) follows from Example 2.5.5 and Example 1.4.3.
(2): It suffices to show that either ZABA' or ZACA'is 90° .
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Proof. Referto the diagram below.
(1) Since His the orthocenter of AABC, we must have ZBHC =180°— Z BAC
(Example 2.5.5).
Hence, £BHC = ZBA'C (Corollary 3.1.4). Consider the quadrilateral
A'BHC. Since BM = CM, we conclude that A'BHC is a parallelogram
(Example 1.4.3).
(2) Since CH | A'Band by (1), CH// A'B, we must have A'BAB, i.e., ZABA'=
90°. The conclusion follows.
O
Example 3.4.5 In an acute angled triangle AABC, BD, CEare heights. If the
line DE intersects the circumcircle of AABC at P, Q respectively, show that
AP =AQ.

Insight. One may show LAPQ = ZAQP since there are many equal angles
due to the circles. Notice that B, C, D, E are concyclic.

Proof. Refer to the diagram below. Since £ BDC = ZBEC = 90°, we must
have B, C, D, E concyclic. Hence, £1= ZC.

Now LAPQ=4L1- £2=4ZC- Z3because £2= 43 (angles in the same
arc). On the other hand, ZAQP = ZAQB — Z3. Since £C = ZAQB, we

conclude that ZAPQ = ZAQP and hence, AP = AQ.
O
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Notice that the argument still applies whenever B, C, D, Eare concyclic: it is
not necessary that BD, CE are heights of AABC.

Example 3.4.1 to Example 3.4.5 are very useful results. One familiar with
these results may find it much easier to see the insight when solving
geometry problems related to the circumcenter, incenter and orthocenter
of atriangle.

Example 3.4.6 LetO andH be the circumcenter and orthocenter of an
acute angled triangle AABC respectively. Let M be the midpoint of BC. Show
that AH=20M.

Insight. Refer to the diagram below. We do not know much about the
properties of AH or how it is related to OM. For example, it is not easy to

find a line segment with length

However, one sees that OM is related to l: M is the midpoint of BCand O is

the midpoint of a diameter of the circle. If we draw the diameter BD, we
immediately have (JAf = i(j{}_ Now it suffices to show that AH = CD.
7

Recall thatExample 3.4.4 states thatADCH is a parallelogram, which
completes the proof. (Beginners may spend a while to see how Example
3.4.4is applied in the diagram above.) We leave the details to the reader.
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Note: Since M is the midpoint of BC, AMis a median of AABC and G, the
centroid of AABC, lies on AM.

2
We have AH :£:;(Midpoint Theorem).

oM GM 1

It follows that O, G, H are collinear (because AAGH ~ AMGO), which is called
the Euler Line of AABC.

Example 3.4.7 Given AABC and it circumcircle, P, Q, R are midpoints of
minor arcs g~ 4 and 43 respectively. If PR intersects AB at D and PQ

intersects AC at E, show that DE//BC

Insight. Itis easy to see that AP, BQ, CR are angle bisectors of AABC Recall
Example 3.4.2 which is about angle bisectors intersecting the circumcircle.
Can you see BP =PI? (Al extended intersects the circumcircle at P) Similarly,
BR =RI. Hence, PR must be the perpendicular bisector of B/

Refer to the diagram below.

This implies £l = £2. Itis given that £2= Z3. Hence, £1= 43,i.e.,DIl /)
BC. A similar argument gives E/ // BC, which implies D, I, E collinear and
DE//BC.
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Alternatively, one may solve the problem without applying Example 3.4.2.
Notice that angle bisectors in a circle give a lot of equal angles. Refer to the
left diagram below. One sees that £1= £2= 43 (angles in the same arc).
This implies A, I, D, Rare concyclic. Refer to the right diagram below. Now
L4 = /5= £6 (angles in the same arc), which implies DI // BC A similar
argument gives E/ // BC. The conclusion follows.

Note:

(1) The first method is also an illustration of the relationship among the
angle bisector, parallel lines and the isosceles triangle.

(2) Itisimportant to draw the diagram properly. One may see the incenter
appears between D andE, giving an inspiration that D, /, E might be
collinear.

Example 3.4.8 (TUR 09)In an acute angled triangle AABC, D, E, Fare the
midpoints of BC, CA, ABrespectively. Let H and O be the orthocenter and
the circumcenter of AABC respectively. Extend HD, HE, HFto intersect the
circumcircle of AABC atA',B',C' respectively. Let H' be the orthocenter of
AA'B'C'. Show that O, Hand H' are collinear.

Insight. A well-constructed diagram is important. Refer to the diagram
below. One may see that AABC and AA'B'C' are highly symmetric by a
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rotation of 180°. If we can show this is true, it is not far away from the
conclusion.

On the other hand, the orthocenter and the midpoints remind us of
Example 3.4.4, which states that AAA' is a diameter of the circumcircle.
Similarly, BB' and CC' are also diameters. Now it is not difficult to show that
AABC and AA'B'C' are symmetric about O, the center of the circumcircle.

Proof. By Example 3.4.4, we conclude that AA',BB',CC' are the diameters
of =0, the circumcircle of AABC. Refer to the diagram below. Since AA" and
BB' bisect each other, we conclude that ABA' B' is a parallelogram (and in
fact, arectangle). Hence, AB=A'B'and AB//A'B'.

Similarly, we have BC =B'C', BC//B'C' and AC =A'C'. It follows that AABC =
AA'B'C(S.S.S.).

Refer to the diagram below. We claim that AHA'H' is a parallelogram. Since
AABC = AA'B'C', we must have AH = A'H' because H and H' are corresponding
points in AABC and AA'B'C' respectively. Since AH and A'H' are heights and
BC//B'C,' we have AH//A'H'. Hence, AHA'H' is a parallelogram and HH' must
pass through O, the midpoint of AA'.

A i f \

1 ’_\_ s

a
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Example 3.4.9 (IMO 10) In an acute angled triangle AABC, AD, BE, CFare
heights. EF extended intersects the circumcircle of AABC at P. BP extended
and DF extended intersect at Q. Show that AP = AQ.

Proof. Let the line EF intersect the circumcircle of AABC at P, P'. Refer to the
diagram below. By Example 3.4.5, AP = AP'. It suffices to show that AP' =AQ.
Notice that LABP = LAP'P = LAPP' = LABP!, i.e., BA is the angle bisector
of ZP'BQ. We also have £BFP = LZAFE = ZBFD (Example 3.1.6).

It follows that AFPB = AFQ'B (A.A.S.), where Q' is the intersection of BP' and

DF. We conclude that AP' =AQ (Exercise 1.10, or simply by congruent

triangles). This completes the proof.

O

Note:

(1) Notice that LABP = ZABP' and £BFP = 4ZBFD imply P and Q' are
symmetric about the line AB, and so are P'and Q. Hence, AP'=AQ. Such
an argument based on symmetry is acceptable in competitions.
However, beginners are recommended to write down a complete
argument via congruent triangles.

(2) Notice that A, £ P, Q are concyclic since ZAPQ = LACB = LAFP' =
ZAFQ. Hence, one may show the conclusion by applying Sine Rule to
AAFQ and AAFP. (Can you show it?)

3.5 Nine-point Circle
First, we shall attempt the following examples.

Example 3.5.1 Let AB be the diameter of the semicircle centered at O. P is
a point outside the semicircle and PC, PD are tangent to the semicircle at C,
D respectively. If the chords AC, BD intersect at E, show that PE L AB.
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Insight.  Of course, the most straightforward method is to show that ZA +
ZLAEF =90°. Refer to the diagram below, where PE extended intersects AB
atF.

Since OA =0C and OC L PC, we have ZA = ZOCA =90° — ZPCE. On the
otherhand, ZAEF = ZPEC. Hence, we should have PE =PC.

Similarly, we should have PD = PE, i.e., PC = PD = PE This implies that P
should be the circumcenter of ACDE. Can we show it?

If P is the circumcenter of ACDE, Theorem 3.1.1 and Corollary 3.1.4 imply

that £ZP = 2-(180° — ZCED). Can we show this, or equivalently,

icgﬂ_i;..}:':]gﬁﬂ‘? Notice that in the isosceles triangle APCD,
=

;2
180° P = 90° + £ PCD.

Proof. We claim that P is the circumcenter of ACDE. Notice that £ CED =
£ BCE + ZCBE, where £BCE =90° (AB is the diameter) and £ZCBE = £ZPCD
(Theorem 3.2.10). Hence, ZCED=90°+ £PCD. (1)

In the isosceles triangle APCD A~ PCD=90° —lf_"P ()

(1) and (2) give ZCED —%LP =180° or /P=2-(180°- ZCED).

Since £ZP is twice the supplementary angle of £ZCDE and PC =PD, we claim
that P is the circumcenter of ACDE. Otherwise, say O is the circumcenter of
ACDE, we must have Z0 =2:(180° — ZCED) = ZP. Notice that O and P both
lie on the perpendicular bisector of CD, and they are on the same side of CD
because ZCED s obtuse. This is impossible.
In conclusion, P is the circumcenter of ACDE and hence, PC = PD = PE It
follows that ZA+ LAEF= LZACO + LPEC= LACO + LPCE=90% i.e., PE L
AB.

O
Example 3.5.2 (CWMO 10) LetAB be the diameter of the semicircle
centered at O. P is a point outside the semicircle and PC, PDare tangent to
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the semicircle at C, D respectively. If the chords AC, BD intersect at E, and PE
extended intersects AB at F, show that P, C, F, D are concyclic.

Proof. Refer to the diagram below. Clearly, P, C, O, D are concyclic
because OC L PC and OD L PD. We also have P, D, F, O concyclic since PF

1 AB(Example 3.5.1). Now P, D, F, O, C are concyclic.
O

We shall review the diagrams in Example 3.5.1 and Example 3.5.2. Suppose
AD extended and BC extended intersect at X. Since BD L AXand AC L BX, E
is indeed the orthocenter of AABX, i.e., XE L AB. Since PE L AB, X, P, E, F
are collinear. Refer to the diagram on the left.
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Example 3.5.2 states that P, D, F, O, C are concyclic. In fact, we may remove
the semicircle centered at O and focus on AABX. Refer to the diagram
below. C, D, F are the feet of the altitudes in AABX and the circumcircle of
ACDF passes through O, the midpoint of AB. Similarly, this circle should pass
through the midpoints of AX, BX as well.

On the other hand, since PC = PD = PE,one can show that P is the midpoint
of XE. (Hint: Consider the right angled triangle AXDE. Apply Exercise 1.1.) By
similar arguments, we see that the circumcircle of AABC must pass through
the midpoints of AE, BEas well. This circle is called the nine-point circle of
AABC.

Theorem 3.5.3 (Nine-point Circle)/n any triangle, the following nine points
are concyclic: the midpoints of the three sides, the feet of the three altitudes
and the midpoints of the line segments connecting each vertex to the
orthocenter of the triangle.

As shown above, one may derive this result from Example 3.5.2. The
following is an alternative proof.

Proof. Refer to the diagram on the below. Let D, E, F be the feet of the
altitudes on BC, AC, ABrespectively, L, M, Nbe the midpoints of BC, AC, At
respectively and P, Q, R be the midpoints of AH, BH, CHrespectively, where
His the orthocenter of AABC.

Notice that PMis a midline in AAHC, i.e., PAL =iC'H and PM [/ CH.
?

Similarly, QL is a midline in ABCH:QL=lCH and QL //CH.

Hence, PMLQ s a parallelogram.

We also notice that PQis a midline in AABH and PQ//AB. Since CH L AB and
CH//PM, we have PM L PQ. This implies that PMLQ is a rectangle and
hence, P, M, L, Q are concyclic.

Similarly, PRLN is a rectangle and we have ZPNL =90° = ZPQL. Hence, N
lies on the circumcircle of APQL. By similar arguments, we conclude that P,
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M, R, L, Q, N are concyclic. Refer to the left diagram below.

C

On the other hand, ZPDL = 90° = ZPQL, which impliesD lies on the
circumcircle of APQL. Similarly, E, F also lie on the circumcircle of APQL.
Refer to the right diagram above.

In conclusion, P, M, R, L, Q, N, D, E, F are concyclic.
O

Note: Since ZPDL =90°, PL is a diameter of the nine-point circle. Hence,
the midpoint of PL is the center of the nine-point circle. In particular, the
lines PL, QM, RNare concurrent (since they all pass through the center of
the nine-pointcircle).

Notice that the nine-point circle of a triangle could be determined by any
three of the nine points, among which the most commonly seen ones are
midpoints and feet of altitudes. Recall Example 3.1.15. Can you see that P
lies on the nine-point circle of AABC ? (Hint: Show that ZP = ZBAC =
Z MDN. Now P lies on the circumcircle of ADMN, which is indeed the nine-
point circle of AABC.)

3.6 Exercises

1. (a) Given aparallelogram ABCD, show that ABCD is cyclicif and only if
is arectangle.
(b) Given atrapezium ABCD, show that ABCD is cyclicif and only if it is
an isosceles trapezium.

2. LetABCD be a trapezium with AD//BC. LetE, F be onAB, CL
respectively such that ZBAF = ZCDE. Show that £ZBFA = ZCED.

3. InAABC, I isthe incenter and J is the ex-center opposite B. Show that A4,
1, C, J are concyclic.

4. LetAB be the diameter of a semicircle. Let the chords AC, BDintersect
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at P. Draw PE L AB at E. Show that P is the incenter of ACDE.

5. LetP be a point outside (0O and PA, PB are tangent to mO atA, B
respectively. Show that the incenter of APAB is the midpoint of

6. Let AABC be an acute angled triangle, where O, H are the circumcenter
and the orthocenter respectively.

(a) IfB, C, O, Hare concyclic, find ZA.

(b) Show that the circumcircles of AABC and ABCH have the same radius.

7. Given AABC and its circumcircle (0, D is the midpoint of BC and DO
extended intersects AB at M. Pis a point outside =0 such that PA,PB are
tangent to (0 at A, Brespectively. Show that PM // BC.

8. (CGMO 07) Let D be a pointinside AABC such that ZDAC = ZDCA = 30°
and £DBA = 60°. Let E be the midpoint of BC and F be a point on AC such
that AF = 2FC, show that DE L EF.

9. Given ABC where ZA > 90°, its circumcenter and orthocenter are O
andH respectively. Draw 30, where CH is a diameter. 30, and =0
intersect at Cand D. If HD extended intersects AB at M, show that AM = BM.

10. Refer to the diagram on the below. Let AB be the diameter of a
semicircle and C be a point on AB. Draw two semicircles with diameters AC,
BC respectively. Let D, E be points on these two semicircles respectively
such that DE is a common tangent. Draw CF L AB, intersecting the large
semicircle at F. Show that CDFE is a rectangle.

11. Given AABC where £B=24ZC, D is a point on BC such that AD bisects
ZA. Let! be the incenter of AABC, show that the circumcenter of ACDI lies
on AC.

12. (CZE-SVK 10) In a right angled triangle AABC where ZA =90° P,Q, R

are on the sideBC such thatBGP=PO=0R=R(C = 13[’;_ The
== 4

circumcircles of AABP and AACR intersect at A and M. Show that A, M, Q are
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collinear.

13. Inan acute angled triangle AABC, AD, BE are the heights. Let A' be the
reflection of A about the perpendicular bisector of BC andB' be the
reflection of B about the perpendicular bisector of AC. Show that A'B'// DE.

14. Let/ be the incenter of AABC. Show that the circumcenter of ABIC lies
on the circumcircle of AABC.

15. Given AABC, its incenter/ and ex-centers/q, J,, J3, show that the
midpoints of the line segments/l)y, IJ,, )3, JJy, JJ5, JJ3 all lie on the
circumcircle of AABC.

16. Let AXYZB be a convex pentagon inscribed in a semicircle centered at
O with the diameterAB. LetP, Q, R andS denote the feet of the

perpendiculars from point Y to the lines AX, BX, AZ and BZ respectively. Let

PQ and RS intersect at C. Show that ZPCS = lLXOZ.

0

17. (CHN 06) LetABCD be a trapezium such that AD //BC. T4 is a circle
tangent to the linesAB,CD, AD and T, is a circle tangent to the lines
AB,BC,CD. Let ¢4 be the tangent line from A to I, (different from AB) and g,
be the tangent line from Cto I'; (different from CD). Show that ¢, // ¢,.
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Chapter 4

Circles and Lines

In Chapter 3, we learnt various properties about angles in circles. Indeed,
one may also find important properties about line segments when straight
lines intersect (or touch) a circle, or when triangles and quadrilaterals are
inscribed in circles. We will study these properties in this chapter.

4.1 Circles and Similar Triangles

We have seen in Chapter 3 that straight lines intersecting a circle give equal
angles. Hence, similar triangles could be constructed via circles. We will see
a number of examples of circles and similar triangles in this section. Notice
that one needs to be familiar with both circle and similar triangle properties
in order to solve such problems.

Example 4.1.1 Refer to the diagram below. '] and I, are two circles
touching each other at A. AB is a chord in I, intersecting ', atD. BC is a
chord in I; which is tangent to I, at E. AE extended intersects '] at F.

Show that AB- AC=AE - AF.

Insight.  Given two circles and two tangent lines (including a common

tangent of the two circles), one should be able to see many pairs of equal

. Lo . AB AE .
angles. Since the conclusion is equivalentto — = _—— we may show it by

AF  AC
similar triangles, for example, AABE ~ AAFC.
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It is easy to see that LABE = ZAFC. Hence, we should have AABE ~ AAFC.
Can we show it by finding another pair of equal angles?

Proof. Referto the diagram below.

Let AC intersect I, at P. Connect PE, CFand draw a common tangent of I'
and [,  atA. SinceBC is tangent to I, atE, we have
by applying Theorem 3.2.10 repeatedly.

Since £B= ZF (angles in the same arc), we have AABE ~ AAFC.

It follows that and hence the conclusion.
O

Note: One may also see LZAEB= Z1 by equal tangent segments. Notice
that the tangent line atA and the line BC are symmetric about the
perpendicular bisector of AE.

Example 4.1.2 Let O be the circumcenter of an acute angled triangle AABC
and AO extended intersects BC at D - BE, CF are heights of AABC. Let O, be

the circumcenter of AAEF AO, intersects EF at P. Show that AP - BC=AD - EF.

Insight. Refer to the diagram below. Since £ BEC = £ZBFC=90°,B, C, E, F
are concyclic and hence, £LABC = ZAEF (Corollary 3.1.5). We have AABC ~
AAEF - This is a standard result which an experienced contestant would
recall instantaneously.
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We are to show AP - BC =AD - EF. Since AD L EF and, AP L BC, one may
think of using the area method. However, AP - BC seems not the area of any
existing triangle. Notice that AP, BC, AD, EF are in the similar triangles AABC

and AAEF. Can we show by the properties of similar triangles?

Proof. Itis easy to see that B, C, E, Fare concyclic, which implies £ZABC =
ZAEF and hence, AABC ~ AEF. Notice that AP and AD are corresponding

line segments in AAEF and AABC. It follows that and hence the
conclusion.

O
Note:

(1) Using the fact that the corresponding line segments are also in ratio as
the corresponding sides in similar triangles is an effective technique.

Beginners who are not familiar with this technique may also show

A :E as follows: First, we have AAOB ~ AAO4E because both are

AD BC
isosceles triangles and LOAB = 2£ACB = 2LAFE = L0O,AE. Now

Z0BD = LolEP and ZBOD = AEOlP imply that AOBD ~ AOlEP. It
_Eo _opP
BO o©OD

follows that Hence,

EF AQ+QP 4P
BC AO+0D AD

(2) One may see from the diagram that the lines AP, BE, CF are concurrent,
i.e., AP passes through H, the orthocenter of AABC. This is because
L CAP = £BAO = £LCAH (Example 3.4.1).

Example 4.1.3 Given a circle and a pointP outside the circle, draw
tangents PA, PB touching the circle at A, B respectively. C is a point on the

minor arc and PC extended intersects the circle at D.
BC _ BD

Show that = '
AC AD




Proof. Refer to the following diagram. Since ZPAC = ZPDA, we have
APAC ~ APDA.

Hence, P4 = AC . Similarly, Since PA =PB, we must have

P AD
and the conclusion follows.

Example 4.1.4 Refer to the diagram below. AB is a common tangent of the

two circles where A, B are the points of tangency. Given CD // AB, show that
AC AP

BD BP

Insight.  Given the tangent line and parallel lines, it is natural to search for
AC AP

equal angles and similar triangles since we are to show ~—— —
BD BP
be great if we can show AACP ~ ABDP. However, this is not true (£ ACP =

£ BAP and 4£BDP = £LABP, but £ZBAP and ZABP are not necessarily the
same). Can you see any pair of similar triangles which put AC, BD, AP and BP
together?

It would

It seems not easy. Apparently, the tangent line and the parallel lines do not
give equal angles which leads to the similar triangle we need. Notice that
we have not used the condition that AB is a common tangent. This implies
AB is perpendicular to the diameters of both circles. Refer to the diagram



below. Let AM, BN be the diameters of the two circles. Notice that the
diameter AM gives a right angled triangle AACM where CE is the height on
the hypotenuse.

Hence, AC? = AE - AM (Example 2.3.1).

Similarly, BD? = BF - BN by considering ABDN.
Recognize that AEFB is a rectangle, which implies AE =BF and hence,

2 i
[ 4C = AM Perhaps we can show AP | = AM
\BP) BN

\BD) BN _
not be difficult since AP, BP are also related to AM, AN by right angled
triangles.

as well. This should

Proof. LetAM, BN, be the diameters of the two circles respectively,
Clearly, AM L AB andBN L1 AB. LetAM, BN intersectCD atE, F
respectively. Since CD // AB, we have AEFB a rectangle and AE = BF.

Since AM is a diameter, we have ZACM = 90°. Since, CE L AM, we have
AC? =AE - AM (Example 2.3.1). Similarly, BD? = BF - BN. Now AE = BF gives
(4 AH'(”

-.\.BD.-' ..

On the other hand, AP =AM cosZMAP =AM sinZBAP. Similarly,

7 o1 g
BP = BN sin ~ ABp. 't follows that e MO s _Notice that

BP BNsin Z/ABP
(AP _AM

sin /ABP AP . BP ) BN~

The conclusion follows from (1) and (2).
O
Note:
(1) We intended to search for similar triangles but failed, and we complete
the proof based on right angled triangles. This is because the tangent
line and parallel lines did not give us equal angles directly, but a
rectangle. Nevertheless, we managed to find the clues by carefully



examining the conditions and setting up intermediate steps which lead
to the conclusion. Without such repeated (and mostly failed) attempts,
the insight will not appear spontaneously!

(2) (

2
One may also show AP ) = AM by drawing a line ¢ passing through

\ RP| RN
and parallel to AB. Applying Example 2.3.1 to the right angled triangles

AAPM and ABPN leads to the conclusion.

AP A
(3) If the two circles intersect at P and Q, one may show — = —Q Indee:
BP BQ
a similar argument applies when showing [ 49 i AM .
. BO ) BN

Example 4.1.5 (CHN 10) Let AB be the diameter of a semicircle. C, D are
points on the semicircle such that the chords AD, BCintersect atE. LetF, G
be points on AC extended and BD extended respectively such that AF - BG =
AE - BE. Let H{, H, be the orthocenters of AAEF and ABEG respectively. If the
lines AH,, BH, intersect at K, show that K lies on the semicircle.

Insight. Refer to the diagram below. Since AF - BG =AE - BE, one
immediately sees that AAEF ~ ABGE, as LEAF = £ZGBE(angles in the same
arc).

Notice that the orthocenters and the diameter give right angles. In
particular, AK L EF and BK L EG. We are to show K lies on the semicircle.
Hence, we should have ZAKB = 90° and MENK should be a rectangle. Can
you see it suffices to show EF L EG, i.e., LBEG + L CEF=90° ? This is easy
because ZBEG = ZAFE (since MEF ~ ABGE) and ZAFE + ZCEF = 90° (since
BC L AF).

We leave it to the reader to write down the complete proof.

Note: Fand G are constructed viaAF - BG =AE - BEThis is not a commonly
seen condition. Indeed, once we focus on this condition and see the similar
triangles, it is not far away from the conclusion. Seeking clues from such an
uncommon and useful condition is an effective strategy. We will discuss
this further in Chapter 6.



Example 4.1.6 Let A be apointoutside ;0. AB, AC are tangent to (0 at B,
C respectively. Let 74, 7, be two lines tangent to ;0 and ¢4//¢,. If the line
AB intersects 4, /, at D, E respectively, and the line AC intersects 4, f, at

F, Grespectively. Show that AD - AG = A0

@3 = ﬂ Notice that ;0 is tangent to the

AQ AG
sides of AAEG, i.e., itis the incircle of AAEG and O is the incenter. Hence, AO

bisects ZBAC. Refer to the diagram below.

Insight. \We are to show

Notice that we should have AAOD ~ AAGO. Can we show either ZADO -
ZLAOGor LAOD = LAGO? Notice that LZADO and £ZAOD can be expressed
in terms of £ZBAC and ZADF. How about ZAGO and ZAOG? Recall that
ZFOG=90° (Example 3.2.5).

Proof. It is easy to see that AO bisects ZA. In fact, O is the incenter of
DAEG.

Now .~ 47 =90+ l,Lx{EG (Theorem 1.3.3)

—00°+ lL{D}? because DF // EG.



. 1.4 \ 1 .,
Since £4DO = £4DF +:{1 80°— ZADF)=90°+—ZADF = Z4A0G,

we must have AAOD ”AAGO_. The conclusion follows.
O

Note:
(1) If you cannot recall Theorem 1.3.3, simply calculate ZAOG by the fact
that LFOG=90°.

(2) one may also show 400 = A, where 4¢3 =

1
=—ZAFD and /40D = ZODE —ljz_':i.

ZAGE

g | =

Example 4.1.7 Let O be the center of the semicircle where AB is the
diameter. Draw a line y L AB at B. Let D be a point on the semicircle and
draw DE L AB at E. Draw OC//AD, intersecting ¢ at C. If ACand DE intersect
at P, show that PD = PE.

Insight.  Refer to the diagram below. It is easy to see that DE // BC and

hence,

However, one may not be able to relate this to PD in the diagram. What if
we “fill up” the triangle by extending BC, intersecting AD extended at F?

Notice that D = AE = Pk

= _Now it suffices to show BC = CF.
CF 4B BC

Can you show it? (Hint: OC // AD and OA = OB) We leave the details to the
reader.

Note: We did not construct any similar triangles, but simply applied the



Intercept Theorem where AD // CO and DE//BC. Notice that OA = OBis an
elementary property, but it could be overlooked occasionally.

Example 4.1.8 Refer to the diagram below. Given AABC and its
circumcircle [, MN is a line tangent to ' at B such that MA, NC touch I at A, C
respectively. Let P be a point on AC such that BP L AC. Show that BP bisects
ZMPN.

Insight. We are only given a few tangent lines of the circle. Notice that P
is not the center of the circle: there are no other given right angles in the
diagram and it may be difficult to find concyclicity related to P. Hence,
showing ZBPM = £BPN by finding equal angles may not be an effective
strategy.

If BP does bisect ZMPN, we should have by the Angle Bisector

Theorem. How could the tangent lines help us? Since we have AM = BM and

BN =CN, it suffices to show M = ‘{'M. It seems that AAMP ~ ACNP
PN N

because ZPAM = ZPCN. (Can you see that the lines AM, CN are symmetric

about the perpendicular bisector of AC?)

How can we show AAMP ~ ACNP ? It seems we should find another pair of
equal angles using the condition BP L AC, but this is equally difficult as
showing the conclusion directly.

Notice that it is much easier to show the inverse: if we are given AAMP ~
ACNP, one could see that BP bisects ZMPN and BP L AC. Perhaps we
should consider a proof by contradiction.

Proof. Choose P' on AC such that . It is easy to see that £LP'

AM = ZP'CN. Hence, MAMP'™~ ACNP'.



PM _AM

We have = and LAP'M = ZCP'N. (1)
PN CN
It is easy to see that BM =AM and BN =CN (equal tangent segments).
U %
Hence, o = B'U_ which implies BP bisects ZMPN by the Angle
PN CN

Bisector Theorem. Now £BP'M = £BP'C. (2)

(1) and (2) imply that BP' L AC, i.e., P and P' coincide. This completes the
proof.

O
Note: One may still seek clues from BP L AC and other right angles by
introducing the center of I'. Refer to the diagram below. It would be wise to
erase unnecessary lines.

Can you see that ABOM ~ APCB? (Hint: /3 = 1 ZAOB = 1)
2
Now ABOM ~APCB implies (1)
A similar argument gives ABON ~APAB and E — % (2)
PB PA

AP BM _AM
CP BN CN

(1) and (2) imply that by equal tangent segments.

Now it is easy to see that AMAMP ~ ACNP and the conclusion follows. In fact,
one familiar with angle properties in circle geometry may immediately see
that £1 = Z£2 (Theorem 3.2.10) and Z£2 = /3 (because A, M, B, O are
concyclic). Now it is easy to identify similar triangles and this alternative
solution follows naturally.

In Chapter 2, we learnt Ceva’s Theorem and Menelaus’ Theorem, which are
useful results solving problems on collinearity and concyclicity. When
circles are introduced, one may find even more interesting results by
applying Ceva’s Theorem and Menelaus’ Theorem, due to more equal



angles and line segments. The following is a simple example.

Example 4.1.9 Given AABC where AB > AC, its incircle 3/ touches BC, AC,
AB atD, E, F respectively. P is a point on BC extended. Draw a line PG
tangent to @/ atG (distinct from D), intersecting AB, AC atM, N
respectively. Let BG, DM intersect at Q and CG, DN intersect at R. Show that
if P, E, F are collinear, then P, Q, R are collinear.

Insight.  Refer to the diagram below. We are to show collinearity and it
seems we need to use either Ceva’s Theorem or Menelaus’ Theorem.

Now, which triangle should we start with?

Notice that we are given many tangent lines: those equal tangent segments
could be helpful. If we choose the line PF intersecting AABC, Menelaus’

Theorem gives

Since AE = AF, BF =BD and CE=CD, we haveE.E:l (1)

CP EBD

By applying Menelaus’ Theorem to ABCG, it suffices to show that
GQ BP CR

—= . —  —1. However, this is not easy even if we use (1), because

BO CP GR

BO CR .
we do not know much about —= and ——_ Can we avoid these terms?
GO GR

-

Notice that one may apply Ceva’s Theorem instead: not only will we have
more equal tangent segments, but also get rid of those line segments which
are not preferred (i.e., those not along the tangent lines).

MF BD PG

BF FPD MG
= PG (equal tangent segments). By Ceva’s Theorem applied to ABPM, P, Q, F

are collinear.

Proof. Notice that =] because MF = MG, BD =BF and PD



NE : D . PG =1 By Ceva’s Theorem applied to
CE PD NG

ACPN, P, E, R are collinear. (Notice that the points of division D, G are on the
extension of PC, PN respectively.)

Similarly, we have

Since P, E, F are collinear, Q, R also lie on this line, i.e., P, Q, R are collinear.
O

4.2 Intersecting Chords Theorem and Tangent Secant Theorem

In most elementary geometry textbooks, Intersecting Chords Theorem and
Tangent Secant Theorem are mentioned, but the application is not
emphasized. Indeed, these are very useful results, with which we can show
concyclicity not via equal angles.

Theorem 4.2.1 (Intersecting Chords Theorem) Let AB and CD be twq
chords of a circle. If AB and CD intersect at E, we have AE - BE = CE - DE.

Refer to the left diagram below. One sees the conclusion immediately from
the fact that AACE ~ ADBE.

Intarsacting Chords Theorem Tamzear Secaar Theoren
Theorem 4.2.2 (Tangent Secant Theorem) Let P be a point outside the circle
and a line passing through P intersects the circle at A and B. If PQ touches th

circle at Q, we must have PQ? = PA-PB.

Refer to the right diagram above. One may see the conclusion from the fact
that APAQ ~ APQB (because ZPQA = £ZPBQ).

Note:

(1) An immediate corollary of the Tangent Secant Theorem is that if two
lines passing through P intersect the circle at A, B and C, D respectively,
we must have PA - PB=PC - PD, because both are equal to PQ>.

(2) One easily sees that the inverse of the Intersecting Chords Theorem ani



the Tangent Secant Theorem hold. (Can you show it, say by
contradiction?) Hence, we may use these theorems, especially the
inverse, to show concyclicity.

Example 4.2.3 In AABC, AB=9,BC=8and AC=7. Let M be the midpoint of
BC. If AM extended intersects the circumcircle of AABC at D, find MD.

Ans. Refer to the diagram below.

By Theorem 2.4.3, 4M-* = _[91 + 72 ]_

[ | =

Now the Intersecting Chords Theorem gives AM - MD =BM - CM, where BM
=CM =4.Hence, pD = 4; = E

7 7

Example 4.2.4 Let AABC be an isosceles triangle where AB=AC and P is a
point on BC. Show that (AB + AP)(AB-AP) =BP - CP.

Insight.  From the first glance, it is not clear how the line segments are
related to each other. In particular, it seems not easy to obtain AB + AP or
AB - AP. However, BP - CP reminds us of the Intersecting Chords Theorem, if
we draw the circumcircle of AABC. Refer to the diagram below.

Let AP extended intersects the circumcircle at D. We immediately have BP -
CP =AP - PD. Notice that (AB + AP)(AB - AP) = AB - AP%. Hence, it suffices to



show that AB> =AP? + AP - PD =AP - (AP +PD) =AP - AD. Now we should
have AABP ~ AADB, which is not difficult to show.

Proof. Let AP extended intersect the circumcircle of AABC at D. Since £B
= £ C= 4D (angles in the same arc), we have AABP ~ AADB. It follows that

orAB%2=AP - AD.

Now AB2=AP - AD=AP -(AP + PD) = AP%> + AP - PD.

Hence, AP - PD =AB? - AP? = (AB + AP)(AB - AP). The conclusion follows as
AP - PD =BP - CP by the Intersecting Chords Theorem. O

Example 4.2.5 LetX be a point inside AABC and the lines AX, BX, CX
intersect the circumcircle of AABC at P, Q, R respectively. Let A' be a point
on PX. Draw A'B' // AB and A'C' // AC, where B', C' are on the lines QX, RX
respectively. Show that B', C', R, Q are concyclic.

Insight. Refer to the diagram below. Since X is an arbitrary point, the
construction of the diagram seems symmetric, i.e., if we are to show B', C,
R, Q are concyclic, we might have A', B', Q, Pand A', C', R, P concyclic as well.
If that is true, applying the Tangent Secant Theorem repeatedly gives XB'-XQ
=XA"XP=XC"XR

Proof. Since A'B'//AB, we have LA'B'X = LABQ = ZLAPQ (angles in the
same arc). Hence, A' B', Q, P are concyclic. By the Tangent Secant Theorem,
XA'-XP =XB'-XQ. Similarly, A", C', R, P are concyclic and XA' - XP =XC' - XR.
Now XB'- XQ =XC'- XR, which implies B', C', R, Q are concyclic. O

Note: One might also show B'C' // BC by applying the Intercept Theorem
repeatedly, which also leads to the condition. We leave the details to the
reader.



Example 4.2.6 ABCD is a quadrilateral inscribed in 0. AB extended and
DC extended intersect at P. AD extended and BC extended intersect at Q.
Draw PE tangent to 0 at E and QF tangent to (O atF. Show that PE, QF
and PQ give the sides of aright angled triangle.

Insight.  Clearly, we should show that PE, QF, PQ satisfy Pythagoras’
Theorem. Refer to the diagram below. What do we know about PE2, QF? or
PQ*?

By the Tangent Secant Theorem, PE% = PA - PB = PC - PD and similarly, QF° =
QB-QcC.

One sees that PQ? is related to those line segments above by Cosine Rule.
However, it is difficult to use those line segments to express cos £ A or
cos ZPCQ.

Are there other methods to relate PE2 and QF% to PQ?? If the circumcircle of
ACDQ intersects PQ at X, we must have PE2=PC-PD=PX- PQ.

Hence, if PQ? = PE2 + QF?, we should have QB - QC = QF% = PQ? - PE? = PQ? -
PX - PQ=(PQ -PX)- PQ =QX - PQ. Hence, B, C, X, P should be concyclic. Can
we prove it?



Notice that we have L CXP = £ZCDQ = ZLABC by applying Corollary 3.1.5
repeatedly and hence, B, C, X, P are concyclic. (Can you see this is similar to
the proof of the Simson’s Line?) We leave it to the reader to write down the
complete proof.

Note: One may see from the diagram that PQ is longer than PE and QF.
(Drawing a reasonably accurate diagram would be helpful.) Even though this

is not given, one should aim to show that PQ? = PE% + QF2.

Example 4.2.7 (IMO 95) The incircle of AABC touches BC, AC, AB atD, E, F
respectively. Let X be a point inside AABC such that the incircle of AXBC
touches BC, XB, XC at D, Y, Zrespectively. Show that E, F, Y, Z are concyclic.

Insight.  Refer to the diagram below. Apparently, there are very few
conditions given: we only know that £, F, Y, Z are all points of tangency.
Although there are incircles (i.e., angle bisectors), butE, F, Y, Z are not
related to the incenter or any angle bisectors.

On the other hand, the diagram seems in an “upright” position because the
two incircles share a common point of tangent. Do we have YZ// EF ? If yes,
then perhaps we can show that EFYZis an isosceles trapezium.

Regrettably, this is not true. Refer to the diagram below where FE extended
and YZ extended intersect. Can you see a clue in this diagram? Perhaps we
could show that PE - PF=PY - PZ.




Since the two circles have one common point of tangency D, if P lies on BC
extended, we would have PD?=PE-PF=PY-PZ.

How can we show that P lies on BC extended? In other words, if we let P be
the intersection of BC extended and YZ extended, can we show thatE, F, P

are collinear? This looks like Menelaus’ Theorem. Refer to the diagram

AF BP CE

below.Dowehave —— =~ = _17(1)

BF CP AE

Notice that AE = AF. In fact, there are many equal tangent segments in this
diagram.

Perhaps we can also apply Menelaus’ Theorem to AXBC, which might give us
sufficient equalities leading to (1).

Proof. Suppose BC extended and YZ extended intersect atP. Apply

Menelaus’ Theorem to AXBC and the line ¥7: T E E =1
BY CP XZ
Since XY =XZ (equal tangent segments), we have (*)
We claim that E, F, P are collinear, i.e., AF E E =1
BF CP AE

Notice that AF = AE. By (*), we have
AF BP CE CE BP CE BY

BF CP AE BF CP BF CZ
CD = CZ (equal tangent segments). Hence, E, F, P are collinear.

—1 because BF =BD =BY and CE =

Now by the Tangent Secant Theorem, PE - PF = PD? = PX - PY, which implies
E, F, Y, Zare concyclic.

Notice that if BC and YZ do not intersect, i.e., BC// YZ, we must have XB = XC
(because XY =XZ) and hence, D is the midpoint of BC. Since BF=BD =CD =CE



and AF = AE, we have AB =AF + BF =AE + CE = AE. Now AABC and AXBC are
both isosceles triangles. Hence, the line AX is the perpendicular bisector of
EF and YZ. Itis easy to see that EFYZ is an isosceles trapezium, which implies
E, F, Y, Zare concyclic. O

Example 4.2.8 (JPN 11) Given an acute angled triangle AABC and its
orthocenter H, M is the midpoint of BC. Draw HP L AM at P. Show that AM -

PM = BM?2.

Insight. It seems AM, AP are not closely related to BM. However, given
the orthocenter and the midpoints, one immediately sees BM =DM =CM,
where BD L ACatD.

Since we are to show AM - PM :DI\/IZ, we should have MD tangent to the
circumcircle of AADP by the Tangent Secant Theorem. Refer to the diagram
below. It is easy to see H is on this circle as well. We have plenty of equal
angles!

Proof. LetBD be the height on AC. In the right angled triangle ABCD,
DM =£BC — BM Now it suffices to show AM - PM = DM?.
i |

Since LAPH= ZADH=90°, A, D, H, P are concyclic.

Notice that £2=90°- ZC= /3 and £Z1= /3 (because BM =DM).

Hence, £1= £2, which implies MD is tangent to the circumcircle of AADP
(Theorem 3.2.10).

By the Tangent Secant Theorem, AM - PM = DM?. .

Example 4.2.9 (CMO 10) Refer to the left diagram below. Two circles
intersect at A and B. A line passing through B intersects the two circles at C,
D respectively. Another line passing through B intersects the two circles at
E, F, respectively. CF intersects the two circles at P, Q respectively. Let M, N
be the midpoints of arcs respectively. Show that if CD = EF, then C,

M, N, F are concyclic.



B D

Insight.  Clearly, we must use the condition CD =EF in the proof. How
about EF - BF=FQ - CFand BC- CD=CP - CF?

Since CD =EF, we have Notice that all these line segments

ABCF. Perhaps we should focus on this triangle and see what we may
discover.

Refer to the previous right diagram. How is ABCF related to the conclusion?
Notice that CN and FM are the angle bisectors of ABCF (Corollary 3.3.3).
Hence, they intersect at the incenter / of ABCF. Since we are to show C, M,
N, F concyclic, we should have C/ - IN = FI - IM. Although we cannot apply the
Intersecting Chords Theorem directly because these are chords in two
different circles, there is a common chord AB! Since we are to show C/ - IN =
FI - IM, we should have AB passing through /. (Suppose otherwise, say B/
extended intersects the two circles atA andA' respectively. By the
Intersecting Chords Theorem, Al - IB=CIl - IN=Fl - IM =A'l - IB, which implies
that A and A' coincide.)

Now it suffices to show that AB is the angle bisector of £ CBF. Refer to the
left diagram below. This is much simpler!



Note that we have not used the condition CD =EF yet. Apparently, our
previous exploration on CD =EF was ineffective. Nevertheless, these two
circles give many equal angles. Perhaps we can find congruent triangles.

Proof. Refer to the right diagram above. We have ZADC = ZAFE (angles
in the same arc) and ZACD = ZAEF (Corollary 3.1.5).

Given CD = EF, we conclude that AACD =AAEF (A.A.S.) and hence, AD = AF.
Now we have ZABF = ZADF (angles in the same arc) = ZAFD (because AD
=AF) = LABC (Corollary 3.1.5), i.e., BA is the angle bisector of ZCBF.

Since M, N are the midpoints of arcs .F:BQ} respectively, CN, FMare both

angle bisectors of ACBF (Corollary 3.3.3). Let/ be the incenter of ACBF. We
have C/ - IN =Al - IB =Fl - IM by the Intersecting Chords Theorem. Hence, C,
M, N, F are concyclic. O

Note: One sees many clues from the conditions given and hence, may

FQ CP

explore in a wrong direction. For example, one may apply = and
BC
construct similar triangles, or seek angles in the same arc using the angle

bisectors. Even though such (failed) attempts are not reflected in the final
solution, these are inevitable during problem-solving and should not be
considered a waste of effort. Indeed, beginners would learn much more
from those attempts rather than merely reading the solution.

Example 4.2.10 (CGMO 10) Refer to the diagram below. In an acute angled
triangle AABC, M is the midpoint of BC. Let AP bisect the exterior angle of
ZA, intersecting BC extended at P. Draw ME L AP at E and draw MF L BC,

intersecting the line AP at F. Show that BC? = 4PF - AE.
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Insight. It seems from the conclusion that the Intersecting Chords

Theorem or the Tangent Secant Theorem should be applied, but where is
the circle? Perhaps we can see concyclicity from the right angles given.
Besides, we also have the angle bisector of the exterior angle. What does it
remind you of? Recall that the angle bisectors of supplementary angles are
perpendicular (Example 1.1.9)!

Refer to the diagram above. We draw the circumcircle of AABC and AD
which bisects ZA, intersecting the circumcircle of AABC at D. Notice that AD
L AP. It seems that F lies on the circle as well. Can you prove it? (Hint: One
may show that D, M, F are collinear and DF is indeed a diameter of the
circle.)

Once we show that A, C, B, F are concyclic, by the Tangent Secant Theorem,

PB - PC = PA - PF. How could we relate this to the conclusion BC? = 4PF - AE?
We have PF in both equations and BC =PB - PC. It is not clear at this stage
how we should relate AE to the other line segments. Moreover, it seems
the coefficient 4 does not appear naturally. Can we get rid of it?

Notice that M is the midpoint of BC, i.e., B = lﬁrj_ Hence, it suffices to
¥

£

show BM? = PF - AE.

We also note that PB - PC = (PM + BM)(PM - BM) = PM? - BM?, where PM? =
PE - PF (Example 2.3.1). Apparently, we are very close to the conclusion.



Proof. LetD be the midpoint of the minorarc g~ ;o Bp = cp Itis

easy to see that AD bisects ZBAC (Corollary 3.3.3). This implies that D lies
on the perpendicular bisector of BC (because BD = CD). Since MF L BC, MF
is also the perpendicular bisector of BC. It follows that D, M, F are collinear,
the line of which passes through the center of the circumcircle of AABC.
Since AD L AP, we claim that F must lie on the circumcircle of AABC as well.
Otherwise, say the line MD intersects the circumcircle of AABC atF', DF'
must be a diameter of the circle and ZDAF' = 90°, i.e., AD L AF'. This
implies F'lies on the line AP, i.e., Fand F' coincide.

Since A, C, B, F are concyclic, we have PB - PC = PA - PF, where PB - PC = (PM
+ BM)(PM - CM) = PM? - BM? because BM = CM .

In the right angled triangle APMF, ME L PF. Hence, PM? = PE - PF.

It follows that PA - PF = PB - PC = PM? BM? = PE - PF - BM?, i.e., BM? = PE - PF
—PA - PF=(PE-PA) - PF=AE - PF. The conclusion follows as g\f = lBC'_ =

Note: Once the circumcircle of AABC is drawn, it is easy to see that the
line DM is a diameter of the circle, where AD bisects ZBAC. Now the
exterior angle bisectoris used to construct right angles. Notice that applying
the Angle Bisector Theorem may not be an effective strategy because AB,
AC are not closely related to PF, AE.

4.3 Radical Axis

Given a circle, a straight line could intersect the circle at two points, or
touch the circle at one point, i.e., a tangent line. Refer to the diagram

below.
/ I'. \
‘a

|I I

Y
Can you show that no straight line intersects a circle at more than two
points? (Hint: Suppose otherwise, say a line intersect @0 atA, B, C, we
have OA =0B =0C, i.e., both AOAB and AOBC are isosceles triangles. Show
that this is impossible by considering the base angles.)



Given a circle, another circle may intersect it at two points, or touch it at one
point, in which case we say the circles are tangent to each other. Refer to
the following diagrams.

| |

4 i I
e -‘i

:

. s

Circles Tangent to Each Other

Can you show that no two circles intersect at more than two points? (Hint:
Suppose otherwise, say (04 and 50, intersect atA, B, C. It is easy to see
that A, B, C cannot be collinear. Now consider the circumcircle of AABC.)

Given 0, and 5,0, if they intersect at A and B, then 0,0, must be the
perpendicular bisector of AB (Theorem 3.1.20). In particular, if 04 and &
O, touch each other at A, then 0,0, passes through A, i.e., 04, O,, A are
collinear. Hence, one may consider two circles touching each other an
extreme case of intersecting circles. Similarly, a tangent line of the circle is
also an extreme case of a line intersecting the circle at two points, as
reflected in the Tangent Secant Theorem. We may define radical axes when
two or more circles intersect or touch each other.

Definition 4.3.11If /0, and 0, intersect at A and B, we call the line AB the
radical axis of 0, and 0,. In particular, if @0, touches @0, atA, the
radical axis of 0, and 0, is the common tangent of the two circles
which passes through A.

Fadical axes

Note: One may also define a radical axis of two non-intersecting circles.
However, we will only focus on radical axes of circles intersecting or
tangent to each other, which are the most commonly seen applications in



competitions.

Theorem 4.3.2 If three circles are mutually intersecting each other, then the
three radical axes are either parallel or concurrent.

Proof. Let the three circles be I, I, I'3 such that I, T, intersect atA, B,
I, lyintersectat C, Dand Iy, 5 intersect at £, F. If the radical axes AB, CD, EF

are parallel, there is nothing to prove. Refer to the left diagram below.
Otherwise, say without loss of generality that AB and CD intersect atP.
Extend PE, intersecting ', at X. We claim that X and F coincide. Refer to the
right diagram below.

Since A, B, D, C are concyclic (on 1), we have PA -PB =PC -PD by the
Tangent Secant Theorem. Similarly, A, B, X, E concyclicon I, implies PA - PB
=PE - PX. It follows that PC - PD = PE - PX. Now C, D, X, E are concyclic and X
must lie on the circumcircle of ACDE, which is I'5. Since X lies on both I'; and
I3, X and F coincide. This implies P, E, F are collinear, i.e., the radical axes
are concurrent. O

Note: This proof holds regardless of the relative positions of the three
circles. Refer to the diagram below. Notice that PA - PB=PC - PD = PE - PF by
the Intersecting Chords Theorem. Hence, we still have the radical axes AB,
CD, EF concurrent.



Example 4.3.3 Refer to the diagram below. @04, @0, and 05 are

mutually tangent to each other atA, B, C respectively. Show that the
circumcenter of AABC is the incenter of AO,0,0;.

Insight. We see that 0; A=0,C, 0O,A =0,Band O38=05C.

What do we know about the incenter and the incircle of AO;0,05 ? Refer to
the left diagram below. It seems A, B, C should be the feet of the
perpendiculars from the incenter of A0,0,0;. What if we draw

perpendicular lines from A to 0,0,, B to 0,05 and C to 0304? Can you see
that the perpendicular from A to 0,0, is indeed a common tangent of 0,
and®0,, and similarly forB andC? These common tangents are
concurrent! (Can you show this by the Tangent Secant Theorem? Refer to
Exercise 4.11.)
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Proof. Refer to the right diagram above. Draw the perpendicular lines
from A to 0,0, and from B to 0,05, intersecting at /. It is easy to show that

Cl L 0,05 (Exercise 4.11). Notice that Al = Bl = Cl (equal tangent segments).
Hence, / is the circumcenter of AABC. Observe that O,/ bisects Z0; since
AO,Al = AO4CI (H.L.). Similarly, O,/ bisects £0,. Hence, I is the incenter of
AO,0,0; This completes the proof. U

Example 4.3.4 Refer to the diagram below. 0, and (=0, intersect at P,
Q. O04A intersects 0, at B. O,C intersects (04 at D. Given thatA, C, B, D
are concyclic, show that the circumcenter of AABC lies on the line PQ.

Insight.  Let us draw the circumcircle of AABC. Refer to the diagram below
where A, B, C, D lie on the 0.



Can you see that the lines AB, CD, PQ are exactly the radical axes when 0,
=0, and =0, intersect each other?

By Theorem 4.3.2, lines AB, CD, PQ must be concurrent, say at H.

Notice that AB L 00, and CD L 00, (Theorem 3.1.20). Can you see that H
is the orthocenter AOO,0, ? Now can you see why O lies on the line PQ?
(Hint: OH 1L 0,0, and PH L 0,0, .) We leave it to the reader to complete
the proof.

Note: Theorem 3.1.20 is an elementary but commonly used result. One
may always apply it and seek clues when attempting questions with circles
intersecting each other.

Definition 4.3.5 Let -0 be a circle centered at O with radius r. The power of
a point P with respect to (730 is defined as oP%-r2.

The concept of the power of a point with respect to a circle is closely related
to the Intersecting Chords Theorem and the Tangent Secant Theorem. Refer
to the following diagrams.




° If Pis outside the circle where PX touches =0 at X, one sees that PX? =
OP% - 0X°. By the Tangent Secant Theorem, we have PA - PB=PC - PD =
PX2, which equals the power of P with respect to 0.

o If Pisinside the circle, draw EF L OP at P, intersecting (30 at Eand F. O
sees that OP? = OF? - PE2. By the Intersecting Chords Theorem, PA - PB
=PC- PD=PE- PF = PE? = OE% - OP?, which is the negative of the power
of P with respect to (70.

In conclusion, the power of a point P with respect to (-0 is positive if P lies
outside 30 and is negative if P lies inside 0. Clearly, the power of P is
zeroif itlies on 0.

Theorem 4.3.6 Let ;04 and =0, intersect at A, B. The power of a point F
with respect to 30, and 0, is the same if and only if P lies on the line AB,
which is also the radical axis of =04 and 0,.

Proof. Referto the diagram below.

B

£

Let P be any point. Suppose the line PA intersects 304 and (30, at C and D
respectively. Notice that the power of P with respect to 0, is PA - PC, and
the power with respect to 30, is PA - PD.

One sees that the power of P with respect to (304 and 50, is the same if

and only if PC =PD, i.e., C, D coincide with B, the line PA passes through B
and P lies on the radical axis AB.

Notice that this proof still holds if P lies inside (30, and (:0,. Now the
power of P with respect to 30, and 30, are -PA -PC and -PA -PD
respectively. Hence, the power of P with respect to 04 and 0, is the
same if and only if PC=PD, i.e., if and only if P lies on the radical axis AB. O

Note: One may easily show Theorem 4.3.2 by applying Theorem 4.3.6: If a



point P lies on the radical axis of 04 and (30, and the radical axis of 0,
and 303, its power with respect to (04, 30, and 05 is the same. Hence,
P must also lie on the radical axis of 30, and ,05.

Example 4.3.7 (RUS 13) Given an acute angled triangle AABC, draw
squares BCDE and ACFG outwards from BC, AC respectively. Let DC
extended intersect AG at P and FC extended intersect BE at Q. X is a point
inside AABC which lies on the circumcircles of both APDG and AQEF. If M is
the midpoint of AB, show that ZACM = £BCX .

Insight.  Refer to the diagram below. It seems that the properties of
ZACM and 4£BCX are not clear. Let the two circles intersect at X and Z.
There are many right angles in the diagram and hence, a lot of concyclicity.
In particular, one sees that the lines DE and FG intersect at Z. (Can you show
it?)

Observe the diagram. It seems that C lies on XZ, the common chord (and the
radical axis) of the two circles. This is not difficult to show, by calculating
the power of C with respect to the two circles, because we have many equal
lengths in the diagram due to the squares.

It follows that £ZBCX = ZCZD (because C lies on XZ). One sees thatC, D, Z, F
are concyclic and hence, £CZD = ZCFD. It suffices to show that Z ACM =
ZCFD, where M is the midpoint of AB. Refer to the diagram below. It is
much simpler! Does the diagram look familiar? (Refer to Example 1.2.11.)
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Proof. Letthe lines FG and DE intersect at Z. Since £ZPDZ = £ZPGZ = 90°, P,
D, Z, G are concyclic. Similarly, Q, E, Z, F are concyclic because £ZQEZ= £QFZ
=90°. Let I'}, [, denote the circumcircles of APDG and AQEF respectively. We
see that Zlieson both 'y and T, i.e., XZis the common chord of I'; and I',.
Notice that the power of C with respectto I'; is - PC- CD and the power of C
with respectto I, is —QC- CF. Observe that PC- CD=PC- BCand QC- CF =QC
-AC.

It is easy to see that ABCQ ~ AACP because ZACP =90° - LACB = £BCQ.
Hence, i.e., PC-BC=QC - AC. This implies the power of C with

respect to ', and I, is the same. By Theorem 4.3.6, C lies on XZ, the radical
axis of [; and I,.

Now ZBCX = £CZD (because BC // DE) = ZCFD (angles in the same arc).
Refer to the diagram below. Extend CM to C' such that CM =C'M. One sees
that AACC' = ACFD (Example 1.2.11, or simply by S.A.S.). Now we have
ZACM = £CFD = £BCX. =

Example 4.3.8 (IMO 85) In a non-isosceles acute angled triangle AABC, D, E
are points on AC, AP respectively such that B, C, D, E are concyclic on 0.
Let the circumcircles of AABC and AADE intersect at A and P. Show that AP L



OP.

Insight.  Refer to the diagram below. It is easy to see that BC and DE are
not parallel. Since there are three circles, we immediately see that the
radical axes are concurrent, say at X.
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Notice that AO, OX (or more precisely, AO?, 0X?) are closely related to the
power of points A and X with respect to 0. One may also express the
power of A with respect to (30 as AD - AC and the power of X with respect
to (0 as XB - XC. Since X lies on all radical axes (or by the Tangent Secant
Theorem), we have XB - XC = XA - XP. How are these line segments helpful?
Perhaps we can show AP L OP by calculating AO?> -AP? and OX?> - PX2.

(Recall Theorem 2.1.9: AP L OP if and only if AO? - AP? = OX? - PX?.)

Proof. I|f DE // BC, BCDE must be an isosceles trapezium (Exercise 3.1).
Now AB = AC, which contradicts the fact that AABC is non-isosceles. Hence,
DE and BC are not parallel, say intersecting at X.

We conclude that the radical axes BC, DE, AP are concurrent at X (Theorem
4.3.2). Let the radius of 0 be R. Now the power of X with respect to 0 is

OX? -R? =BX - CX = AX - PX and the power of A with respect to @0 is AO? -
RZ=AD - AC. It follows that AO> - OX? =AD - AC- AX - PX. (1)



Refer to the diagram above. We have LAPD = £ZBED = ZACX (Corollary
3.1.5) and hence, C, D, P, X are concyclic.
By the Tangent Secant Theorem, AC- AD=AP - AX. (2)

(1) and (2) imply that AO? - OX2 = AP - AX - AX - PX
=AX - (AP - PX) = (AP + PX)(AP - PX) = AP? - PX?

In concIusion,AO2 -AP? =0x? —PX2, which implies AP L OP (Theorem
2.1.9). O

Note:

(1) One may see (2) from (1) and reverse engineering: Since we are to shov
AO? - 0X? = AP? - PX?, we should have

AC-AD - AX - PX = AP? - PX?, or equivalently,
AC-AD=AX - PX +(AP% - PX?) = AP + PX - (AX - PX)
=AP%2+PX-AP=AP- (AP +PX)=AP - PX.

Hence, C, D, P, X should be concyclic. Once we see the necessity of this
intermediate step, the proof is not difficult.

(2) One may also show the conclusion by angles. First, we show that E, D, X
are collinear and C, D, P, X are concyclic as in the proof above. Now
ZLAPE = ZADE = ZCDX = ZCPX (Corollary 3.1.3). Refer to the diagram
below. We are to show ZOPA = ZOPX =90°. Hence, it suffices to show
that OP bisects ZCPE.
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Consider AOEP and AOCP. Refer to the diagram below. We have OE =
OC and we should have ZOPE = ZOPC. However, it seems that AOEP
and AOCP are not congruent. Hence, we should have ZOEP + LOCP =
180°! (Refer to the remarks before Example 3.3.6.) This implies C, O, E,
P should be concyclic. Can we show it?

Notice that LZAPE= LADE = £B (Corollary 3.1.5). Since we have ZLAPE
= ZCPX, it follows that 180° - L CPE= LZAPE+ ZCPX=2/B = ZCOE
(Theorem 3.1.1), i.e., ZCPE + ZCOE = 180°. Hence, C, O, E, P are
concyclic.

Now ZOEP + ZOCP = 180° and hence, sin ZOEP =sin ZOCP.

OFE OP oP ocC

By Sine Rule, = = = '
sin F/OPE  sin ZOEFP s Z0CP  sin ZOPC

Since OC = OE, we must have sin ZOPE =sin ZOPC.
Clearly, ZOPE+ £ZOPC= ZCPE<180°.
It follows that LZOPE = ZOPC, which completes the proof.



4.4 Ptolemy’s Theorem

Besides the Intersecting Chords Theorem and the Tangent Secant Theorem,
Ptolemy’s Theorem provides another way to determine concyclicity without
finding equal angles. Moreover, it gives useful identity regarding the sides
and diagonals of a cyclic quadrilateral.

Theorem 4.4.1 (Ptolemy’s Theorem) In a quadrilateral ABCD, AB - CD + BC -
AD 2 AC - BD and the equality holds if and only if ABCD is cyclic.

Proof. Refer to the diagram below. Choose P such that LZABD = ZCBP
and LADB = £BCP, i.e., we construct similar triangles AABD ~ APBC.

Hence, and

AD  PC |

—=— _1e, AD-BC=BD-PC. (2
BD BC

(1) implies that there is another pair of similar triangles: AABP ~ ADBC. This
is because the angles between the corresponding sides are the same:
LABP=ZABD+ £PBD=ZCBP+ £PBD=ZCBD.

Refer to diagram below. We have Fi_3=% ie. AB-CD=AP-BD.

AP CD
(3)




(2) and (3) give that AB- CD+BC- AD

=AP-BD+BD- PC

=(AP+PC) - BD2AC- BD because AP +PC=AC.

Notice that the equality holds if and only if Plieson AC, i.e., ZADB = ZBCA
and ABCD is cyclic. O

Ptolemy’s Theorem is useful when solving problems regarding sides and
diagonals about cyclic quadrilaterals. Refer to Example 3.1.10. One may see
the conclusion immediately by applying Ptolemy’s Theorem.

Example 4.4.2 Refer to the diagram below. ABCD is a cyclic quadrilateral.
Show that: sin(Z£1+ £2) -sin(£2+ £3) -sin(£3+ £4) -sin(£L4+ £L1) >
4sin £1-sin £2-sin £3-sin Z4.

Insight. One could see thatsin(£1+ £2) =sin £B=sin LD because 4B
+ ZD=180° (Corollary 3.1.4). Hence, sin( L1+ £2) =sin(£3+ £4).

Similarly, sin(£2+ £3) =sin(180° - £C) =sin LA =sin(£L1+ £4).

Now it suffices to show that (sin Z A - sin ZB)?>>4sin Z1-sin £2-sin Z3-
sin Z4. (*)

However, it seems not easy to show (*) directly because we do not know
how the product of sin£1, sin£2, sin4£3, sin£4is related to sin ZA and
sin £B. Perhaps we should consider another strategy.

Notice that each of these angles (on the circumference) corresponds to a
line segment in ABCD by Sine Rule. For example, AB=2Rsin Z4, BD = 2R sin
ZLC=2Rsin( L2+ £L3), etc., where Ris the radius of the circle.

Now (*) is equivalent to (BD-AC)? 2 4AD - CD - BC - AB. We have all the four
sides and the two diagonals of ABCD. Perhaps we can apply Ptolemy’s
Theorem.

Proof. By Sine Rule, 5111{£1+Lj:|=£=3i11[/_”3—-_/4"||_ where R is
\ R /

the radius of the circle. Similarly, we have sin(£2 + £3) =sin LC

=sin( 1+ ;"4]:E ] T sing2=—"_ sins3= BE
2R 2R 2R 2R




and sin 4 = 4B ‘Now it suffices to show (BD - AC)2 >4AD - CD - BC - AB.
2R

Ptolemy’s Theorem gives BD - AC = AB - CD + BC - ADHence, it suffices to
show that (1)

Notice that (1) follows from the inequality x> +y?> > 2xy, where
x=+AB-CD and y= '\-'I;‘ID-BC. _This completes the proof. O

Note: x? +y2 > 2xy because x? +y2 -2y =(x —y)2 > 0. Even though thisis a
commonly known fact and could be found in any elementary algebra
textbook, one may not be able to recognize it immediately when it takes
the form of (1).

Example 4.4.3 Given a parallelogram ABCD where ZA > 90°, a circle
passing through B intersects AB, BC, BD at P, Q, R respectively. Show that BP
-AB+BQ-BC=BR- BD.

Insight. One notices that the conclusion looks like Ptolemy’s Theorem.
Refer to the diagram below.

R

N
: U{} .

In fact, we are given a circle, even though applying Ptolemy’s Theorem on
that circle directly does not give the conclusion. Instead, we have BP - QR +
BQ - PR =BR -PQ. Notice that AB, BC, BD are replaced by QR, PR, PQ
respectively.

AB BC BD ;
QR PR PQ
we immediately have the conclusion. Do we have any pair of similar
triangles which leads to such equal ratio? Considering the line segments
involved, it must be APQR and another triangle.

Are these line segments in ratio? If they are, i.e.,

en

Can you see APQR ~ ABDC ? It should not be difficult to show, by circle
properties and parallel lines, that the corresponding angles of these
triangles are all equal. For example, ZPRQ = 180° - LABC = £ZBCD. We
leave it to the reader to complete the proof.



Example 4.4.4 Given an acute angled triangle AABC where O is the
circumcenter, M, N are on AB, AC respectively such that O lies on MN. Let D,
E, F be the midpoints of MN, BN, CM respectively. Show that O, D, E, F are
concyclic.

Insight.  Refer to the diagram below. Since we are to show that O, D, E, F
are concyclic, it is natural to consider angles. Can we show that ZEDF =
ZEOF ? Since D, E, F are midpoints, we must have DE // AB and DF // AC.
Hence, LEDF = ZA. Can we show ZEOF = £ZA? (1) Similarly, AC // DF gives
ZLANM = LODF. Can we show ZODF= LANM = LOEF?(2) Since O, E, F, D
should be concyclic, (1) and (2) should be true, i.e., we should have AOEF ~
AANM. Can we show this, say by the ratio of corresponding sides? Although
DE, DF are related to BM, CN, we cannot apply Ptolemy’s Theorem because
we have not shown O, E, F, D are concyclic.

Apparently, there are many clues, but none of them is useful unless O, E, F,
D are concyclic. Perhaps we can draw the circumcircle of ADEF, which
intersects MN at O' and show that O' coincide with O. By applying Ptolemy’s
Theorem to O' DEF and replacing the lengths by those in AABC (by similar
triangles or the Midpoint Theorem), we might be close to the conclusion.

Proof. Let the circumcircle of ADEF intersect MN at O'. It is easy to see
that DE//AB and DF//AC. Hence, ZA = ZEDF= ZEO'F and ZO'EF = ZO'DF
= LANM, which imply AO'EF ~ AANM .
Since O', D, E, F are concyclic, Ptolemy’s Theorem gives
[ |
OD-EF+0'F-DE=0'E-DF .or O'D =£-DF—E-DE.
(1 EF EF

o E AN () F AM
and

Since AQ'EF ~A4ANM -
EF  MN EF MN




Now

: : 1
OD=_' (4N DF-AM DE) = (AN -CN — AM -BM),
MN 2MN

where DE:%B&I and DF =éCN. (3)

Notice that AN - CN and AM - BM are the negative of the power of N, M with
respect to the circumcircle of AABC respectively. Hence, we have AN - CN =
R?Z -NO? andAM -CM =R? —MOZ, where R denotes the radius of the
circumcircle of AABC.

| ; ) ] :
Now 0D = — o (Mr:}- — NO~ }: —— (MO + NOJMO—NO) where
MO +NO = MN. It follows that ¢' D =ﬂ —oD (*
This implies O and O' coincide. O
Note:

(1) One sees that (*) holds regardless of the positions of O and O' on MN,
i.e., if MO <NO, both O'D and OD are negative, which means O and O'
lie between M and D. If MO >NO, O and O' lie between N and D.

(2) Considering the power of M, N upon (3) is expected: We have not used
the condition that O is the circumcenter of AABC and we are to remove
A, B, Cin the expression of O'D!

Example 4.4.5 Given AABC, E, F are on AC, AB respectively such that BE, CF
bisect £B,ZC respectively. P, Q are on the minor arc of the
circumcircle of AABC such that AC // PQ and BQ // EF. Show that PA +PB =
PC.

Insight.  Refer to the diagram below. We are to show the relationship
among PA, PB and PC, which lie in the quadrilateral PABC. On the other
hand, we might obtain equal angles from the circle and parallel lines.




For example, we have ZBAC = 4£BPQ and ZAEF = LPQB = ZPCB. It
follows that AAEF ~ APCB.

In the quadrilateral PABC, PA, PB, PC are related to AB, BC, AC by Ptolemy’s
Theorem. PB, PC are also related to AE, AF by similar triangles. Since AE, AF
are angle bisectors, they can be expressed in terms of AB, BC, AC (Example
2.3.8). It seems that we are close to the conclusion.

Proof. We have ZAEF = ZPQB (since EF //BQ and AC //PQ) = £ZPCB
(angles in the same arc). Since £ZBAC = ZBPC (angles in the same arc), we

have AAFE ~ APBC. Hence, PB — AT (1)
PC AR
_ _ _ be
LetBC =a, AC =b andAB =c. We see 4F — and AF =
a+c a-+

(Example 2.3.8).

It follows that = (2)

We are to show PA +PB =PC. By (1) and (2), it suffices to show that
a+b fa+b ) b—c
_or PA=PB-| ~1|=PB.

PA+ PBE=PE- :
a+c \at+c atc

Ptolemy’s Theorem implies PA-a+PC-c=PB-b.

Hence ,PA.(}+|P_B.” i |..5;:P3.b_ which gives
. L, EFE \
R{.gzpﬁ.f,{;_ﬂ+b.c|=lpﬁ.!b 6.31, It follows that
L a+ec \at+ec
b—c . O
P4i=PE. ~which completes the proof.
a+c

4.5 Exercises

1. Given AABC and its circumcircle 30, P is a point outside 0 such that
(P touches m0 atC. AC extended intersects (3P at D and BC extended
intersects P at E. Show that if A, B, D, E are concyclic, then AC - CP =0OC -
CE.

2. LetAB be the diameter of a semicircle centered at 0. BP L AB at B and
AP intersects the semicircle at C. Let D be the midpoint of BP. If ACDO is a
parallelogram, find sin ZPAD.



3. Given a cyclic quadrilateral ABCD, E is a point on AB such that DE L AC.
Draw BF//DE, intersecting AD extended at F. Show that if £B =90°, then
AB° AF

4D AE

4. (CHN 96) In a quadrilateral ABCD, its diagonals AC and BD intersect at
M. Draw a line EF // AD passing through M, intersecting AB, CD atE, F
respectively. Let EF extended intersect BC extended atO. Draw a circle
centered at O with radius OM and P is a point on this circle. Show that
ZOPF= LOEP.

5. Given acircle and a point P outside the circle, draw PA, PB touching the
circle at A, Brespectively. Cis a point on the minor arc and PC extended
intersects the circle at D. Let E be a point on AC extended and F a point on
AD such that EF// PA. If EF intersect AB at Q, show that QE = QF.

6. LetP beapointoutside 30 and PA, PBtouch 0 at A, B respectively. C
is a point on the minor arc and PC extended intersects (0 at D. If M is

the midpoint of AB, show that O, M, C, D are concyclic.

7. Given a semicircle with the diameter AB, C is a point on the semicircle
and D is the midpoint of the minor arc Let AD, BC intersect at E. If CE =

3and find AB.

8. Refer to the diagram below. Let 0 be the circumcircle of AABC. Dis a
point on the line BC such that the line AD touches ;0 at A. Eis a point on E
the line AC such that the line BE touches )0 at B. F is a point on the line AB
such that the line CF touches 0 at C. Show that D, E, F are collinear.




9.(CGMO 05) Given an acute angled triangle AABC and its circumcircle, P is
a point on the minor arc AB extended intersects CP extended at E. AC

extended intersects BP extended atF. If the perpendicular bisector of AC
intersects AB atJ and the perpendicular bisector of AB intersects AC at K,

show that CE sy AJ-JE

BF! AK .KF’

10. An acute angled triangle AABC is inscribed inside ;0. BO extended
intersects AC at D. CO extended intersects AB at E. If the line DE intersects
@O0 at P, Qrespectively and it is given that AP = AQ, show that DE // BC.

11. Refer to the diagram below. We have 0,, @0, and 03 mutually
tangent to each other atA, B, C respectively, while ¢4, ¢,, (3 are the
common tangents passing through A, B, C respectively. Show that (4, /5, {3
are concurrent.

12. Let 04, O, be two points inside ;0. Draw 0,4 and ,0,, which touch
@O0 atA, B respectively. If 730, and 0, intersect atC, D and A, B, C are
collinear, show that OD L CD.

13. InAABC,£B=2/C, showthat AC2=AB- (AB +BC).

14. =0, istangentto two parallel lines ¢4, 7,. Let O, be a point outside (=
0,. @0, is tangent to 0, and ¢, atA, B respectively. Let O3 be a point
outside ;04 and (0,. =05 is tangent to 04, f, and @0, atC, D, E
respectively. Show that the intersection of AD and BC is the circumcenter of
AACE.



15. LetO be the circumcenter of AABC. P, Q are points onAC, AB
respectively. Let M, N, L be the midpoints of BP, CQ, PQ respectively. Show
that if PQ is tangent to the circumcircle of AMNL, then we have OP =0Q.



Chapter 5

Basic Facts and Techniques in Geometry

5.1 BasicFacts

We have learnt a number of theorems and corollaries through the previous
chapters. Besides those well-known results, we have also seen many
examples, some of which are indeed commonly used facts in geometry.
One familiar with these basic facts could find it significantly more effective
when seeking clues and insights during problem-solving. Hence, we shall
have a summary of these basic facts in this section.

% Most Commonly Used Facts

The following are standard results which could be used directly in problem
solving, i.e., one may simply state these results without proof.

e Inan acute angled triangle AABC, BD, CE are heights. We have £ZABD =
ZLACE.

Moreover, B, C, D, E are concyclicand A, D, H, E are concyclic, where His
the orthocenter of AABC.

e InAABC, LA =90°and AD 1 BCatD.We have £LBAD=/ZCand £ZCAD:
ZB.



Moreover, we have AB?=BD-BCand AD*=BD - CD.
Given AABC where M is the midpoint of BC, we have 4A =_— B if an
g

only if LA =90".
A

Angle bisectors of neighboring supplementary angles are perpendiculal

[ ]
each other.

Hence, if D, E are the ex-centers opposite B, C respectively in AABC,
then DE passes through A and is perpendicular to the angle bisector of

LA.

Let ABCD be a trapezium where AD // BC. The angle bisectors of ZA anc

£ B are perpendicular to each other.

AB 1




A
B/O\f

In aright angled triangle AABC where ZA =90° and £B =30°, we have
AC:AB:BC=1:43:2.

/‘:\
B C

In AABC, D is a point onBC andP is a point onAD. We have
[A4BP] BD
l[A1cP] cD

Given AABC and Dis on AC such that ZABD = ZC, we have AABD ~ AAC!
Refer to the left diagram below.

In particular, given AABC, if D is a point on AC extended and BD touches
the circumcircle of AABC at B, then AABD ~ ABCD. Refer to the right
diagram above.

Le tAD be the angle bisector of ZA in AABC. We have

BD =B{7-i :
AB+ AC



B D C

e LetAD, BE, CF be the heights of an acute angled triangle AABC. We have
ZABE=ZADF= ZADE= ZACF.

B D c

In particular, the orthocenter of AABC is the incenter of ADEF.

e LetH, I, O be the orthocenter, incenter and circumcenter of an acute
angled triangle AABC respectively. We have Z BHC = 180° - ZA,

1
£BIC :9D°+:f_"ﬁ and /BOC=2/4

e  Given an acute angled triangle AABC and its circumcenter O, we must he
LA+ ZOBC=90°.




Refer to the diagram on the below. Given a circle with we
must have AD // BC.

Proof. Notice that implies ZADB = ZCBD. Hence, AD //

BC.
O

Refer to the left diagram below. AB, CD are two chords in 0 and AB, C
intersect at P. We have ZAOD+ £BOC=2/APD.

Proof. Refer to the right diagram above. We have £BOC =241 and
ZAOD=2/2(Theorem3.1.1).

Now ZAPD= Z1+ £2and the conclusion follows.
O

Given AABC and its circumcircle, D, E, F are the midpoints of arcs
BC. AC ':Iérespectively. Refer to the diagram on the below.



We have AD, BE, CF the angle bisectors of AABC and hence, concurrent
at /, the incenter of AABC.

Notice thatD, E, F are the circumcenters of ABCI, AACI, AABI
respectively (Example 3.4.2).

Given a right angled triangle AABC with ZC = 90°, we have
F= L{J{C+BC—AB]. where ris the radius of the incircle of AABC.
- J

Proof. Let/be the incenter of AABC.

Suppose the incircle of AABC touches BC, AC, AB at D, E, F respectively.
Refer to the diagram above.

Itis easy to see that AE=AF, BD = BF and CDIE is a square.

It follows that 7 = CD:%['CD'—CE]=%{.{C+ BC—AB).

Note: Let BC=a, AC=b,AB=c.We have y=—(a+b—c).

ro |

By Theorem 3.2.9, we have where S =[AABC].



Indeed, 2r- (a+b+c)=(a+b-c)(a+b +c)=(a +b)? -c% = (a +b)? - (a°
+b2) =2ab =4S.

< Useful Facts

One familiar with the following facts may see clues and intermediate steps
in problem-solving quickly, which might tremendously simplify the
conclusion to be shown. While experienced contestants simply state these
well-known facts during competitions, beginners are recommended not to
omit any necessary proof to these results (which were illustrated in the
previous chapters).

Occasionally, one may derive an intermediate step, but find it irrelevant to
the problem given. If it seems not a useful clue, one should put it aside and
refrain from wasting time exploring that piece further.

e LetH be the orthocenter of an acute angled triangle AABC. We have

e Let ABCD be acyclic quadrilateral. E, F are on AB, CD respectively such tl
BC// EF. We must have A, E, F, D concyclic.

F/
" '“\-\._\__\_\__\_\_ -\‘L‘-;
"\ —
- I

e Inaquadrilateral ABCD, AB=AD and BC # CD, if AC bisects ZC, then AB(
is cyclic.



Let O be the circumcenter of an acute angled triangle AABC and AD is a

height. We have ZCAD = £BAO.

Let / be the incenter of AABC. If Bl extended intersects the circumcircle .
AABC at P, we have AP =Pl =CP.

Hence, Pis the circumcenter of AAIC.

e Let Hbe the orthocenter of an acute angled triangle AABC. AD L BCatIL
and AD extended intersects the circumcircle of AABC at E. We have DE =

DH. Refer to the left diagram below.



Notice that the conclusion still holds if AABC is a right angled triangle
(i.e., Ais the orthocenter and BC is the diameter of the circumcircle) or
an obtuse angled triangle. Refer to the right diagram above. The proof
is similar and we leave it to the reader.

Let H be the orthocenter of AABC and M be the midpoint of AB. Let HM
extended intersect the circumcircle of AABC at D. We have that BDCH is
a parallelogram and hence, AD is a diameter of the circumcircle of
AABC. Refer to the left diagram below.

Moreover, we have AH = 20M, where O is the circumcenter of AABC.
Refer to the right diagram above.

Let BD, CE be the heights of an acute angled triangle AABC. If the line D¢
intersects the circumcircle of AABC at P, Q respectively, we have AP =
AQ.



* LetPbeapointoutside (30 and PA, PB touch (0 at A, Brespectively. \
have that the incenter of APAB is the midpoint of the minor arc

|'\:-}/'|

We shall see how these facts (together with theorems and standard results)
could be helpful in problem-solving.

Example 5.1.1 In an acute angled triangle AABC, AD, BE, CF are heights. Let
the incircle of ADEF touch EF, DF, DE at P, Q, R respectively. Show that APQR
~AABC.

Proof. Refer to the diagram on the below Let H be the orthocenter of
AABC. It is well-known that H is also the incenter of ADEF. In particular, DH
bisects ZEDF and we have

ZBDF = ZCDE = —(180°— £EDF ).

J| =



%{IBUD — ZEDF )= ZBDF, which

implies BC// QR. Similarly, PQ// AB ana PR//AC.

Since DR =DQ, we have ZDOR =

We must have ZA=ZP, ZB=2Qand hence the conclusion.

O
Note: One may attempt to show LA = ZP by observing that ZP = ZDQR
and ZA = ZCDE. Can we show that ZDQR = ZDRQ = £ CDE ? Notice that if
we have ZDRQ = ZCDE, it follows immediately that BC // QR and similarly,
PQ// ABand PR // AC. Indeed, we should have these parallel lines.

Example 5.1.2 (CHN 10) Let ¢ be a straight line and P is a point which does
not lie on ¢. A, B, C are distinct points on . Let the circumcenters of APAB,
APBC, APCA be 04, O,, O3 respectively. Show that P, 04, O,, O3 are concyclic.

Insight. Refer to the diagram on the below. This is indeed a complicated
diagram and if we draw all the perpendicular bisectors explicitly, it will be
unreadable!

Since we are asked to show P, 04, O,, O3 are concyclic, it is natural to search
for equal angles. For example, can we show £1= £2?

Notice that both £1 and £2 are at the center of a circle. Moreover, it is

easy to see that 0,0; L PA and 0,03 L PC, i.e., /] =i,i‘{{jllp and
7

iy lif‘{]_lP. Can we show ZAOP = £CO,P?
= 2

Notice that £ CO,P = 2£CBP, where ZCBP = ZAQP (Corollary 3.1.5)
—lL'iGlP (Theorem 3.1.1). This completes the proof.
S

Alternatively, one may also show that P, O;, O0,, O3 are concyclic via



£P0,0,=£P030, Since 0,0, L PB, we have

/P00, = %LP{JI B=/PAB.

Meanwhile, ~P.0, = l £ PO, C' = ZPAC This completes the proof.
. el S :

Note: This could be considered a very easy problem if one is familiar with
the basic properties in circle geometry, including recognizing the angles
needed while disregarding the unnecessary line segments. Indeed, if one
decides to show the concyclicity via angle properties, it is natural to
consider either of the approaches above.

Example 5.1.3 Given AABC and its incenter /, the circumcircles of AAIB and
AAlCintersect BC at D, Erespectively. Show that DE=AB+AC - BC.

Insight. One recalls that the circumcenter of AAIB is indeed the intersection
of Cl extended with the circumcircle of AABC. Refer to the diagram on the
below. Let Cl extended intersect the circumcircle of AABC at P. We have PA
=PB =PIl =PD. Notice that Cl bisects ZC.

It is not difficult to see AACP = ADCP. (Can you show it?) Hence, AC =CD.
Similarly, AB = BE. Now it is easy to see the conclusion because BE + CD - DE



= BC. We leave the details to the reader.

Warning: One should not conclude AACP = ADCP viaPA =PD, ZDCP =
ZACP and PC = PC. This is NOT S.A.S.! Instead, one may show that ZPAC =
180° - ZPBC=180° - ZPDB = ZPDC and apply A.A.S.

Example 5.1.4 (CMO 11) LetP be a point inside AABC such that ZPBA =
ZPCA. Draw PD L AB atD and PE L AC at E. Show that the perpendicular
bisector of DE passes through the midpoint of BC.

Insight. Refer to the diagram on the below. It seems the conclusion is

easy to show if P is the orthocenter of AABC (i.e., when BD and CE intersect

at P), in which case we have ME = MDD :lﬁ(j where M is the midpoint of
3|

BC. The conclusion follows immediately.

Of course, P may not be the orthocenter of AABC, but we should still have
MD =ME. How can we show it? We cannot apply the previous argument
since M is not the midpoint of the hypotenuse in a right angled triangle.
What if we construct one, say the midpoint of BP?

Proof. Refer to the diagram on the below. Let M be the midpoint of BC.
Let F, G be the midpoints of BP, CP respectively.

In the right angled triangle ABEFP EF =— BP.



In ABCP, MG is a midline and hence, A :lBP and MG/ BP. It
7

follows that EF = MG.

Similarly, FM // CP and FM = DG. Now FPGM is a parallelogram.
Notice that LZEFM = LEFP+ ZPFM =2/ PBA + ZPFM .
Similarly, £MGD = 2ZPCA + ZPGM. Since ZPFM = ZPGM (in the
parallelogram FPGM) and given that £PBA = ZPCA, we must have LEFM =
ZMGD.
Now AEFM = AMGD (S.A.S.), which implies MD = ME. It follows that M lies
on the perpendicular bisector of DE.

O
Note: The condition £ PBA = ZPCA seems not easy to apply at first. We
leave it aside. Once we see that AEFM and AMGD should be congruent, it
becomes natural to show equal angles using this condition.

Example 5.1.5 Let/ be the incenter of AABC. Al extended intersects the
circumcircle of AABCat P. Draw ID L BPatDand IE L CPatE. Show that /D +
IE=APsin £LBAC.

Insight. Refer to the diagram on the below. We immediately recall that
PB =PC =Pl. However, one may find it difficult to construct a line segment
equal to /D +IE. Since ID, IE are heights, perhaps we could use the area
method. Notice that

[BPCI|=[ABPI|+[ACPI]= %BP ID —%CP IE=1BP.(ID+IE).

On the other hand. [EPCI] = éEC -Plsin Z1= éBC -BPsin 21 (%)

It follows that /D + IE =BC sin Z1. Now it suffices to show that BC sin £1 =
AP sin ZBAC.



BC 4P
sin ZBAC  sin Z1

)

Is it reminiscent of Sine Rule? Shall we show that

Indeed, applying Sine Rule repeatedly gives

One sees the conclusion by showing ZABP = Z1. We leave it to the reader
to complete the proof. (Hint: £ZPBC= ZPAC= £ZPAB.)

Note: We use the fact that [BPCj]ziBC_pfgqu i (*). Indeed,

this holds for a general quadrilateral. Refer to the left diagram below where

AC, BD intersect at P. We must have [,-j_BC“D] = %;{C -BDsin 1.

Notice that [ 4BCD|=[A4BD]+[ABCD]= ITBD b+ %BD . where

h4, h, are heights from A, C to BD respectively. Notice that hy =AP sin L1
andh, =CP sin Z1 because sin Z1 = sin ZAPB. Hence,

1 L 1 U | .
[4BCD]|=—BD- (i + 1)) =—BD-(4P+CP)-sin Z1=~AC-BDsin £1.
Alternatively, one may also draw lines passing through A, C and parallel to
BD, and lines passing through B, D and parallel to AC. Refer to the right

diagram above. Notice that EFGH is a parallelogram. One sees that

[4BCcD]= %EFGH = [AEGH]= éEH -GH sin ZH. Hence, we still have

1 . .
[4BCD]=—AC-BDsin /1 since GH = AC, EH =BD and /1=/H.
Example 5.1.6 (CWMO 12) In an acute angled triangle AABC, D is on BC
such that AD L BC. Let O and H be the circumcenter and orthocenter of
AABC respectively. The perpendicular bisector of AO intersects BC extended
at E. Show that the midpoint of OH is on the circumcircle of AADE.



Insight.  Refer to the diagram on the below. Let N be the midpoint of OH.
One sees that M lies on the circumcircle of AADE. i.e.,A, M, D, E are
concyclic since ZAME = ZADE = 90°. We are to show N also lies on this
circle.

It seems easier to show the concyclicity involving M instead of E, as we
know more about M than E.

Can we show thatA, M, N, D are concyclic? Notice that M, N are both
midpoints and we have MN //AH. Hence, we should have MNDA an
isosceles trapezium. How can we show it?

Notice that we have used the condition about M and the perpendicular
bisector of AO, the midpoint N and the orthocenter H, but we have not used
the condition about O and the circumcircle. How could we relate O and the
circumcircle to A, M, N and D?

Recall that if AD extended intersects the circumcircle at D'. we have DH =
DD'. Refer to the diagram above.

It follows that DN // OD'. This implies ZADN = ZAD'O = LZOAD. Hence,
ADNM is an isosceles trapezium and the conclusion follows.

Example 5.1.7 Given a non-isosceles acute angled triangle AABC, O is its
circumcenter. P is a point on AO extended such that £ZBPA = ZCPA. Refer
to the diagram on the below. Draw PQ L AB atQ, PR L AC atR and AD L



BC at D. Show that PQDR is a parallelogram.

Insight. It is natural to consider showing PQ // DR and PR // DQ. Given
that PQ L AB and PR L AC, it suffices to show DQ L AC and DR L AB. Let
us focus on one of them, say DQ L AC : most probably a similar argument
applies for the other. How can we show that ZBAC + ZAQD =90°?

Recall ZBAC=90°- ZOBC, i.e., it suffices to show ZAQD = ZOBC. Referto
the diagram above. How are these two angles related? It seems not very
clear.

On the other hand, we are given £BPA = ZCPA. How can we use this
condition? Can you see that O, B, P, C are concyclic (Example 3.1.11)? Now
we have Z0OBC = ZAPC. Can we show LAPC= ZAQD?

One may also notice that £ CAO = £BAD. It seems that we should have
APAC ~ AQAD. Refer to the diagram below.

Proof. Itis easy to see ZCAD = £BAO (Example 3.4.1). Hence, AMAQP ~

AADC and 40 = 4D

AP  AC




Notice that £ CAO = ZBAD. We must have AQAD ~ APAC. It follows that
ZAQD= ZAPC.

Since AABC is non-isosceles, we must have PB # PC. Otherwise OP is the
perpendicular bisector of BC, which implies AB=AC. It follows that O, B, P, C
are concyclic (Example 3.1.11), which implies that ZOBC = LAPC = ZAQD.
Notice that £ OBC + £ZBAC = 90° because O is the circumcenter of AABC. It
follows that ZAQD + £BAC =90°, which implies that DQ L AC, i.e., DQ//
PR.

Similarly, DR // PQ and the conclusion follows.
O

Note: One sees that familiarity with basic facts in geometry is important
in solving this problem.

Example 5.1.8 In an equilateral triangle AABC, D is a point on BC. Let Oy, /4
be the circumcenter and incenter of AABD respectively, and O,, I, be the
circumcenter and incenter of AACD respectively. If the lines O4/; and O,/,
intersect at P, show that D is the circumcenter of AO4PO,.

Insight.  Apparently, the construction of the diagram is not simple.
Perhaps we shall consider the circumcenters and incenters separately.

Refer to the following diagrams. Can you see Z/;Al, =30° ? Can you see ¢
0, and 0, have the same radius (by Sine Rule) and hence, AO,DO, is a
rhombus?



If we focus on one triangle, say AACD with its incenter and circumcenter, we

1
have © 40D =2/C and £AI,D=90° +=s

But these two angles are the same since £C =60°! This implies A, O0,, I, D
are concyclic. Refer to the left diagram below.

A
01 I
i C
P

One sees that AO,0,D is an equilateral triangle. Hence it suffices to show
that £P = 30°. Refer to the previous right diagram. We should have £P =
Z 11 Al,. It seems that Al;Pl, is a parallelogram. Can we show it? (We have
not used the concyclicity of A, O,, /5, D.)

Proof. Since O,, I, are the circumcenter and A incenter of AACD

respectively, we have LAOD=2,C and L&IED =ap° + l vl

I



It follows that ZAO,D = ZAl,D =120° because £C =60°. Hence, A, O,, I, D
are concyclic and we have ZAl,0,= £ZADO, = 30° (because AO, = DO, and
Z£A0,D=120°).

Notice that /J, 47, = liﬁ_q.{: — 30°. which implies Z1,Al, = ZAI,0,,

i.e., Al /] O,P. SimiIarIyTAlz // O4P and Al,PI, is a parallelogram.
In particular, ZP = ZI,Al, =30°.

On the other hand, let the circumradius of AABD and AACD ber, r,
respectively. By Sine Rule, .i: 25 and L — 2y
sin ZADE s ZADC =

Notice that sin ZADB =sin ZADC (because ZADB=180°- ZADC) and AB =
AC. It follows thatr; =r, and hence, AO,DO, is a rhombus. In particular,

AO,0,Dis an equilateral triangle.

Now P —=30% = l;(}lﬂﬂq implies that P lies on the circle centered at D
= 2

with radius O4D. This completes the proof.
O

Example 5.1.9 (EGMO 12) Given an acute angled triangle AABC, its
circumcircle I and orthocenter H, K is a point on the minor arc Let L be

the reflection of K about the line AB and M be the reflection of K about the
line BC. The circumcircle of ABLM intersects ' at B and E. Show that the lines
KH, EM and BC are concurrent.

Insight. Refer to the diagram on the below. It seems not easy to show the
concurrency using Ceva’s Theorem. However, we notice that H and D are L
symmetric about BC, where D is the intersection of AH extended and I'. On
the other hand, itis given that M and K are symmetric about BC.



K D

Now it is easy to see that MD, KH and BC are concurrent, because BC is the
perpendicular bisector of HD and MK, where HD // MK. Since we are to
show the lines KH, EM and BC are concurrent, it suffices to show that £, M, D
are collinear. Notice that there are many equal angles in the diagram due to
the two circles and the symmetry of K, L and K, M. |Is there any angle related
to say the point E?

How about £ZBEM ? One sees immediately that £ZBEM = £BLM . Refer to
the diagram on the below. Since L, M are reflections of K about AB, BC
respectively, we have BK =BM =BL. It follows that £ZBLM = ZBML. Can we
show that LZBAD = £BED= £LBEM?

Unfortunately, neither £ BLM nor £BML seems directly related to £BAD.
1

Perhaps we can write /BILM =90° —— /~MBL. Notice that LMBL =
il

ZLABL + LZABM and these angles, after applying the reflections, might be

related to £BAD.

Proof. Let AH extended intersect I'at D. We know that D is the reflection
ofH aboutBC. Since M is the reflection of K aboutBC, BC is the
perpendicular bisector of both MK and HD. Hence, MK // HD. Now DHMK is
an isosceles trapezium and it is easy to see that KH, DM, BC are concurrent.
We claim that E, M, D are collinear.



Since L, M are reflections of K about AB, BC respectively, one sees that BK =
BM = BL, which implies £ZBLM = ZBMIL.

1
Now we have /BEM = ~/BLM =90° —— £MBL

=90° —é{LAﬁL + /ABM )= 90° —%[4-13K+ (£4ABC - 2ZCBM )|

1 ; ’

=90°-=[(£4BC + ZCBK )+(£4BC— ZCBK )|
=90° - LABC = £ZBAD = ZBED. Hence, E, M, D are collinear. We conclude
that KH, EM and BC are concurrent.

O
Note: One may find it difficult to show that E, M, D are collinear by
ZBME + ZBMD = 180°. Indeed, we do not know much about ZBMD or
£ BKH because K is an arbitrary point.

Example 5.1.10 (USA 12) Let ABCD be a cyclic quadrilateral whose
diagonals AC, BD intersect at P. Draw PE L AB at E and PF L CD atF. BF and
CEintersect at Q. Show that PQ L EF.

Insight. Refer to the diagram on the below. Apparently, the construction
of the diagram is straightforward, but it is not clear how we could show PQ
1 EF. Even if we extend QP, intersecting EF, it seems difficult to find the
angles at the B intersection. Perhaps we shall leave the conclusion aside
and study the diagram further.

Notice that E and F are introduced by perpendicular lines. ABCD is cyclic. If
we introduce more perpendicular lines, we should obtain more concyclicity
by the right angles. Refer to the left diagram below.



Let us draw say PG L AD atG. Refer to the right diagram above. We
immediately obtain two circles, i.e., A, E, P, G and D, F, P, G are concyclic.
Even though this seems not directly related to our conclusion, it gives us an
inspiration: what if we draw PG L EF at G instead? Perhaps we could still
obtain concyclicity and it would suffice to show that P, G, Q are collinear, or
PG passes through Q. Refer to the diagram below.

Since BF, CE intersect at Q, it suffices to show PG, BF, CE are concurrent. Is it
reminiscent of radical axes? Let '}, I';, denote the circumcircles of AEGP and

AFGP respectively. We see that PG is the radical axis of '}, I',.

If we can find another circle '; such that £Q, FQ are the radical axes of '}, I3
and I, '3 respectively, the conclusion follows. Let I'; intersect the line £EQ at
X and I, intersect the line FQ at Y. It is easy to see that X, Y are the feet of
the perpendiculars from P to EQ, FQ respectively. Can we show thatE, X, Y, F
are concyclic? This should not be difficult to as we have an abundance of
concyclicity in the diagram (for example, B, E, P, Y are concyclic because
£ BEP = ZBYP =90°) and hence, many pairs of equal angles.

Proof. Draw PG L EF atG,PX L CEatXand PY L BF atY. Clearly, E, G, P,
X are concyclic and F, G, P, Y are concyclic. We claim thatE, X, Y, F are
concyclic, which implies the radical axes EX, FY and PG are concurrent at Q
(Theorem 4.3.2) and hence, leads to the conclusion. Refer to the left
diagram below.



It suffices to show Z EXF = ZEYF. Since ZPXE = ZPYF = 90°, it suffices to
show ZPXF = ZPYE. Refer to the right diagram above. Notice that £ BEP =
ZBYP = 90°. Hence, B, E, P, Y are concyclic and £LPYE = LABD. Similarly,
ZPXF = ZACD. This completes the proof as ZABD = ZACD (angles in the

same arc).
O

5.2 Basic Techniques

Knowing the basic facts and important theorems well is important for
solving geometry problems, but is still insufficient. In fact, it is common to
see beginners who diligently learn many theorems, but do not know how to
apply those results and solve geometry problems. Indeed, many beginners
are not aware of the commonly used techniques (instead of theorems),
which are not found in most textbooks.

The following is an elementary example: NO advanced knowledge is
required to solve this problem. Can you see the clues without referring to
the solution?

Example 5.2.1 Given a quadrilateral ABCD where AD =BC and £BAC +
ZACD =180°, show that £LB= 4D.




Insight. 1t seems not easy to apply the condition £ZBAC + ZACD = 180°
since the angles are far apart. Can we put them together? If we extend the
line CD, say the lines AB and CD intersect at E, can you see that we obtain an
isosceles triangle?

If LZBAC= ZACD=90°, it is easy to see that ABCD is a parallelogram and we
have £B = ZDimmediately. Otherwise, say without loss of generality that
ZBAC < 90°, AB extended and DC extended intersect at E. Refer to the
diagram above. We have AE =CE. It seems not clear how AD =BC leads to
the conclusion because they are far apart. Can we put them together? If we
draw AF = BC, where Fis on DC extended, we obtain an isosceles trapezium!

Proof. If LBAC = £LZACD =90°, we have ABAC = ADCA (H.L.) and hence,
ABCD s a parallelogram and £B= 4£D.

Suppose ZBAC<90°. Let DC extended and AB extended intersect at E. Since
ZBAC+ ZACD=180°, we have ZBAC = ZECA and AE = CE. Choose F on the
line CD such that AF =AD. We have £ZD = ZAFD. Now BC =AD =AF gives
NABC = ACFA (S.A.S.). It follows that £B= ZAFD= ZD.

If ZBAC >90°, the lines AB and CD intersect at the other side of AC and a

similarargument applies.
O

Note: We used “cut and paste” to find clues in this problem: since £ BAC
and ZACD are supplementary, if we put them together, a straight line is
obtained. We also put the line segments AD, BC together, which gives an
isosceles trapezium. Notice that simply applying any theorem directly to
this problem will not give the conclusion.

Basic and commonly used techniques in solving geometry problems include
the following:

e  Cutand paste

When given equal line segments, equal or supplementary angles, and
sum of angles or line segments which are far apart, one may cut and
paste, moving those angles or line segments together. This technique
may give straight lines, isosceles triangles or congruent triangles.

e  Construct congruent and similar triangles.

One strategy to show equal angles or line segments is to place them in
congruent or similar triangles. If no such triangles exist in the diagram,
consider drawing auxiliary lines and construct one! Notice that any
other angles or line segments known to be equal may give inspiration
on which triangles could be congruent or similar.



Reflection about an angle bisector

When given an angle bisector, it is naturally a line of symmetry.
Reflecting about the angle bisector may bring angles and line segments
together and hence, it may be an effective technique besides “cut and
paste”.

Double the median.

Refer to the diagram on the below. Given AABC and its median AD,
extending AD to E with AD = DE gives AABE where BE =AC and ZABE =
180° - ZA.

Hence, sin ZA =sin ZABE and [AABC] = [AABE].

Moreover, (twice) the median of AABC becomes a side of AABE. This
may be a useful technique when constructing congruent and similar
triangles.

Midpoints and Midpoint Theorem

When midpoints are given, it is natural to apply the Midpoint Theorem,
which not only gives parallel lines, but also moves the (halved) line
segments around. In particular, if connecting the midpoints does not
give a midline of the triangle, one may choose more midpoints and
draw the midlines. Refer to the diagram below.




Given a quadrilateral ABCD where M, N are the midpoints of AD, BC

respectively, simply connecting MN does not give any conclusion. If we

choose P, the midpoint of BD, then PAL =l,13 and PN:lCD_
4 g,

If we know more about AB and CD, say AB =CD, then we conclude that
APMN is an isosceles triangle.

On the other hand, if midpoints are given together with right angled
triangles, one may consider the median on the hypotenuse. Example
5.1.4illustrates this technique.

Angle bisector plus parallel lines

One may easily see an isosceles triangle from an angle bisector plus
parallel lines. Refer to the diagram on the below. If AD bisects ZA, we
have £1= £2.

If AC//BD, £2= /3.t follows that AB=BD.

Notice that this technique could also be applied reversely. In the
diagram above, if we know AB =BD, then by showing AC // BD, we
conclude that AD bisects ZA.

Similar triangles sharing a common vertex

A pair of similar triangles sharing a common vertex may immediately
give another pair of similar triangles. Refer to the following diagrams
where AABC ~ AAB'C'.

AB AC

Since Z—/— —
AB' AC
see that ZBAB'= Z CAC'. It follows that AABB' ~ AACC'.

and £BAC = £B'AC" by subtracting £B'AC, we

Notice that this technique applies for the inverse as well. If we have
AABB'~ NACC', we may also conclude that AABC ~ AAB'C'.



\
\
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One may recall that we applied this technique in the proof of
Ptolemy’s Theorem, as well as in Example 5.1.7.

Angle-chasing

This is an elementary but effective technique when we explore angles
related to a circle, especially when an incircle or circumcircle of a
triangle is given (because the incenter and circumcenter give us even
more equal angles). If more than one circle is given, it is a basic
technique to apply the angle properties repeatedly and identify equal
angles far apart or apparently unrelated. Indeed, experienced
contestants are very familiar with the angle properties and are sharp in
observing and catching equal angles. (For example, can you write down
the proof of Simson’s Line quickly?)

However, one should avoid long-winded angle-chasing which leads
nowhere. If that happens, one may seek clues from the line segments
instead, say identifying similar triangles, or applying the Intersecting
Chords Theorem and the Tangent Secant Theorem.

Watch out for right angles.

When right angles are given, it is worthwhile to spend time and effort

digging out more information about them, because right angles may

lead to a number of approaches:

(1) If a right angled triangle with a height on the hypotenuse is given,
we will have similar triangles.

(2) If there are other heights or the orthocenter of a triangle, we may
find parallel lines.

(3) One may see concyclicity when a few right angles are given.

(4) If a right angle is extended on the circumference of a circle, it
corresponds to a diameter of the circle.

One should always refer to the context of the problem and determine
which approach might be effective.



Perpendicular bisector of a chord

Introducing a perpendicular from the center of a circle to a chord is a
simple technique but occasionally, it may be decisively useful. Notice
that the perpendicular bisector gives both right angles and the
midpoint of the chord.

Draw aline connecting the centers of two intersecting circles.

This is a very basic technique where the line connecting the centers of
the two circles is a line of symmetry.
Refer to the diagram on the below. Notice that 0,0, L AB and 0,0, is

the angle bisector of both ZA0,B and ZA0,B. Even though this is an
elementary result, one may apply it to solve difficult problems.

Example 3.2.13 illustrates this technique. It is noteworthy that
beginners tend to overlook this elementary property during problem-
solving, especially when the diagram is complicated.

Relay: Tangent Secant Theorem and Intersecting Chords Theorem

When more than one circle is given and there is a common chord or
concurrency, one may apply the Tangent Secant Theorem or the
Intersecting Chords Theorem repeatedly to acquire more concyclicity.
Refer to the diagrams below. Can you see C, D, E, F are concyclicin both
diagrams? Can you see that PC- PD=PA - PB=PE- PF?



Refer to the diagram on the below. If A, B, C, D are concyclic, C, D, E, F
are concyclicand E, F, G, H are concyclic, can you see that A, B, G, H are
concyclic? (Hint: PA- PB=PC-PD=PE- PF=PG- PH.)

One may recall that we applied these basic techniques extensively when
solving problems in the previous chapters. We shall illustrate these
techniques with more examples in this section.

Example 5.2.2 (ITA 11) Given a quadrilateral ABCD, the external angle
bisectors of ZCAD, ZCBD intersect at P. Show that if AD + AC =BC +BD,
then LAPD = £BPC.



Insight.  Refer to the left diagram above, where AP, BP are the external
angle bisectors of ZCAD, ZCBD respectively. How can we apply the
condition AD + AC = BC + BD? Cut and paste!

Extend DB to C' such that BC' =BC and extend CA to D' such that AD =AD"
Can you see thatC, C' are symmetric about the line PB, and D, D' are
symmetric about the line PA? (Hint: ABCC' is an isosceles triangle and PB is
the perpendicular bisector of CC'.) Now BC =BC' and AD =AD'. Refer to the
right diagram above. Can you see that AD + AC =BC +BD impliesCD' =C'D ?
Can you see that PC=PC', PD = PD' and hence, APC'D = APCD'?

Now ZLC'PD = ZCPD' and the conclusion follows. We leave the details to
the reader.

Example 5.2.3 (GER 08) Given an acute angled triangle AABC, AD is the
angle bisector of ZA, BEis a median and CF is a height. Show that AD, BE, CF
are concurrent if and only if F lies on the perpendicular bisector of AD.

Insight. We are to show AF =DF if and only if AD, BE, CF are concyclic.
Since AD bisects ZA, the isosceles triangle AADF gives AC // DF. Refer to
the diagram on the below. How can we show the concurrency?

B D C

What if we apply Ceva’s Theorem to the height CF, the median BE and the
angle bisector AD? By the Angle Bisector Theorem and AE =CE, we may
obtain the ratio of line segments leading to AC// DF.



Proof. By Ceva’s Theorem, AD, BE, CF are concurrent if and only if

Since BE is a median, it is equivalent to or

DF /] AC.

We claim that DF // ACif and only if AF = DF. In fact, since AD bisects £ZA, DF
// ACif and only if ZADF = ZCAD = ZBAD, which is equivalent to AF = DF.
In conclusion, AD, BE, CF are concurrent if and only if AF =DF, i.e., F lies on

the perpendicular bisector of AD.
O

Example 5.2.4 (BRA 08) Given a quadrilateral ABCD inscribed inside 0,
draw lines ¢4, {5 such that ¢4 and the line AB is symmetric about the angle

bisector of ZCAD, and ¢, and the line AB is symmetric about the angle
bisector of ZCBD. If 7, and ¢, intersect at M, show that OM L CD.

Insight. It is easy to see that the angle bisectors of LZCAD and £CBD
meet at the midpoint of the arc say P. Refer to the diagram on the

below. Notice that the reflections ¢, ¢, and the circle give a lot of equal
angles.

How can we show OM L CD?

It may not be wise to find the angle directly because we do not know where
OM and CD intersect. Shall we explore the angles around the circles and
seek more clues? If for example OM is the perpendicular bisector of AF
(i.e., AM =FM), then it suffices to show AF // CD.

Proof. Let P be the midpoint of Clearly, AP, BP are the angle
bisectors of LCAD, ZCBD respectively.

Let 74 and /, intersect (O at A, Eand B, F respectively.

Since , and AB are symmetric about AP, we must have ZBAP = 180° -



LEAP = LECP (because A, E, C, P are concyclic). (1)

Since P is the midpoint of we have ZPCD= £ZPAC. (2)

(1) and (2) imply that £LBAP - ZPAC = LECP - ZPCD, which gives ZBAC =
ZDCE, i.e., extend the same angle on the circumference.

This implies BC = DE and hence, BCDE is an isosceles trapezium with BE //
CD.

Since ¢, and AB are symmetric about BP, a similar argument applies which
gives AF // CD and ADCF is an isosceles trapezium. Now it is easy to see that
AEBF is also an isosceles trapezium. Notice that AM = MF and hence, OM is

the perpendicular bisector of AF. Since AF // CD, we must have OM L CD.
O

Note: If the diagram becomes complicated and the angles on the
circumference do not give clear insight, it might be easier to consider the
corresponding arcs. Notice that we showed in the proof above,

which simplifies the argument. In fact, one would easily see the isosceles
trapeziums via equal arclengths.

Example 5.2.5 Let/be the incenter of AABC. M, N are the midpoints of AB,
AC respectively. NM extended and C/ extended intersect at P. Draw QP L
MN at P such that QN // BIl. Show that Q/ L AC.

Insight. Refer to the following diagram. Notice that the angle bisector C/
and the parallel lines BC// MN give PN =CN.

Since (7 = l‘{{:‘_ we must have ZAPC =90°.
7

GivenPQ L PN, i.e., LZQPN = 90° = ZAPC, one immediately sees that
ZQPI= ZAPN. Since we are to show Q/ L AC, we should have ZPIQ = 90°
- ZLACI= ZPAC.



Hence, we should have AAPN ~ AIPQ.

. . P . .
Can we show it, say via 7 Notice that AP, PN, IP, PQ are the sides

T

of the right angled triangles AAPI and APQN. Indeed, if we can show that
AAPI~ ANPQ, it follows that AAPN ~ AIPQ.

We have not used the condition QN // Bl yet. Perhaps this could help us to
find an equal pair of angles in AAPI and ANPQ.

Proof. Since Cl bisects ZC and BC // MN, we have £ZNCP = £BCP =
ZNPC, i.e., PN =CN. Since N is the midpoint of AC, we have PN =AN =CN
and hence, ZAPC=90° (Example 1.1.8).

Sincel is the incenter of AABC, we have L{IC:Q{J*+%;4BC and

hence, ZAIP=180°- LAIC=90°- ZABC=90°- ZCBI.

Notice that £ZCBI = ZPNQ (because MN // BC and Bl // QN). Hence, ZAIP =
90° - ZPNQ = ZPQN. Since ZAPC = ZQPN = 90°, we must have AAPI ~
ANPQ. Refer to the diagram below.

AP IP
Now we have — =—— and ZQPI = Z4PN.
PN PO

It follows that AAPN ~ AIPQ.

Let QI extended intersect AC at D. We have ZCID = £PIQ = LPAC =90° -
ZLACl, i.e., ZCDI=90°. This completes the proof.

a
Example 5.2.6 (HEL 09) Let O, G denote the circumcenter and the centroid
of AABC respectively. Let the perpendicular bisectors of AG, BG, CG
intersect mutually at D, E, F respectively. Show that O is the centroid of
ADEF.



Insight. Refer to the diagram below. What can we say about O and ADEF ?
O is the circumcenter of AABC where ADEF is constructed by the
perpendicular bisectors of AG, BG, CG. Can you see the link between
perpendicular bisectors and circumcenters? Indeed, one immediately
concludes thatD, E, F are the circumcenters of ABCG, AACG, NABG
respectively.

How can we show that O is the centroid of ADEF ? Let DO extended intersect
EF at P. If we can show that EP =FP (which should be true), perhaps it is
similar to show thatEO, FO pass through the midpoints of DF, DE
respectively. Notice that we have many right angles in the diagram, which
give alot of concyclicity.

Let L be the midpoint of BC. Can you see that ZCAL= ZOEP and £LACB =
ZEOP ? What can you say about AACL and AEOP ? How about AABC and
ADEF ?

Proof. It is easy to see that D, E, F are the circumcenters of ABCG, AACG,
DABG respectively. Let L, M, N be the midpoints of BC, AC, AB respectively.
Notice that the lines DL, EM, FN are the perpendicular bisectors of BC, AC,
ABrespectively and hence, intersect at O. Let DL extended intersect EF at P.
We claim that P is the midpoint of EF.

Let AG intersect EF atQ. Since AG L EF andEM L AC, A, E, M, Q are
concyclicand hence, ZCAL= ZOEP. (1)

Since £ZCLO + £ZCMO = 180°, we also have C, L, O, M concyclic and hence,
LACL= LEOP. (2)



(1) and (2) give AACL ~ AEOP and hence, (3)

Similarly, one sees that AABL ~ AFOP and hence, (4)

(3) and (4) imply EP =FP, i.e., DO extended passes through the midpoint of
EF. Similarly, EO extended and FO extended pass through the midpoints of
DF and DE respectively. We conclude that O is the centroid of ADEF. .
Note: Even though we did not explicitly double the median in the proof
above, it is essentially the technique we applied. Refer to Example 1.2.11,
where AABC and AAEF are related in a similar manner as AABC and AOEF in
this example. Refer to the diagram on the below. If we extend ALto A' such
thatAL =Al', can you see AACA' ~ AEOF ? Notice thatP andlL are
corresponding points because ZACL= ZEOP.

One may also show that ADEP ~ ACGL and ADFP ~ ABGL, which also leads to
the conclusion.

Example 5.2.7 Let Iy, I, I'3 be three circles such that I}, I, intersect atA
and P, T, [ intersect at C and P, and 'y, 3 intersect at B and P. Refer to the
following diagram. If AP extended intersects I'; at D, BP extended intersects
ry atE and CP extended intersects T, atF, show that
_{P+BPJ_ CP =

that | =
AD BE CF




Insight. We focus on first. Since we do not have much information

about the line segments, we may consider re-writing the ratio by areas of
triangles.

AP [A4PF]
AD  [A4DF|’

For example.

However, applying this toﬁ and E gives ratios of no common
F

denominator and hence, it is not easy to calculate the sum.

Perhaps we should use the triangles independent of AD, BE, CF. Notice that
AP, BP, CP are common chords of circles. How about connecting the centers
of the circles? It gives us the perpendicular bisector of the common chords.
Refer to the diagram below, where we denote the centers of ', I, I3 by Oy,
0,, O3 respectively. If we draw OzH L AD, it is the perpendicular bisector of

DP. Hence, ik = E_This seems closely related to A0,0,03.

AD HP




Proof. Let 04, 0,, O3 denote the centers of Iy, I'), I3 respectively. Let
0,0, intersect AP at M. Clearly, AM = PM. Draw O3 L DP at H.

Itis easy to see that DH = PH. Hence, MH = l{_,a'P+ DP)= ld}j_
2 i
L ip
Now AP _2°7 _PM _ [A0,0,P] |
AD Lap HM  |AO,0,H|

Fa

Notice that {golglﬂjz [ﬁqozﬂs]= %'9192 . MH, because 0,0, 1 AD

AP [A0,0,P]
4D  [A00,04]

and Os;H L AD, i.e., 010, // O3H. It follows that

Smmilarly. i B [é.OlO3F} and £ _ EﬂﬂzgiP] :
) [400,0,] " CF  |A0,0,04]

Refer to the diagram below.



The conclusion follows as [&G’-DEP]+[‘EQO3P]+ [‘ﬁD!OEP]
[4010,05]

a

Example 5.2.8 (CHN 07) Let AB be the diameter of a semicircle centered at
0. Given two points C, D on the semicircle, BP is tangent to the circle,
intersecting CD extended at P. If the line PO intersects CA extended and AD
extended at E, F respectively, show that OF = OF.

Insight.  Clearly, AO =BO. One sees that AEBF should be a parallelogram.
How can we show it? Refer to the left diagram below. Perhaps the most
straightforward way is to show ZABE = ZBAF.

By applying circle properties, we obtain many equal angles, for example
4 BAD = £BCD and £BDC = £BAE. It seems that we should have ABDC ~

AEAB. Refer to the right diagram above. Can we show it by considering the
BD AE

sides, say —— — 2 Unfortunately, this is not easy because we do not
CD AR



know much about CD or AE.

On the other hand, we have not used the condition BP L AB. This is when
drawing a perpendicular to the chord becomes handy: we bisect CD and
obtain a right angle as well. Notice that the midpoint of CD and O should be
corresponding points in ABDC and AEAB.

Proof. Draw OM L CD at M. We have CM =DM. Since BP L AB, we have
B, O, M, P concyclic and hence, £BMP = £LBOP = LAOE. (1) Since A, B, D, C
are concyclic, we have £BDC = ZBAE. (2)

] = E Refer to the

A0 DM

(1) and (2) imply that ABDM ~ AEAO and hence,

following diagram.

Since O and M are midpoints of AB, CD respectively, we have

AE AE By  BD

= = B )
AB 240 2DM CD

(2) and (3) imply that ABDC ~ AEAB. Hence, £ZBCD = ZABE.
Since ZBCD = ZBAD, we must have ZBAD = ZABE.

One sees that AAOF = ABOE (A.A.S.) and hence, OF = OF.

a
Example 5.2.9 (IRN 09) Given an acute angled triangle AABC where AD, BE,
CF are heights, draw FP L DE at P. Let Q be the point on DE such that QA =
QB. Show that ZPAQ= £ZPBQ= £PFC.

Insight. Refer to the diagram on the below. Clearly, ZPAQ = £ZPBQ if and
only if A, B, Q, P are concyclic. We are given many perpendicular lines, but
we should not draw all the lines explicitly: otherwise, the diagram will be in



a mess. Notice that there are a few concyclicity due to the right angles. For
example, A, B, D, E are concyclic.

P!
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Can you see that the circumcircle of APQF passes through M, the midpoint
of AB? (Hint: QM is the perpendicular bisector of AB.) Can you see that that
the circumcircle of ADEF pass through M as well? (Hint: Consider the nine-
point circle of AABC.) Suppose BA extended and DE extended intersect at X.
Perhaps we can apply the Tangent Secant Theorem repeatedly and show
that A, B, Q, P are concyclic.

How about ZPFC ? Can you see that LZPFC = £X, because FP L DE and CF
1 AB?

Proof. Clearly, Q lies on the perpendicular bisector of AB. Let M be the
midpoint of AB. We must have QM L AB. Since FP L DE, F, M, Q, P are
concyclic. Let the lines AB and DE intersect at X. By the Tangent Secant
Theorem, XP - XQ =XF - XM. (1)

Itis well known that A, B, D, E are concyclic and hence, we have XA - XB = XD
- XE. (2) Notice that D, E, F, M are concyclic because they lie on the nine-
point circle of AABC. Hence, XD - XE =XF - XM. (3) Refer to the diagram on
the below. (1), (2) and (3) give XA - XB=XP - XQ.




Hence, A, B, Q, P are concyclicand £ZPAQ= £PBQ.

Let H denote the orthocenter of AABC. Consider the right angled triangle
AFHX . Since FP L HX, we have ZPFC = ZX . Refer to the left diagram
below. It suffices to show ZX=ZPAQ.

Notice that £LX = ZPAB- ZAPX, where LZAPX = LABQ = £ZBAQ. It follows
that £X = LPAB - ZBAQ = ZPAQ. Refer to the right diagram above. This

completes the proof.
O

5.3 Constructing a Diagram

Most geometry problems in competitions held recently were presented in
descriptive sentences without any diagram. Contestants are expected to
construct the diagram on their own, usually with a straightedge and a
compass allowed. Indeed, a well-constructed diagram is very important, if
not indispensable, for solving a geometry problem: it not only helps in
seeking geometric insight (for example, catching equal angles around a
circle), but also gives inspiration on what could or should be true.

Constructing a diagram with only a straightedge and a compass involves a
lot of skills. For example, given 70 and a point P outside the circle, do you
know how to introduce tangent lines from P to (0 accurately? (Hint: Draw
acircle F'where OP is a diameter. Let (O and I'intersect at A, B. Can you see
that PA, PB are the tangent lines from P to O, because the diameter OP
extends right angles on the circumference of I ? Refer to the diagram on the
below.)



In this section, we shall introduce a few techniques (related to the diagram)
which one may find useful.

Turn the paper around.

If one thinks there might be symmetry in the diagram constructed but
cannot see it clearly, a wise strategy is rotating the diagram (by turning
the paper around) to the upright position, for example, with respect to
the angle bisector, the perpendicular bisector or the line connecting
the centers of two intersecting circles. Usually, the symmetry would
become clearerin this view.

This technique is also helpful for beginners to catch the geometric
insight. It is common that beginners cannot identify similar triangles or
equal tangent segments if a (complicated) diagram is drawn in an
obligue manner. Hence, by turning the paper around, one may observe
the diagram more thoroughly and find clues more easily.

Coincidence and equivalent conclusions

Occasionally, finding a direct proof could be difficult (or infeasible due
to technical difficulties). Hence, one may consider showing an
equivalent conclusion instead by coincidence. For example, if showing
that a line ¢ passes through a specific point X on a circle T is difficult,
one may let ¢ intersect I' at X' and show that X and X' coincide. In fact,
this technique is often applied when showing collinearity and
concurrency, and is also illustrated in Example 1.4.3.

Uniquely determined points

It is an advanced technique to examine the diagram and check how it
could be constructed and which points (and angles, line segments,
etc.) are uniquely determined by the given conditions. For example,
given acircle I'and a point O outside [, if we are to construct ;0 which
touches I, then it is easy to see that the point of tangency, called P, is
uniquely determined. In fact, P lies on the line connecting O and the



center of I. Notice that OP, the radius of 0, is also uniquely
determined.

Although this technique may not help the problem-solving directly, it
gives clues on how the diagram could vary and which points and line
segments are more closely related. Acquiring such insight may greatly
help us understand the diagram, identify the links and design an
effective strategy leading to the solution.

Example 5.3.1 (RUS 09) Let 0 be the circumcircle of AABC. D is on AC
such that BD bisects ZB. Let BD extended intersect (O at E. Draw a circle T
with a diameter DE, intersecting (O at E and F. Draw aline § such that the
line BF and ¢ are symmetric about the line BD. Show that ¢ passes through
the midpoint of AC.

Insight. Refer to the diagram on the below. Notice that there are a few
symmetries in the diagram due to the angle bisector.

Suppose ¢ intersects AC at M (which should be the midpoint of AC). It
seems from the diagram that M lies on I'as well! Can we show it?

On the other hand, it may not be easy to show AM = CM directly because we
do not know much about the point M. How about choosing M as the
midpoint of AC ? Would it be easier to show BD bisects ZMBF ? (We can
probably apply the angle properties about 30 and ")

Notice that E is the midpoint of the arc and hence, EM is the
perpendicular bisector of AC.

Proof. LetM be the midpoint of AC. Let BM extended intersect 0 at G.
Since BE bisects ZABC, E must be the midpoint of . Hence, EM is the

perpendicular bisector of AC. We claim that BM coincides with ¢, i.e., BE

bisects ZFBG. Notice that it suffices to show that F and G are symmetric
about EM, or equivalently, ZEFM = £ G. Refer to the left diagram below.



Since EM L AC, M must lie on T where DE is a diameter. It follows that
ZEFM=ZEDM=/ZCBD+ /£C=/ZABD+ ZC.

Refer to the right diagram above. Notice that £LABD = ZAGE and ZC =
ZAGB. It follows that ZABD + £ZC = LAGE + ZAGB = ABGE. This

completes the proof.
O

Note:

(1) Given and @0, Eand M are determined regardless of the choice of
B. By choosing D, other points including B, F and G are determined.
Hence, it is a wise strategy to explore the properties of angles around
D.

(2) By rotating the diagram, one may see the symmetry about the line EM.
Refer to the diagram on the below. Let FM extended intersects =0 at
B'. Notice that BG and B'F are symmetric about the line EM.

Example 5.3.2 LetP be a point inside AABC such that LAPB - LZACB =
ZAPC- ZABC. Let I1, 1, be the incenters of AAPB, AAPC respectively. Show
that AP, Bl4, Cl, are concurrent.

Insight.  Apparently, the conditions given are unusual, not easy to apply
and unrelated to the conclusion. In fact, we do not even know how to
construct such a diagram. Let us focus on the conclusion: we are to show AP,



Bl,, Cl, are concurrent. Since Bl,, Cl, are angle bisectors of ZABP, ZACP
respectively, it suffices to show that these angle bisectors intersect AP at
the same position.

Refer to the left diagram above. Let us draw AABP first where BQ is the
angle bisector of ZABP. We shall find a point C such that CQ bisects ZACP.

AC A4
What conditions must C satisfy? For example, we must have — = —Q In
PO
this case, we see that it suffices to show which leads to the

conclusion.

Now we are to apply the condition LZAPB- LACB= £LAPC - LABC. Notice
that these angles are far apart. Can we bring them together? Refer to the
left diagram below. Notice that £ APB - LACB = £1 + £2 and LAPC -
ZLABC= 43+ L4 Hence, L1+ £2=/3+ L4,

B C B C

It seems these angles are still far apart. Recall that if P is the orthocenter,
then we have £1= Z2and £3= Z4.Referto the right diagram above. This
is because the perpendicular lines imply concyclicity and give equal angles.
For a general P, there are no perpendicular lines given, but perhaps we can
introduce some!



Proof. Refer to the diagram on the below. Since ZAPB - LACB = £1 +
Z2and LAPC- LABC=/3+ /24, wehave L1+ /£2=/3+ ZA4.

LetD, E, F be the feet of the perpendiculars fromP toBC, AC, AB
respectively. Since Z AFP = ZAEP = 90°, A, F, P, E are concyclic and £1 =
ZEFP. Similarly, £2 = ZDFP. It follows that £1+ £2 = ZEFP + ADFP =
ZDFE. A similar argument gives £3 + £4 = ZDEF. Now £DEF = ZDFE and
we must have DE = DF.

By Sine Rule, (since BP is a diameter of the circumcircle of

ABDF). Similarly, L —CF. Since DE =DF, we have

sin S~ 4CH

szmli‘{fﬁ:‘iﬁ by applying Sine Rule to AABC. Hence,
CP smAZ4BC AC

By the Angle Bisector Theorem, the angle bisectors of ZABP

and ZACP must intersect AP at the same point. (Otherwise, say they

intersect AP at X, Y respectively, we have :ﬁ_ which

FY
implies X, Y coincide.) This completes the proof.

O
Example 5.3.3 Refer to the diagram on the below. 30, and =0, intersect
atA and B. 03 touches 30, and 0, atC, D respectively. A common
tangent of (304 and (30, touches the two circles at E, F respectively.



If the lines CE and DF intersect at P, show that P lies on the line AB.

Insight. One sees that AB is the radical axis of 70, and (30, . Hence, it
suffices to show that the powers of P with respect to (30, and (5,0, are the
same, i.e., PC - PE =PD - PF (or by the Tangent Secant Theorem if one is not
familiar with the power of a point with respect to circles). However, the
difficulty is that we do not know the position of P and hence, we cannot
calculate PC, PD, PE, PF directly.

Refer to the diagram on the below. (We omit A, B to have a clearer view of
the angles.) It seems from the diagram that P, the intersection of the lines
CE and DF, lies on (305 . Can we prove it?

Since (05 is tangent to (04 and 0,, the line connecting the centers of
the circles must pass through the point of tangency, i.e., 0,05 passes
through C and 0,05 passes through D. Notice that Z CO3D is an angle at the
center of 03. Now P lies on (=) O3 if and only if ZCO3D =2ZCPD. Can we
show this?

Notice that £ CO3D could be calculated via the pentagon 0;030,FE (which



has two right angles) and ZCPD could be calculated via AEPF.

If we denote Z04EC = a and ZO,FD = B, all the interior angles in the
pentagon 0,030,FE and AEPF could be expressed in a,B, (using the fact that
AO,CE and AO,DF are isosceles triangles). Refer to the diagram on the
below.

/t’?\ &T\

I..II

/K;J

'l

\\&__ if /

P

On the other hand, if P indeed lies on 03, we have similar isosceles

triangles AO,CE ~ AO3CP and AO, DF ~ AO3DP. Now andE and %
CE

DF
could be expressed using the radii of 04, 0, and :;03. We should not

be far away from the conclusion.

Proof.  First, we claim that P lies on (305. Let Z0,EC = a and ZO,FD = B.
Consider AEPF. We have

£ CPD=180°- £ CEF- ZDFE=180°-(90° - ) - (90° - B) =a + P .

On the other hand, by considering the pentagon 0,0;0,FE, we have
£ CO3D=540° - £LOEF - LO,FE- £CO.E~ £DO,F

=540° - 90° - 90°~(180° - 2a) - (180° - 2B) = 2(a +B)=2LCPD.
Hence, Plies on 03 (Theorem 3.1.1).

Now it is easy to see that AO,CE ~ AO3CP since both are isosceles triangles
and £0,CE = £L05CP =a. Similarly, AO,DF ~ AO3DP.

Let the radii of 304, @0, and 303 be a, b, c respectively. Let CE =x and DF
=y. We have E:i 1e. PC :E.Similarly, PD = E
CE a a b



x/2

Consider AO;CE. We have X _ 5 = _ 5 5e Similarly,%: 2cosf.
a a

PC  2coso-c  CoOs

¥

= = . On the other hand, applying Sine Rule in
PD 2cosP-c cosp

APEF gives PE _sin ZPFE _ cos &

PF  sin ZPEF cosa

Now

It follows that orPC-PE=PD- PF.

Now the power of P with respect to 0, and 0, are the same, which
implies that P lies on the line AB, the radical axis of 304 and 0,.
O

Example 5.3.4 (CHN 10) Refer to the diagram on the below. 0 is tangent
to AB at H. Draw a semicircle with the diameter AB, touching 0 atE. Cis a
point on the semicircle such that CD L AB atD and CD touches 0 atF.

Show that CH2 = 2DH - BH..

A H D b

Insight.  Clearly, ZBCH is not 90°, but if it were, we could have concluded
CH*=DH- BH . Now we are to show CH2=2DH - BH..

Hence, if one draws PC L CH at C, intersecting AB extended at P, we should
have PH = 2BH, i.e., BH = BP. Can we show it? Refer to the diagram on the
below. It seems we do not have many clues about BH and BP, although
there are many points of tangency given in the diagram.

One may find equal angles or apply the Tangent Secant Theorem, but those
are not directly related to BH or BP. Perhaps we should study the diagram



more carefully and see how it could be constructed.

Suppose we are given ;0. Notice that if we choose AB casually, the
semicircle may not touch 0. In fact, once the center of the semicircle,
called 04, is chosen, the positions of A, B, E (and C, F) are uniquely
determined. Refer to the left diagram below. Can you see that OFDH is a
square?

—
My,

GF\
|
H

D O, B

Since E is the point of tangency, O, O,, E are collinear. Since OF // AB, the
isosceles triangles AOEF and AO4EB are similar, which implies B, E, F are
collinear! Now we have plenty of clues to apply the Tangent Secant
Theorem. Refer to the right diagram above. One sees that BE - BF = BH?. Can
you see that BE - BF =BA - BD because A, D, F, E are concyclic? Can you see
that BA - BD = BC%?

|
I
E H D B r

It follows that BC = BH. This is almost what we want. Refer to the diagram on
the below. Can you see why BH=BP ?

Proof. LetO, be the midpoint of AB. Extend AB to P such that BH =BP.
Connect OF and O4E. Itis easy to see that O,E passes through O. Refer to the
diagram below.




Since OF L €D and AB L CD, we must have OF // AB and hence, ZEOF =
Z EO4B. Since AOEF and AO4EB are both isosceles triangles, we have ZOFE
= £ 04BE. It follows that B, E, F are collinear.

Connect AC, BC and AE. Notice that ZACB= ZAEB= ZADC = 90°. Hence, A,

D, F, E are concyclic. Now BC? =BD -BA (Example 2.3.1) =BE - BF = BH?
(Tangent Secant Theorem). Hence, BC = BH.

Notice that BC = BP = BHimplies CH L CP (Example 1.1.8). Now we have CH?

=DH - PH=DH - 2BH. This completes the proof.
O

Example 5.3.5 LetP be a point inside the cyclic quadrilateral ABCD such
that £ZBPC= £ BAP+ ZCDP.Draw PE L ABatE, PF L AD atFand PG L CD
at G. Show that AFEG ~ APBC.

Insight.  Refer to the diagram on the below. It seems ZBPC = ZBAP +
ZCDP is not a straightforward condition. How can we show AFEG~ APBC? It
should be via equal angles or sides of equal ratio. One easily sees that A, E,
P, F are concyclicand D, F, P, G are concyclic. Can you see that £ZBPC = ZEFG
? What else can we derive from £BPC = £LBAP + ZCDP ? Even though this
condition is not straightforward, it seems the only source for us to
understand the diagram. (Notice that E, F, G could be obtained simply by
drawing circles using AP, DP as diameters.) Hence, we shall explore further
about this condition.

B [

One sees that £BPC, £BAP, ZCDP are either an angle around P, or an
angle inside ABCD, both of whom might give 360° :

ZAPB+ ZCPD=360°- ZBPC- ZAPD (1)
ZAPB+ £ CPD=(180° - ZABP - ZBAP) +(180° - ZCDP - ZDCP) (2)

(1) and (2) give LAPD = LABP + ZDCP. This is a symmetric version of what
is given. Is it useful? Perhaps we shall examine the construction of our
diagram, i.e., how can we locate a point P such that ZBPC = £ZBAP + £ZCDP
? By taking £BPX = ZBAP, we must have PX tangent to the circumcircle of



AABP at P (Theorem 3.2.10). Refer to the diagram on the below.

Now we construct another circle tangent to the circumcircle of AABP atP
(which is simple because the line connecting the centers of the two circles
must be perpendicular to PX). This circle intersects the circumcircle of AABC
at D because ZCDP = ZCPX.

In conclusion, given AABC and P, D is uniquely determined and PX should be
a common tangent of the circumcircles of AABP and ACDP.

Since ABCD is cyclic, we now have three circles, whose radical axes should
be concurrent (Theorem 4.3.2). Refer to the left diagram below. Can you see
similar triangles in this diagram involving BP and CP, for example, AQAP ~

AQPB and AQDP ~ AQPC ? Recall that we are to show What do

we know about EF and FG?

Refer to the right diagram above. Since A, E, P, F are concyclic where AP is a



diameter, we have EF =AP sin ZBAD (Sine Rule). Similarly, FG =DP sin
ZADC. Now AP, BP, CP, DP are related by similar triangles. It seems we
have gathered all the links!

Please note that in the formal proof, one should also consider the case if AB
// CD or if AB, CD intersect at the other side of line AD, i.e., our argument
should not depend on the diagram.

Proof.  First, we claim that the circumcircles of AABP and ACDP touch at P.
Let PX be tangent to the circumcircle of AABP at P. We have £ BPX = ZBAP.
Refer to the diagram on the below.

We also draw PY tangent to the circumcircle of ACDP at P, which implies
ZCDP = ZCPY. It follows that ZBPC= £ZBAP+ ZCDP = ZBPX+ ZCPY, i.e.,
P, X, Y are collinear. This is only possible if the circumcircles of AABP and
ACDP are tangent at P.

Consider the lines AB and CD.
Case |: BA extended and CD extended intersect at Q.

Refer to the diagram on the below. Since ABCD is cyclic, QA - QB =QC - QD,
i.e., the power of Q with respect to the circumcircles of AABP and ACDP are
the same. Hence, QP must be tangent to both circles.



Itis easy to see that AQAP ~ AQPB.

Hence, (1)

Do QP
DP CP’

Similarly, AQDP ~AQPC and we have —= (2)

Since LAEP = ZLAFP=90° A, E, P, F are concyclic where AP is a diameter. By

Sine Rule, L: AP ie EF=APsin ZBAD.

sin S BAD

Similarly, FG=DP sin LADC.

EF APsmZBAD AP sm/QAD AP DQ
FG DPsin/ADC DP sim/ QDA DP AQ
EF BP PQ BP
FG PQ CP CP

It follows that

By (1) and (2), we have

Case lI: AB extended and DC extended intersect at Q.

Refer to the left diagram below. A similar argument applies and we still
EF EP

have —/—_ —

FG CP’



|

|
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Case lll: AB// CD

Refer to the right diagram above. We see that ABCD is an isosceles
trapezium (Exercise 3.1) and E, P, G are collinear (Example 1.1.11). We still
have the circumcircles of AABP and ACDP tangent at P. Now the radical axes,
two of which are AB, CD, must be parallel (Theorem 4.3.2). Hence, AB, CD
are perpendicular to the line connecting the circumcenters of AABP and
ACDP. 1t follows that P lies on the perpendicular bisectors of AB and CD,
which implies AP =BP and CP = DP.

Since A, E, P, F are concyclic where AP is a diameter, we still have EF = AP sin
Z BAD and similarly, FG=DP sin ZADC.

Since AB // CD, we have sin ZBAD =sin ZADC because ZBAD and ZADC

EF AP BP
are supplementary. Now = = :
FG DP (P
In conclusion, E = E holds in all cases.
Gy CP

Now Z£BPC = £LBAP + LCDP = LEFP + £ZGFP (angles in the same arc) =
Z EFG. We conclude that AFEG ~ APBC.

a

5.4 Exercises

1. Given an acute angled triangle AABC and its circumcenter O, BD, CE are
heights. Show that AO L DE.

2. Given a semicircle centered at O whose diameter is AB, draw OP L AB,
intersecting the semicircle at P. Let M be the midpoint of AP. Draw PH L

BM at H. Show that PH? = AH - OH.

3.(IND 94) Let/be the incenter of AABC and the incircle of AABC touches



BC, AC at D, E respectively. If Bl extended and DE extended intersect at P,
show that AP L BP.

4. (AUT 09) Given an acute angled triangle AABC where D, E, F are the
midpoints of BC, AC, AB respectively and AP, BQ, CR are heights. Let X, Y, Z
be the midpoints of QR, PR, PQ respectively. Show that DX, EY, FZ are
concurrent.

5. Given a non-isosceles acute angled triangle AABC and its circumcircle (=0,
H is the orthocenter of AABC and M, N are the midpoints of AB, BC
respectively. If MH extended and NH extended intersect O atP, Q
respectively, show that P, Q, M, N are concyclic.

6. Given a right angled triangle AABC where ZA =90°, AD L BC at D. Let the
radii of the incircles of AABC, AABD, AACD be r, ry, r, respectively. Show that

r+ri+ry=AD.

7. Given a rectangle ABCD where AB =1 andBC = 2,P, Q are onBD, BC
respectively. Find the smallest possible value of CP + PQ.

8. Given an acute angled triangle AABC and its orthocenter H, M is the
midpoint of BC. Draw a line ¢ passing through H and perpendicular to MH,
intersecting AB, AC at P, Q respectively. Show that His the midpoint of PQ.

9. Let P be a point outside 0 and PA, PBtouch 0 at A, Brespectively. Cis
a point on AB and the circumcircle of ABCP intersects 30 at B and D. Let Q
be a point on PA extended such that OP = 0Q. Show that AD // CQ.

10. Given an acute angled triangle AABC and its circumcircle, AD, BE are
heights. X lies on the minor arc If the lines BX and AD intersect at P, and

the linesAX andBE intersect atQ, show thatDE passes through the
midpoint of the line segment PQ.

11. Given aright angled triangle AABC where ZA =90° and its circumcircle T,
PisapointonTand PH L BCatH. D, Eare points on I'such that PD = PE = PH.
Show that DE bisects PH.

12. Let AB be a diameter of (0. P, Q are points outside the circle such that
PA intersects ;0 at C, PB extended intersects 30 at D and QC, QD touch
O at C, D respectively. If AD extended and PQ extended intersect at E, show
that B, C, E are collinear.

13 (CHN 12) Let I be the circumcircle of AABC and/ be the incenter of
AABC. Let Al extended and Bl extended intersect I' at D, E respectively. Draw



aline g4 passing through / such that ¢, // AB. Draw a line ¢, tangent to l'at C.
If 74,1, intersect at F, show that D, E, F are collinear.

14. In AABC, LA = 90° . D, E are on AC, AB respectively such that BD, CE
bisect £B, ZC respectively. Draw AP L DE, intersecting BC at P. Show that
AB-AC=BP-CP.

15. Given a parallelogram ABCD, the circumcircle of AABD intersects AC
extended at E. P is a point on BD such that ZBCP = ZACD. Show that ZAED
= £ BEP.

16. Let CD be a diameter of (0. Points A, B on (-0 are on opposite sides of
CD. PC is tangent to O atC, intersecting the line AB at P. If the lines BD
and OP intersect at E, show that AC L CE.

17. Refer to the diagram on the below. Given a cyclic quadrilateral ABCD,
where BA extended and CD extended intersect at P, E, F lie on CD. Let G, H
denote the circumcenters of AADE and ABCF respectively. Show that if A, B,
F, E are concyclic, then P, G, H are collinear.




Chapter 6

Geometry Problems in Competitions

We have included a number of geometry problems from competitions in
the previous chapters as examples. One may see that those problems are
generally much harder than the standard exercises: simply applying a
known theorem will not be an effective strategy. It could be difficult to
even relate the conclusion to the conditions given. Indeed, this is a major
obstacle encountered by the beginners: how to start problem solving? On
the other hand, reading the solutions provided does not seem to be
inspiring. Those solutions are usually written in an elegant and splendid
manner, but do not show the beginners how one can think of such a
solution.

One definitely finds it useful to be familiar with the basic skills and
commonly used techniques illustrated in the previous chapters. Besides,
we will introduce a few strategies in this chapter to tackle challenging
geometry problems, while elaborating these strategies with examples from
various competitions in the past years. Our focus is to seek clues and
insights for each problem and hence, carry out the strategy which gradually
leads to the solution.

6.1 Reverse Engineering

Not all competition questions are unreasonably difficult. Indeed, for those
(relatively) easy questions, one simple but effective strategy is reverse
engineering. This includes the following:

e  Expect what the last step of the solution could be.

For example, if we are to show concyclicity, it could be concluded by
equal angles, supplementary angles or line segments which compose
of the Tangent Secant Theorem or the Intersecting Chords Theorem. If
we are to show collinearity, it could be concluded by either Menelaus’
Theorem or supplementary angles. If we are to show equal line
segments, it could be concluded by isosceles, congruent or similar
triangles.



Knowing the sketch of (the last part of) the proof gives inspiration on
what intermediate steps one may expect and attempt to show.

e Discover what should be true by assuming the conclusion is true.

Of course, the conclusion to be shown should be true. Hence, by
assuming this extra condition, we may discover what should be true
(but is yet to be shown). For example, if we are to show equal angles
and we assume they are, we may find a pair of triangles which should
be similar. Now showing the similar triangles (say by line segments in
ratio) leads to the conclusion!

e Simplify the conclusion (“It suffices to show...”).

One shall always attempt to link the conclusion to the conditions given.
Writing down “it suffices to show...” could transform the conclusion,
moving it towards the given conditions.

Unfortunately, there is often more than one way to approach the
conclusion or the intermediate steps, while most approaches will not
lead to a complete proof. Be resilient and do not give up easily! It is
common for even the most experienced contestants to have a few
failed attempts before reaching a valid proof.

Example 6.1.1 (HRV 09) Given a quadrilateral ABCD, the circumcircle of AABC
intersects CD, AD atE, F respectively, and the circumcircle AACD intersects
AB, BC at P, Q respectively. If BE, BF intersect of PQ atX, Y respectively,
show that E, F, Y, X are concyclic.

Insight. We are not given much information besides the two circles.
Hence, it is natural to expect a proof by the angle properties. Refer to the
diagram on the below.

Since we do not know much about ~EXF or ~EYX, can we show that ~FYP =
~FEX? /FECis on the circumference of a circle, but FYP is not. However,



one may write ~FYP= ~PBY+ ~BPY.

Proof. Refer to the diagram on the below. Since A, B, E, Fare concyclic,
we have ~BEF=180°- ~BAF= _+ABF+ ~AFB.
Notice that ~AFB = ~ACB = BPY (because A, C, Q, Pare concyclic). Hence,

~BEF= +ABF+ ~BPY= FYP.Itfollows thatE, F, ¥, X are concyclic. -

Note: There is more than one way to solve this problem. For example,
one sees that ZFYP = ZPBY + ZBPY = LACF + LACB = /BCF = /BEF,
which also leads to the conclusion. Indeed, it is an effective strategy to
apply reverse engineering for this problem, i.e., repeatedly simplifying the
conclusion by writing down “it suffices to show...” which eventually leads to
aclear fact (about angles) and completes the proof.

Example 6.1.2 (SVN 08)ABCD is a trapezium where BC // AD and AB | BC.

It is also given that AC | BD. Draw AE | CD, intersecting CD extended at E.
BE AD-BD
Show that =

CE BD’-4D’

Insight.  Refer to the diagram on the below. One immediately sees

and hence, we are to show BE = AD"?D
CE AR
E
¢
1,7 "1 Np
/
f
/
{
B B
Can we simplify ? If yes, the problem may be solved by similar

triangles.



How is AB related to AD and BD? Can you see that AB?> = AD - BC?

Proof. Itis easy to see Hence, we have ,

o r AB2 =AD - BC. It follows that
AD-BD ;ID-BD_.&D-BD_BD

BEEDE —B%DE 482  AD-BC BC
BE _8Y or ABCD ~ AECB.
CE BC

Since LAEC = ZABC =90°, we have A, B, C, Econcyclic and hence, £ZCBD =
ZBAC= ZCEB. Now ABCD ~ AECB and the conclusion follows.

. Now it suffices to show

a

Note: If one writes AB% =BD - BF where AC and BD intersect at F, it may

not be easy to show because it is not clear how AD is related to

BE or CE. Hence, AD should be cancelled out, i.e., we shall write AB%2=AD - *,
Now it is easy to see that * is BC.

Example 6.1.3 (CGMO 12) Let/ be the incenter of AABC whose incircle
touches AB, AC at D, E respectively. If O is the circumcenter of of ABCI, show
that ~ODB= ,-OEC.

Insight. Refer to the left diagram below. Even though BD, CE are tangent
to the incircles, it is not clear which angle on the circumference is equal to
~ODB or OEC, as we do not know where OD, OE intersect (z/. How about
the supplement of these angles? Can we show ~ADO = ~AEO? At least we
know ~ADI= ~AEl=90°. Can we show -ODI = OEl?

Since DI = El, we should have AODI/ = AOEI. How can we show these triangles
are congruent? Can we show Z0ID = ZOIE?

Proof. Refer to the right diagram above. We write ZOIE= £1+ £2 and



ZOID= L3+ LA,

Notice that /1 =90°— ~ECT =90°— 14_4(:5 and since OC =0,
]

1 .
2 =90° —T.»_/COI_ Notice that £COI =2./CBI (Theorem3.1.1).
1
Hence. ZCOI = Z4BC and we have /2 =90" —:LiBC .

Similarly, £3=90°~= ZACB and £4=90°~= ZABC

It follows that 1+ 2= 3+ -4,i.e., ZOID= ZOIE. This implies ,ODI =
~OEI(S.A.S.). Now we have Z0DI = ZOEl and hence the conclusion. .
Note: One familiar with the basic facts about the incenter and the
circumcircle easily sees that Al extended intersects the circumcircle of AABC
at O, the circumcenter of ABIC (Example 3.4.2 and Exercise 3.14). Since O lies
o nAl, the perpendicular bisector of DE, the conclusion follows
immediately.

Example 6.1.4 (APMO 13) Given an acute angled triangle AABC and its
circumcenter O, AD, BE, CF are heights. Show that the line segments OA, OF,
OB, OD, OC, OEdissect AABC into three pairs of triangles that have equal
areas.

Insight.  First, we shall decide which of the triangles could be of equal
area. Refer to the diagram on the below. Since F is not the midpoint of AB,

[iLiDF]# [33@;:] Observe that we shall not have [5_,1@;'] o] [&4@51

(Consider the case when ZCis almost 90°.)

B

Nor shall we have [AAOF] = [ACOE]. Otherwise the triangles cannot be
paired up in asymmetric manner. It seems that we should show

[a40F]=[acoD]. [a40E]=[aBOD] and [ABOF|=[aCOE]



Apparently, these triangles are not congruent. Notice that

[A40F)=1 40 4F sin 2O4F and [ﬂ.C‘GD]:%CG-CD sin £OCD.

.:I

Since AO = CO, it suffices to show AF sin ZOAF =CD sin Z0OCD. This should
not be difficult since we have the right angled triangles (heights) and the
circumcircle.

Proof. Referto the diagram on the below. We have AF =AC cos ZA and CD
=ACcosZC.

Hence, (1)

Notice that /(4 F =9(° —%L&GB —00°- /C.

Similarly, ZOCD=90°- £LA.

1
5 ' AL
o [A40F] 3 _ AF sin(90°—2C)

[AcoD] %cncosmiofm CD sin(90°— 24)

AF - AOsin S OAF

p AF cos2C

T =1by (1).
CD cos.A

Similarly, [A4OE|=[ABOD] and [ABOF |=[ACOE].
O

Example 6.1.5 (IMO 98) In a cyclic quadrilateral ABCD, AC| BD and AB, CL
are not parallel. If the perpendicular bisectors of AB and CD intersect at P,
show that [AABP] = [ACDP].

Insight. One notices that AABP and ACDP are isosceles triangles. Hence,
we are to show



[l»iEP] 1AP sin ~/4APB

=

[ ] %CP sin £ CPD

How are AP and CP related? Since ABCD is cyclic, say inscribed inside the
circle T, the center of I must lie on the perpendicular bisectors of AB, CD.
Indeed, P is the center of I and we have AP = CP. Refer to the diagram
above.

Now it suffices to show sin £ APB = sin ZCPD. It seems from the diagram
ZLAPB# ZCPD. Can we show ZAPB=180°— ZCPD instead?

(Hint: Can you see ZAPB=2/ZACB?)

Proof. Since ABCD is cyclic, one sees thatP is the center of the
circumcircle of ABCD. Hence, PA =PB =PC=PD.

SIHCE[&ABP]——P{ sin Z4PB and[ACDP|= iPC sin ZCPD_ it

suffices to show smAAPB =sin_~CPD.

We claim that ~APB + ZCPD = 180°. In fact, since P is the centre of the
circumcircle of ABCD, ZAPB=2/ZACB (Theorem 3.1.1).
Similarly, ZCPD =2/ CBD. Since ZACB+ £CBD =90°, we must have ~APB

+ CPD =180°. This completes the proof.
O

Note: One may also solve the problem by considering

[A4BP]= 1 4B.PM and [AcDP]= lep.pn
2 7

AB CD

It sufficestoshow — — _—"—

PN PM



Notice that in the right angled triangle AABE, AB = 2EM because M is the
midpoint of AB.

Similarly, CD =2EN. Now it suffices to show (1)

In fact, we claim that EMPN is a parallelogram. Refer to the diagram above
on the right. We have £LBEM = £1= £2= ZCEN. Now

ZEMP=90°- ZAME=90°-2 1 (2)
AMEN=90°+ABEM+ACEN=90°+2¢'1 (3)

(2) and (3) give LEMP + ZMEN =180° and hence, EM // PN.

Similarly, EN // PM and EMPN is a parallelogram. This implies (1) and the
conclusion follows.

Example 6.1.6 (HEL11) In an acute angled triangle AABC, AB<AC, AD | BC
atD andAD extended intersects the circumcircle of AABC atE. The
perpendicular bisector of ABintersects AD at L. BL extended intersects AC at
M and intersects the circumcircle of AABC at N. EN and the perpendicular
bisector of ABintersect at Z. Show that if AC =BC, then MZ | BC.

Insight. Refer to the diagram below. Since AD | BC, we should have MZ //
AD. Can we show /1 = ~2? We should have 2= ZMCN and hence, C, N,
M, Z should be concyclic.

E

Notice that there are many equal angles in the diagram. In fact, the



isosceles triangle AABC is symmetric about the perpendicular bisector of
AB. One may also notice that L is the orthocenter of AABC. It should not be
difficult to show the concyclicity by angle-chasing.

Proof. Since AC =BG it is easy to see that AABC is symmetric about the
perpendicular bisector of AB. Hence, C, Z, Lare collinear, which gives the
angle bisector of ZACB (and the perpendicular bisector of AB). In
particular, Lis the orthocenter of AABC.
Recall that £ and L are symmetric about BC (Example 3.4.3). It follows that
LN = £BCE = £LBCL = LACL. Hence, C, N, M, Zare concyclic. Now 2 =
ZMCN = 1, whichimplies AE// MZ,i.e., MZ | BC.

O
Example 6.1.7 (USA 07) Refer to the diagram on the below. I'},I’; are circles
intersecting at P,Q. AC,BD are chords in [1,l, respectively such that AB
intersects CD extended at P. AC intersects BD extended at X LetY,Z be on
r,,M, respectively such that PY //BD and PZ // AC. Show that ¥, X, Q, Zare
collinear.

Insight. It seems that Yand Z are constructed in a symmetric manner. If we
can show that X, Q, Z are collinear, perhaps a similar argument applies for X,
Q, Y. Refer to the following diagram.

We are to show | =180°- £ZDQZ = £2. Since PZ // AC, we have /2 = 3
and hence, it suffices to show 1 = 3. Hence, C, Q, D, X should be
concyclic. Can we show £ZDCQ = £DXQ?



Refer to the right diagram above. Clearly, £DCQ = ZPAQ and hence, we
should have ZBAQ = £BXQ and A, B, Q, Xshould be concyclic. Hence, it
suffices to show /5= 6.

Can you see that /5= Z7= 6 by concyclicity? We leave it to the reader to
complete the proof. (Hint: One may conclude that Q, X, Yare collinear by
observing that £ZCQX = £CQY, where LCQX = LCDX = LCPY = LCQY by
concyclicity and PY// BD.)

6.2 Recognizing a Relevant Theorem

Occasionally, one may encounter a geometry problem in the competition
where the construction seems closely related to a particular theorem (or a
well-known fact). It might be a wise strategy to apply the theorem and find
the missing links during the process. If you are successful, there is a high
chance that the proof is almost complete.

Example 6.2.1 (CHN 08) Given a convex quadrilateral ABCD where 4B +
£ D<180° Pis an arbitrary point in AACD and we define f(P) =PA - BC + PD
AC + PC - AB Show that when f(P) attains the minimal value, B, P, D are
collinear.

Insight. One should recognize that f(P) is closely related to Ptolemy’s
Theorem. In fact, we have PA - BC + PC - AB > PB - AGnd the equality holds
if and only if P lies on the circumcircle of AABC. Refer to the diagram on the
below. Now it is easy to complete the proof.

Proof. Notice that f(P) =PA - BC+PD - AC+PC - AB=PB - AC+PD - AChy



Ptolemy’s Theorem (1)
=(PB+PD) - AC2BD - AC by Triangle Inequality. (2)
Hence, the minimal possible value of f(P) is BD - AC. This is only attainable if
the equality holds in both (1) and (2), i.e., we must have that P lies on the
circumcircle of AABC and P lies onBD (i.e., B, P, D are collinear). This
complete the proof.

O
Note: Refer to the diagram on the below. It is easy to see that D must be
outside the circumcircle of +ABC since £B+ £D < 180°. Hence, P must lie
between B and D. Indeed, P is the intersection of BD and the circumcircle of
AABC.

Example 6.2.2 (RUS 04) Let -0 be inscribed inside a quadrilateral ABCD. It
is given that the external angle bisectors of LA, £B intersect atK, the
external angle bisectors of £B, ZC intersect atl, the external angle
bisectors of ZC, ZD intersect at M, and the external angle bisectors of
ZD, ZA intersect at N. If the orthocenters of AABK, ABCL, ACDM, ADAN are
P, Q R, Srespectively, show that PQRS is a parallelogram.

Insight. Refer to the following left diagram. How are the external angle
bisectors related to the orthocenter (right angles)? Recall that the angle
bisectors of neighboring supplementary angles are perpendicular. Can you
see that OA | AK? Can you see that OA // BP and similarly, OB //AP ? We
have a parallelogram AOBP.

N 3




Proof. It is easy to see that OA bisects ~BAD. Hence, OA | AK because
they bisect neighboring angles which are supplementary. We also have BP
| AK because P is the orthocenter of AABK.
Hence, OA //BP and similarly, OB //AP. It follows thatAOBP is a
parallelogram. Similarly, BOCQ, CODR and DOAS are parallelograms. Now
AP =0B =CQand AP // OB // CcQ. Similarly, AS = CRand AS // CQ. It follows
that AAPS = ACQR (S.A.S.). Refer to the right diagram above. We conclude
that PS =QR, PS// QR and hence, PQRS is a parallelogram.

O
Note: One may recall that AB + CD = BC + Alsince (-0 is inscribed inside
ABCD. However, this is not related to the conclusion.

Example 6.2.3 (IMO 12) LetJ be the ex-center of AABC opposite the vertex
A. This ex-circle (i.e., the circle centered atJ and tangent toBC, At
extended and AC extended) is tangent to BC at M, and is tangent to the
lines AB, AC at K, L respectively. Let the lines LM, BJ meet at F and the lines
KM, CJ meet at G. If AFextended and AG extended meet the line BC at§, T
respectively, show that M is the midpoint of ST.

Insight. Refer to the following diagram. We are to show SM = TM Notice
that there are many lines intersecting each other and the ex-circle gives us
many equal line segments. Hence, we may apply Menelaus’ Theorem
involving SM and TM.

Apply Menelaus’ Theorem to AASC intersected by the line FL and we obtain

SM CL AF _ ,
CM AL SF

Since CM =CL, we have

SE - AL
AF

SM =



Similarly, apply Menelaus’ Theorem to AATB intersected by the line GK and

we have TAf =M
AG

SF-AL TG-AK
AF AG

We are to show SM =TM, i.e.,

Clearly, AK = AL Hence, it suffices to show that E :E_ i.e., should

AF  AG
have FG// BC.

Notice that we can simplify the diagram significantly because A, S, Tcan be
neglected. Refer to the diagram on the below. It suffices to show that £1=
Z£2. Since B/ | MK and CJ | ML, one sees a number of concyclicity and
hence, many equal angles.

Indeed, we have £1=ZMDE (since D, E, G, F are concyclic)

= ZMIJE (since D, J, E, M are concyclic)
=90° - LEMJ = L2 (since MJ | BC). This completes the proof.

Example 6.2.4 (IND 11) Refer to the diagram on the below. A quadrilateral
ABCD is inscribed inside a circle. LetE, F, G, H be the midpoints of arcs

AB.BC.CD. DA respectively.




It is known that AC - BD = EG - FH Show thatAC, BD, EG and FH are
concurrent.

Insight. Apparently there are very few clues. In particular, we do not
know how AC - BD = EG - FHcan be applied. How are these line segments
related?

While AC may not be related to EG, it is not difficult to see that ACis related
to EF, because L’EDleLADC! (Can you see it?) Refer to the left
7

diagram below.

-
~
fja

N

C

Similarly, AC is related to HG and BD is related to EH, FG(Can you see that
£ GBH =90° — ZEDF?) Refer to the right diagram above. If we can replace
AC and BD by EF, FG, GH and EH, the condition given becomes a relationship
between the sides of a cyclic quadrilateral and its diagonals. Is it
reminiscent of Ptolemy’s Theorem?

Proof. It is easy to see that
1 1
LZEDB + LBDF=?;4DB+T;BDC'. 1e. iEDlejLFLDC. By
Sine Rule,i=2R=i_ where R is the radius of the
sin ZADC sin ZEDF

circle. Let ~EDF =a.

EF
We have 40 =—sin 2 =—
S ¥ S o

2smmecosa =2EFcosa. (1)

Similarly, AC = 2HG cos £ GBH = 2HG cos(90° —a) =2HG sina..  (2)

Let £LFAG = B. We also have BD = 2FGcos 8 = 2EH sinB. Ptolemy’s Theorem
states EF- HG+FG-EH=EG-FH. (3)

By (1) and (2),

AC? AC AC AC
EF.HG——2C == =

= 2R=AC-R
dumnacosa 2 sml2o 2




Similarly, FG- EH=BD - R.
Now (3) gives EF- HG+FG - EH=(AC+BD) - R=EG - FH.

Since EG- FH=AC - BD, we have (AC +BD) - 2R =2AC - BD. (4)
Notice that 2R is the diameter, i.e., AC, BD < 2R.

It follows that (AC+BD) - 2R=AC:-2R+BD-2R >AC-BD + BD- AC=2AC - BD,
where the equality holds by (4). This is only possible if AC=BD =2R, i.e., AC,
BD are both diameters of the circle.

Since AC - BD = EG - FH, EG, FHre also diameters. In conclusion, AC, BD, EG,

EH are concurrent at the center of the circle.
O

Note: In (1), we applied the double angle formula sin 2a = 2 sina cosa,
which could be found in most pre-calculus textbooks.

Example 6.2.5 (UKR 11) Given a trapezium ABCD, AD // BC and F is a point
on CD. AF and BD intersect at E. Draw EG // AD, intersecting AB at G. BD and
CGintersect at H. AB and FH extended intersect at /. Show that the lines AD,
Cl, FG are concurrent.

Insight. Refer to the diagram on the below. It seems not easy to show the
lines AD, Cl, FG are concurrent. Notice that the intersection of these lines is
far from the trapezium ABCD.

Bl o = — =
——

Since AD // EG // BC, the Intercept Theorem gives many equations of line
segments in the trapezium ABCD. Is it possible for us to derive the
conclusion from these line segments instead of the extensions of AD, Cl
FG? Recall Desargues’ Theorem. Can we find two triangles whose vertices
are A, D, C, I, F, G while the lines connecting corresponding vertices are AD,
Cl, FG respectively?

J

It is not a difficult task. In fact, since A, G, /and C, D, F are collinear, we do
not have many choices left, one of which is AAF/ and ADGC. Can we show
that these two triangles satisfy the condition for Desargues’ Theorem, i.e.,
say the lines AB, CDintersect at P and AF, DG intersect at Q, can we show
that P, Q, H are collinear? Refer to the diagram below.

Proof. Let the lines AB, CD intersect at P and AF, DG intersect at Q. We



claim that P, Q, H are collinear. By Menelaus’ Theorem, it suffices to show

40 EH BP _
EQ BH AP

that

Since EG// AD// BC, we have

B

AQ 4D EH _EG
EQ EG BH BC AP AD

J{Q EH BP 4D EG BC _
EQ BH AP EG BC AD

It follows that

Since P, Q, H are collinear, the conclusion follows by applying Desargues’

Theorem to AAFI and ADGC.
O

6.3 Unusual and Unused Conditions

A typical geometry problem in competitions comes with a few given

conditions. Besides those more standard conditions (parallel and

perpendicular lines, midpoints, angle bisectors, circles and tangency), there

may be unusual conditions which easily catch the attention of the

contestants. For example:

e Anglesorline segments which are far apart but equal

e 30° 45° or 60° angles

e Points constructed in an unusual manner

e  Equations of line segments or angles, the geometric meanings of which
apparently not clear

e  Points, lines or circles which coincide unexpectedly

One naturally expects such conditions to play a critical role when solving
the geometry problem. Hence, it is worthwhile to spend time and effort
focusing on these conditions, which may lead to an important intermediate
step.



On the other hand, it is also common that one cannot find any clue after
exploring the unusual condition, or even cannot see any sense about it. Do
not be frustrated! It could be a wise strategy to leave it aside and focus on
other conditions, writing down intermediate steps which could be derived.
We shall attempt to link those steps to the conclusion and expect to be
stuck during the process (because we still have unused conditions). Now
you may find the unused condition handy: it may be exactly the missing link
needed!

Geometry problems in competitions are generally well constructed and the
conditions given are exactly sufficient (because unnecessary extra
conditions may cause inconsistency). Hence, if all the conditions given have
been applied and a chain of derivations is constructed, most probably you
are very close to the complete proof.

Example 6.3.1 (CZE-SVK09) Given arectangle ABCD inscribed inside 0, P
is a point on the minor arc Let K, L, Mbe the feet of the perpendiculars

from P to AB, AC, BD respectively. Show that ZLKM = 45° if and only if ABCD
isasquare.

Insight. One immediately notices that ZLKM = 45° is an unusual
condition. How is it related to ABCD, in which case a square? Refer to the
diagram on the below. If ABCD is a square, we must have ~CAD = ~CBD =
45°,

It seems we shall apply the angle properties around the circles. (Notice that
the right angles give a number of concyclicity.)

Proof. Since ,BKP = ~BMP =90°, B, K, M, Pare concyclic and /PKM =
PBM. Similarly, A, K, L, Pare concyclic, which implies ~PKL = ~PAL = ,~PBC
(angles in the same arc).
Now LKM = PKM + PKL = ,PBM + ,~PBC = ,CBD. Hence, , LKM = 45° if
and only if ~CBD=45°,i.e., ABCDis asquare.

O



Note: One who attempts to show /LKM = ~CBD by concyclicity directly
may find it difficult because we do not know much about the intersection of
the lines KL and BC

Example 6.3.2 (IRN 11) Given AABC where A = 60°, D, E are on AB, AC
extended respectively such that BD = CE = BCIf the circumcircle of AACD
intersects DE at D and P, show that P lies on the angle bisector of ABAC.

Insight. Refer to the diagram on the below. One immediately notice that
~A =60 is an unusual condition. Moreover, it is not easy to draw BD = BC :
CE when given AADE. How could we apply these conditions?

Notice that BD = BC = CE gives two isosceles triangles ABCD and ACBE, where
~land 2 are related to ZA.

In fact, ZABC=2Z2and LACB =2/1. Since ZA =60°, we must have
ABC+ ZACB=120°and hence, Z1+ £2=60°.

Let BE and CD intersect at F. One sees that ZBFD = £1+ £2=60°=A and
hence, A, B, F, Care concyclic.

Notice that the diagram should be symmetric: since P should lie on the
angle bisector of ZBAC, if A, C, P, Dare concyclic, then A, B, P, E should be
concyclic as well. Can you show it?

Refer to the left diagram below. Since A, B, F, C are concyclic, we have
ZLABF = LECF. Since A, C, P, D are concyclic, we must have ZECF = 180° -
ZACD =180°— LAPD = LAPE. It follows that LZABF = ZAPE and hence, A,
B, P, E are concyclic.



We are to show AP bisects £LA, i.e., LBAP = LCAP. Since £ZBAP = £BEP
and ZCAP = ZCDP by concyclicity, it suffices to show DF = EF. Refer to the
right diagram above.

Canyouseethat DF =EF =AFi.e., Fis the circumcenter of AADE ? (Hint: Can
you see ZBAF = £ZBCF = ZBDF?) We leave it to the reader to complete the
proof.

Note: Upon showing the concyclicity of A, B, F, C and A, B, P, E, there are
many ways to show that AP is the angle bisector. For example, can you see
that P is of the same distance from the lines AB and AC? Refer to the
following left diagram. Can you see ABDP = AECP (A.A.S.)? Since BD and CE
are corresponding sides, the heights from P to BD, CE respectively must be
the same.

Alternatively, one may also show the conclusion by the Angle Bisector

Theorem, i.e., we are to show

Refer to the right diagram above. By the Tangent Secant Theorem, AD - BD :
PD - DE and AE - CE = PE - DE.

AD AD-BD PD-DE _PD

= = ~ which
AE AE.CE PE-DE PE

SinceBD =CE, we have

completes the proof.

Example 6.3.3 (RUS 08) Given (= inscribed inside AABC, AB, ACtouch @/



at X, Y respectively. Let Cl extended intersect the circumcircle of AABC at D.
If the line XY passes through the midpoint of AD, find ,~BAC.

Insight. One immediately notices that the line XY passing through the
midpoint of AD is an unusual condition, without which AABC, its incenter/
and CD give a standard diagram (Example 3.4.2). Refer to the diagram
below.

B *E

We have AD =Dl, i.e., MAID is an isosceles triangle. It is easy to see that XY |
Al. Let M be the midpoint of AD. How could you apply the condition that X,
Y, M are collinear?

Can you see where Al and XY intersect? Refer to the diagram above.
Let N be the midpoint of Al. Clearly, DN | Al and hence, DN // XY.

Let Al intersect XY at P. Since X, Y, M are collinear, P is the midpoint of AN. It
follows that 4P = l:II_

4
What can you say about the right angled triangle AAXI? Can you see that
AP _PX ndhence,[4P) _AP PX AP 1,
BXY  BF \ PX ,." BX Pr Pl 3

Now it is easy to see that ZXA/l =60° and hence, £ZBAC = 120°. We leave the
details to the reader.

Note: If one draws an acute angled triangle AABC, the line XY will not
even intersect the line segment AD. By constructing the diagram carefully,
one should realize that £ZBAC is obtuse.

Example 6.3.4 (CGMO 11) LetABCD be a quadrilateral where AC, BL
intersect atE. Let M, N be the midpoints of AB, CD respectively and the



perpendicular bisectors of AB, CD intersect at F. If the line EF intersects BC,
AD at P, Q respectively and it is given that FM - CD=FN - ABnd BP - DQ =Cli
-AQ, show that PQ | BC.

Insight. One immediately notices the unusual conditions FM - CD =FN - AB
and BP - DQ =CP - AQ, but apparently, they refer to different properties.

FM - CD =FN - ABmplies M :E _Refer to the previous diagram. What

N  CD
can you conclude about the (isosceles) triangles AABF and ACDF?

Can you see that ABDF and AACF are congruent? What can you conclude
upon obtaining the equal angles, say ZCAF = ZDBF?

. BP AQ . . .
BP - DQ = CP - AQgives — =—=_Is it reminiscent of the Angle Bisector
CP DgQ

Theorem? Where is the angle bisector?

Indeed, the diagram is symmetric. If one sees that F is the center of the
circle where ABCD is inscribed, the proof is almost complete.

M :E_ Since M, N are

FN CD
the midpoints of AB, CD respectively, it is easy to see that the isosceles
triangles AABF and ACDF are similar.

Proof. Notice that FM - CD = FN - ABimplies

In particular, we have £ AFB = ZCFD, which implies LZAFC = ZBFD. Since
AF = BF and CF = DF, we have ABDF = AACF (S.A.S.).

It follows that ZCAF = ZDBF and hence, A, B, F, E are concyclic. Similarly,
£ BDF = ZACFand C, D, E, F are concyclic.

We have £ BEF = £BAF and ZCEF = ZCDF by concyclicity. Notice that
4L BAF = ZCDF (because AABF ~ ADCF ). Now £BEF = £LCEF, i.e., EP bisects

Z BEC. By the Angle Bisector Theorem, (1)



AE AQ

Similarly, EQ bisects +AED —— = —— . (2)
<~ DE DQ
. . BP AQ
We are given BP - DQ=CP-AQ, i.e., —=——=. (3)
CP DQ
(1), (2) and (3) imply that i.e., BE- DE=AE - CE.

By the Intersecting Chords Theorem, ABCD is cyclic. Clearly, it is inscribed in
acircle centered at F.

Now AF = BF = CF = DFand hence, AB = CD Refer to the diagram on the
below. It is easy to see that AABF = ADCF (S.A.S.). Hence, AB = CDand ABCD

is an isosceles trapezium where AD // BC. It follows that PQ | BC.
O

Note: Since the diagram is symmetric, we should have PQ | AD as well,
i.e., AD // BC. Upon showing that EF bisects ZBEC, one naturally expects
that ABCD is an isosceles trapezium.

Example 6.3.5 (BGR 11) LetP be a point inside the acute angled triangle
AABC. D, E, Fare the feet of the perpendiculars fromP to BC, AC, Al
respectively. Q is a point inside AABC such that AQ | EF and BQ | DF. Draw
QH | ABat H. Show that D, E, F, H are concyclic.

Insight. We are given a lot of right angles. In particular, one notices that
the construction of Q is unusual. What can we obtain from Q?

Refer to the left diagram below. By applying the properties of right angles,
canyousee that 1= 2= 37



If we draw QI | BC at/, can you see that the right angled triangles APBD,
APBF, AQBH, AQBI are closely related? (Hint: Can you see similar triangles?)
Refer to the right diagram above. How are Bl, BH, BD, BFrelated to BP and
BQ, say via similar triangles? How are HF and DI related to PQ?

Proof. Since PD | BCand PF | AB, B, D, P, F are concyclic and hence, /1=
2. Let BQ extended intersect BF at X. We have 2= 3 in the right angled
triangle ABFX. Hence, 1= 3 and it follows that ZCBQ = ZABP.

Draw QI | BC at /. We have Bl - BD =BQ cos £CBQ - BP cos /1 and BH - BF :
BQ cos -3 - BP cos ~ABP. It follows that B/ - BD = BH - BFNow H, F, D, | are
concyclic by the Tangent Secant Theorem.

Let M be the midpoint of PQ. It is easy to see that the perpendicular
bisectors of both HF and DI pass through M. Let mM denote the circle
centered at M with radius DM. Clearly, H, F, D, I lie on @M. Refer to the
diagram on the below.

T G -
Similarly, if we draw QJ | ACatJ, one seesthatE, J, |, Dalso lie on @M, i.e.,
D, E, F, H, I, J are concyclic. This completes the proof.

O
Example 6.3.6 (IMO 13) Given AABC with £B> £ZC, Q is on AC and P is on
CA extended such that ZABP = ZABQ= ZC. Dis a point on BQ such that PB
= PD. ADextended intersect the circumcircle of AABC at R. Show that QB =
QR.



Insight. Refer to the diagram on the below. One immediately notices the
condition 1= 2= ZACB. We also have ZACB = 3 (angles in the same
arc).

Recall a basic result of similar triangles as shown in the diagram above.
Since 2 = C, we must have AABQ~AACB. Since /2 = /3, we also have
AABD~NMARB. It follows that LABR= LADB = £ZQDR. Since ZABR + LACR =
180°, we must have ZQDR + ZACR = 180°, which impliesC, Q, D, R are
concyclic.

Refer to the diagram on the below. We are to show QB = QR Of course, the
most straightforward method is to show that ZQBR = ZQRB. Since we have
two circles and a few pairs of similar triangles, perhaps we shall seek more
equal angles.



We can write:

ZORB =3+ A0RD=/ACB+ 2 Q0CD

Z0BR=/CBR+ ZCBQ=/CAR+ ZCB(Q.

Now it suffices to show that LZACB+ £QCD= £LCAR+ £CBQ. (2)

Notice that all these angles are related to the shaded region in the diagram.
In particular, Z ACB + LCAR + £CBQ = LADB (exterior angles of AACD and
ABCD ). How is this related to (1)? If one cannot see the clue, substitute
ZCAR + £LCBQ = LADB — ZACB into (1)! Now it suffices to show that
2/ACB+ £QCD= ZADB. (2)

How can we show (2)? Notice that this is not true for an arbitrary (concave)
quadrilateral ABCD. Which are the conditions given we have not used yet?
We have not used:

o PB=PD

e PBisatangent(i.e., s1=ZC).

Could these two conditions help us?

Since PB = PO we immediately have £ZPDB = ZPBD = 2/ACB. This is
awesome! Now (2) becomes ZPDB+ ZQCD = ZADB and it suffices to show
that £ZQCb= £LADB- ZPDB= ZPDA.

Refer to the diagram on the below. We could reach the conclusion by
showing APAD ~ APDC. In fact, these two triangles should be similar.



Can we show or equivalently, PA - PC=PD??

Notice that we have PB = PDand PB? = PA - PCsince PB is a tangent. Now
both unused conditions have made their contributions, which complete the
proof.

Proof. Refer to the diagram on the below. It is given that £1 = £2 =
ZACB = /3. Hence, AABD ~ AARB and we have ZADB = ZABR = 180° -
ZACR. It follows that £ZBDR = ZACR, which implies thatC, Q, D, R are
concyclic.

Since £1= ZACB, PB is tangent to the circumcircle of AABC. Given PB =PI}

we have PD? = PB% =PA - PC.

This implies and hence, APAD ~ APDC. We have 4= 5.



Now ZQBR=ZCBR+ £CBQ=ZCAR+ £CBQ
= LADB— £ ACB (exterior angles of AACD and ABCD)

=/PDB+ /4— /ACB = /PBD + /4— /ACRB (since PB = PD)
=2/ACB+ /4— AACB = /ACB+ /4= /ACB + /5

=3+ Z4RQ = ZQRB, which implhes PD = PB.

Note:

(1) The last section of angle-chasing is a concise argument and one needs t
be very familiar with basic properties of angles, especially in circles. In
fact, such angle-chasing is commonly seen in geometry problems and is
considered a fundamental technique. Nevertheless, we should point
out that such a compact argument presented is only for mathematical
elegance. In fact, it is not inspiring as the reader following the
argument may not see how to search for clues and reach the
conclusion. This is exactly why we spend a few more pages in
explaining the insight.

(2) One may find an alternative solution starting from the Angle Bisector

58 P
Q = ——_Since we are

04 Pd
OR = PB s PD
04 P4 PA
= PD Upon showingC, Q, D, R concyclic, it is easy to see that

AACD~AARQ and hence, OF = ED.
04 4D

but this is because APCD~APDA.

Theorem: Since BA bisects of ZPBD, we have

to show QB = QR it suffices to show that because PB

Now it suffices to show

6.4 Seeking Clues from the Diagram

A well-constructed diagram could be very helpful in problem-solving,
especially for those more challenging problems in competition where the
insight is not clear. Although referring to the diagram is not a valid proof, it
may give us hints on what could be correct. One should always construct a
diagram according to the description in the problem without any loss of
generality. For example, given a triangle AABC where P is an arbitrary point
on BC, one should avoid drawing an isosceles or right angled triangle, and
choose P to be distinct from the midpoint of BC and the feet of the
perpendicular from A. If one constructs a general diagram and observes any
geometric fact from the diagram, for example, a right angle, collinearity or
concyclicity, it may be true! One may attempt to show it, or assume it is true



and seek intermediate steps which could be deduced.

Drawing a (reasonably) accurate diagram may help us substantially in
seeking clues. Note that if circumcircles, incircles, tangent lines or equal
angles are given, one should not construct these geometric objects casually.
For example, when given a circle inscribed in a triangle, it is recommended
that one draws the triangle and its angle bisectors to locate the incenter,
constructs the incircle with a compass, and introduces heights to find the
points of tangency. A poorly constructed or distorted diagram may be
misleading and heavily distract one from acquiring the insight.

One should also learn to simplify the diagram, erasing lines, points and
circles during problem-solving when necessary. Indeed, when the diagram
is complicated, one may fail to recognize even the most elementary
geometric facts (for example, radii of a circle which are the same, equal
tangent segments, perpendicular bisectors which give isosceles triangles,
etc.). In particular, if circumcenters or orthocenters are given, one should
only draw explicitly the circles and altitudes which are necessary.
Otherwise, the diagram may become unreadable!

When exploring a part of the diagram which demonstrates a specific
geometric structure, one may consider drawing a separate diagram focused
on that part. In a much simpler setting, one may find it easier to seek clues
or recognize a well-known result. Refer to Example 6.3.3 for an illustration
on this strategy.

Example 6.4.1 (APMO 91) Let G be the centroid of AABC. Draw a line XY //
BC passing through G, intersecting AB, AC at X, Y respectively. BG and CX
intersect at P. CG and BY intersect at Q. If M is the midpoint of BC, show that
AABC ~ AMQP.

Insight. Refer to the diagram on the below. Itseems that the
corresponding sides of AABC and AMQP are parallel. Can we show it, say PQ
// BC? Since we are given the centroid and a parallel line, we can find the
ratio of the line segments easily.



Proof. Lletl, N be the midpoints of AB, AC respectively. Since XY // BC and
Gis the centroid, it is easy to see that GX = GY.

PY .G _GY OF
CP BC BC BQ

Hence, and by the Intercept Theorem, PQ // BC.

GO GY 1
One also sees that Hence, —=——=—.
co BC 3
1 9
Since we have CG_CQ.CGzi.;zl_ i.e., Q is the
CL. G CL 4 3 2
midpoint of CL. Hence, MQ // AB by the Midpoint Theorem.
Similarly, MP // AC and the conclusion follows.
O

Example 6.4.2(TUR10) Given acircle 'y where ABis a diameter, C, D lie on
I, and are on different sides of the line AB. Draw a circle T, passing through
A, B, intersecting AC at E and AD extended atF. LetP be a point on DA
extended such that PE is tangent to I, at £. Let Q be a point (different from
E) on the circumcircle of AAEP such that PE = PQ Let M be the midpoint of
EQ. If CD and EF intersect at N, show that PM // BN.

Insight. One may notice that constructing such a diagram following the
instructions given is not a simple task. However, it could be rewarding.
Refer to the diagram on the right. It seems that E, £, Q are collinear. Is it
true?



Since PE = PQand M is the midpoint of EQ, we immediately have PM | EQ.
IfE, F, Qare indeed collinear, we should have BN | EF.

What can we say about BN and EF? Can you see BC | ACand BD | AD?
Canyousee BN | EF while CDis a Simson’s Line of AAEF ?

We are to show PM // BN. Hence, we should have E, £, Q collinear. Can we
show that 1+ 2 +3=180°?

Proof. Since PE =PQ we have PM | EQ. Since AB is a diameterof I';, C, D
are the feet of the perpendiculars from B to AE, AFrespectively. Hence, CD
is the Simson’s Line of AAEF with respect to B. It follows that BN | EF. Now
it suffices to show that E, F, Q are collinear.
Notice that £1 = £Q = ZLEAF (Corollary 3.1.5) and £2 = ZF (Theorem
3.2.10). Now 1+ 2+ 3= LEAF + ZLF + £3 = 180°. This completes the
proof.

O
Example 6.4.3 (VNM 09) Let ' be the circumcircle of an acute angled
triangle AABC, where D, E, F are the feet of the altitudes from A, B, C
respectively. Let D', E', F' be the points of reflection of D, E, F about the
midpoints of BC, AC, ABrespectively. The circumcircles of AAE'F', ABD'F',
ACD'E' meet I again at A", B', C' respectively. Show that A'D, B'E and C'F are
concurrent.

Insight.  Apparently, the construction of the diagram is complicated. For
example, we draw the diagram on the right to locate A'. (Notice that we



have already omitted the midpoints of AB, BC, CA.) If we continue to
construct B' and C', the diagram might be unreadable! Perhaps we should
examine the property of A' first.

Itseems from the diagram thatA' is symmetric to A with respect to the
perpendicular bisector of BC, i.e., A'D' | BC. If we can show that A’ is indeed
symmetricto A, the diagram could be significantly simplified.

Proof. We first show the following lemma.

Let ABCD be an isosceles trapeium where AD // BC and AB = CD. Draw E
ACatEand CF | ABatF. Let E', F'be on AC, AB respectively such that AE =C
and AF =BF'. We have A, D, E', F' concyclic.

Refer to the diagram on the below. Let P be the reflection of F’ about the
perpendicular bisector of BC. Since ABCD is an isosceles trapezium, we have
CP = BF'=AF.

AE

Notice that£ =05 S BAC =
AC

CP_AF_AE_CE'
C4 C4 AB CD’
Now CP - CD=CA - CE', which implies A, D, P, E' are concyclic.

Since AE = CE and AB = CQ we must have i.e,

Since ADPF' is an isosceles trapezium, we conclude thatA, D, P, E', F' are
concyclic.



We apply this lemma to the original problem. Let X be the point symmetric
to A with respect to the perpendicular bisector of BC. Now ABCX is an
isosceles trapezium and by the lemma, A, X, E, F are concyclic. This implies
A' and X coincide (since the circumcircle of AAE'F' intersect I only at A and
A'). In particular, ADD' A'is a rectangle.

We are to show that A'D, B'E, C'F are concurrent. Let us examine the
property of A'D. Refer to the diagram on the right where M is the midpoint
of BC.

AA'

It follows that and hence, Gis the centroid of AABC.

We conclude that A'D passes through the centroid of AABC. Similarly, B'E
and C'F must pass through the centroid of AABC as well. This completes the
proof.

O
Note:

(1) One may also use the power of a point to show that A'is symmetricto A

with respect to the perpendicular bisector of BC. In particular, one may

show that BF' - BA =CE' - CA (because BF = 4 - “‘rc) and hence, B

CE' AE AB
and C have the same power with respect to the circumcircle of AAE'F'.

Refer to the diagram on the below. It follows that the circumcenter of
AAE'F' is equidistant to B and C and hence, lies on the perpendicular
bisector of BC. Now the line passing through the circumcenters of
AAE'F' and AABC is perpendicular to BC.



This line must be perpendicular to AA' as well (Theorem 3.1.20). We
conclude that AA' // BC.

(2) One may also observe the diagram and attempt to show DE // A'B'. Give
the reflections A' and B', this is not difficult (Exercise 3.13). Similarly,
we have EF // BC' and DF // AC."' Refer to the diagram on the below.
Now A'D, B'E, C'F are concurrent by Theorem 2.5.11.

Example 6.4.4 (BLR 11) Given an acute angled triangle AABC, M is the
midpoint of AB. Let P, Q be the feet of the perpendiculars from A to BC and
from B to AC respectively. If the circumcircle of ABMP is tangent to the line
segment AC, show that the circumcircle of AAMQ is tangent to the line BC.

Insight. Refer to the diagram on the below. It is not easy to show a circle
tangent to a line. However, notice that the circle passing through A, M and
tangent to the line BC is unique. Hence, we may draw this circle and show
that it intersects AC exactly at Q.



P{“E'

Let AC touch the circumcircle of ABMP atD. If BC extended touches the
circumcircle of AAMQ at E, we would have BE2 =BM - BA. Since M is the
midpoint, we should have BE> =BM - BA=AM - AB=AD?, i.e., BE=AD.

It seems from the diagram that M, D, E are collinear. Can we show it? If M, D,
E are indeed collinear, we should have, by Menelaus’ Theorem, that
AM BE CD
BM CE AD
the condition AM = BM once more, even though it is not clear at first glance
how this condition could be applied.)

= 1. which implies CD = CE (Notice that we have utilized

Can we show CD = CE say by showing ZCED = ZCDE? Notice that £ CDE =
ZADM = ZABD.

Proof. Refer to the diagram on the below. Let the circumcircle of ABMP
touch AC at D and MD extended intersect BC extended at E. We claim that
Z CED = Z CDE. Notice that:

ZCDE= ZADM = ZABD. (1)
£/ CED = 180°~ ZBME— ZABE. (2)

Since PM is the median on the hypotenuse of the right angled triangle
AABP, we must have ZABE= ZBPM = ZBDM.



By (2), £ CED =180°— ZBME— ZBDM = Z ABD. (3)
(1) and (3) imply £CED = ZCDE and hence, CD =CE.

AM BE CD
BM CE A4D

we must have BE = AD It follows that BE> =AD?> = AB - AM = AB - BM. By the
Tangent Secant Theorem, BE touches the circumcircle of AAME at E.

By Menelaus’ Theorem, =1 Since AM =BMand CD = CE

Let the circumcircle of AAME intersect AC atQ'. We claim that BQ' | AC.
Since AM = BM it suffices to show AM =MQ (Example 1.1.8), or
equivalently, ZAQ'M = LMAQ'.

Refer to the diagram on the below. Notice that

LAQ'M = LADM - LQ'ME.
Since ZADM = L CDE= £ CED= ZMAE and ZQ'ME= ZQ'AE, we have
ZAQ'M = LMAE- ZQ'AE= ZMAQ'.

This completes the proof.
O

Example 6.4.5 (USA 10) Given AABC, M, Nare on AC, BCrespectively such
that MN // BC, and P, Q are on AB, BC respectively such that PQ // AC. Given
that the incircle of ACMN touches AC at E and the incircle of ABPQ touches
AB atF, the lines EN, ABintersect at R and the lines FQ, AC intersect atS.
Show that if AE = AF, then the incenter of AAEF lies on the incircle of AARS.

Insight. First, we draw the diagram according to the description. Refer to
the left diagram below. There are many circles and lines and it becomes
difficult to seek clues. Since the incircles of ABPQ and ACMN are
constructed similarly, we may focus on one of them.



Refer to the right diagram above. It is easy to see that AABC ~ AMNC. Hence,
if we draw the incircle of AABC, which touches AB, AC at R,,S; respectively,
then S; and E are corresponding points in AABC and AMNC respectively. It
follows that BS; // EN. Similarly, we have CR; // FQ. It seems from the left
diagram above that BC // RS. Can you prove it by the Intercept Theorem?
(Notice that AE=AF and AR; =AS;.)

Now AABC ~ AARS and hence, the incircle of AABC corresponds to the
incircle of AARS. Since R; and F (and similarly S; and E) are corresponding
points of the similar triangles AABC and AARS, the incircle of AARS touches
AR, AS at E, F respectively! Refer to the left diagram below. Notice that we
have removed the unnecessary lines and points.

A

o

Proof. Let the incircle of AABC touch AB, AC atR;, S; respectively. Since
MN // AB, DABC ~ AMNC. Notice that §; and E are corresponding points in
the similar triangles AABC and AMNC. We conclude that BS; // ER.



AB A4S

It follows that—— — _ Similarly, we must have CR; //FS and

) AR AE )
if': A% _Since AR; = AS; and AE = AF, we must have ﬂz A5 By the
A5 AF AR AS

Intercept Theorem, BC // RS. Refer to the right diagram above.

Now we have AARS ~ AABC. We are to show the incenter of AAEF lies on the

incircle of AARS. Notice that R, and F are corresponding points in the similar

triangles AABC and AARS, because ARy = AC = 4B _A similar argument

AF A4S  AC
applies forS; and E as well. Now it suffices to show that the incenter of

AAR4S, lies on the incircle of AABC.

Since AR4, AS; are tangent to the incircle of AABC, called @/, the incenter of
AAR4S, is exactly the intersection of Aland @/, i.e., the midpoint of the arc

(Exercise 3.5). This completes the proof.
a

Note: We used correspondence between similar triangles extensively in
the proof above. One not familiar with these properties could always use
similar triangles to argue instead, although it will make the proof
unnecessarily lengthy.

Example 6.4.6 (CHN 12) Refer to the diagram below. / is the incenter of
AABC, whose incircle @/ touches AB, BC, CAat D, E, Frespectively. If the
line EF intersects the lines Al, Bl, Dlat M, N, Krespectively, show that DM -
KE =DN - KF.

Insight. Since there is a circle in the diagram, the conclusion reminds us of
the Tangent Secant Theorem. However, it seems DM, KE are not part of a
secant line of @/,

Can we show instead?



It seems not easy either because we do not see similar triangles
immediately which relate DM, DN, KE and KF.

Where does the difficulty come from? We do not know the properties of
the line MN (including E, F and K). Perhaps we should first study the
properties of this line and the points on it. Let us focus on one side of the
triangle and its incircle. Refer to the diagram on the below. We have erased
the unnecessary lines and points.

Now itis clearthat 1= ~2because ADis tangentto =3/. We also have 1=
3 because AD | Dland Al | DF. Hence, -2 = 3, which implies ZDEM =
ZDIM (since A, I, M are collinear). It follows that D, /, E, M are concyclic.

Similarly, we also have D, I, F, N concyclic. Refer to the diagram on the
below. Notice that the three circles give KE - MK =K/ - DK = KF - NKTangent
Secant Theorem).

Now we have E - NK and hence, it suffices to show DM = MK

KF MK DN NK

Notice that this is equivalent to DK bisecting £ MDN (Angle Bisector
Theorem).



It seems from the diagram that B, D, I, E are concyclic. One may easily see
this because £BDI = /BEI=90°. Now B, D, I, E, M are concyclic (where Bl is a
diameter). Hence, ZBMI=90° and AM | BM.

Can you see that / is the orthocenter of a larger triangle? How is it related to
the angle bisector of ZMDN ?

Proof. Referto the diagram on the below. We have

a | =

LDEF =—/DIF = Z4ID .

Hence, ZDIM = ZDEM and we must have D, I, E, M concyclic. It is easy to
see that B, D, I, E are also concyclic.

We conclude that B, D, I, E, M are concyclic. Similarly, A, D, I, F, N are
concyclic.

Now KE - MK =Kl - DK = KF - NK, which implies (1)

Notice that ZBMA = £BEl = 90°, i.e., AM | BM. Similarly, we have AN |
BN. Let the lines AM, BM intersect at X.

Now/ is the orthocenter of AABX and hence, the incenter of ADMN
(Example 3.1.6).

By the Angle Bisector Theorem, (2)

(1) and (2) give or equivalently, DM - KE = DN - KF.
O

Example 6.4.7 (CHN 06) Let ABCD be a cyclic quadrilateral inscribed in 0,



where O does not lie on any side of the quadrilateral. The diagonals AC, BL
intersect at P. Let 04, O,, O3, O, denote the circumcenters of AOAB, AOBC,
AOCD, AODA respectively. Show that the lines 0,05, 0,0, and OP are

concurrent.

Insight. Refer to the left diagram below. We draw the circumcenters only,
but hide other related details like the perpendicular bisectors and the
circumcircles. It seems not clear how the lines 0,03, 0,0, and OP are

related. (Notice that applying Ceva’s Theorem is not feasible.)

F: |

However, it seems that both 0,05 and 0,0, pass through the midpoint of
OP. Isit true?

We focus on the line 0,03. Let 04 and 0, denote the circumcircles of
AOAB and AOCD respectively and the circles intersect at O and E. Refer to
the right diagram above. We know that 0,05 is the perpendicular bisector
of OE. If 0,05 indeed passes through the midpoint of OP, we should have
PE | OE (Midpoint Theorem).

Can we show PE | OE? One may consider calculating the angles, as there
are many circles (and circumcenters) in the diagram. Refer to the diagram
on the below. It suffices to show that £1+ ZDEP =90°.



We do not know much about ZDEP, but we know

1
ol H=W et :90“—:&(’[10 (because OC =0D)

L 1
Similarly, 3= /4B0O=90" —:L»iGB :

1
Now, A1+ /3 =18{J“—;(1‘4£?B+ ZCOD) =180°—(LADB + £CAD)

= ZADB, which implies A, D, P, E are concyclic.

Notice that we have used the properties of the circumcenters extensively.
Indeed, we are not given many conditions other than the circumcenters.

We have obtained one more circle. One should be able to show the
conclusion easily using the properties of angles.

Proof.



Let the circumcircles of AABO and ACDO intersect at O and E. Refer to the
diagram above. Consider the isosceles triangle AOCD.

1
We have /1 = ©2 = 9(° _Tgcfgﬂz 90° - ZCAD. (1)

Similarly, 3= _4=90"- ZADB.

Now LAED=Z£1+ ,3=180°— +ADB— LCAD= ZLAPD. We conclude that A,
D, P, E are concyclic.

Hence, ZDEP = ZDAP =90°— -1by (1), which implies PE | OE.

Since 0,03 is the perpendicular bisector of OF, we must have PE // 0,03
and hence, 0,05 passes through the midpoint of OP.

Similarly, 0,0, also passes through the midpoint of OP. It follows that

0,03, 0,0, and OP are concurrent (at the midpoint of OP).
O

6.5 Exercises

(CZE-SVK 89) Let O be the circumcenter of AABC. D, E are points on AB, AC
respectively. Show that B, C, E, D are concyclicif and only if DE | OA.

2. (IWYMIC 14) |In AABC, LA = £C = 45°. M is the midpoint of BC. P is a
pointon AC such that BP | AM. If find AB.

3.(JPN 14) Let ABCDEF be a cyclic hexagon where the diagonals AD, BE, Ci



are concurrent. If AB=1,BC=2,CD=3, DE=4and EF =5, find AF.

4.(IND11) AABCis an acute angled triangle where D is the midpoint of BC.
BE bisects B, intersecting AC atE. CF | AB atF. Show that if ADEF is an
equilateral triangle, then AABC is also an equilateral triangle.

5.(USA90) AABC s an acute angled triangle where AD, BE are heights. Let
the circle with diameter BC intersect AD and its extension atM, N
respectively. Let the circle with diameter AC intersect BE and its extension
at P, Qrespectively. Show that M, P, N, Q are concyclic.

6. (CAN 11) ABCD is a cyclic quadrilateral. BA extended and CD extended
intersect at X. AD extended and BC extended intersect at Y. If the angle
bisector of ZX intersects AD, BC at E, F respectively, and the angle bisector
of ZY intersectsAB, CD atG, H respectively, show that EGFH is a
parallelogram.

7. (ROU 08) Given AABC, D, E, Fare on BC, AC, ABrespectively such that

B = €E = aF - Show that if the circumcenters of AABC and ADEF
ch 4FE BF
coincide, then AABCis an equilateral triangle.

8. (IMO 04) Given a non-isosceles acute angled triangle AABC where O is
the midpoint of BC, draw 0 with diameter BC, intersecting AB, ACatD, E
respectively. Let the angle bisectors of £ A and ZDOE intersect at P. If the
circumcircles of ABPD and ACPE intersect at P and Q, show that Q lies on BC.

9.(CHN 04) Given AABC, Dis a point on BC and P is on AD. A line € passing
through Dintersects AB, PB at M, E respectively, and intersects AC extended
and PC extended at F, N respectively. Show that if DE = DF, then DM = DN.

10. (IMO 08) Given an acute angled triangle AABC where 04, O,, O3 are the
midpoints of BC, AC, ABrespectively, His the orthocenter of AABC. Draw ()
0., ©0,, @03 whose radii are OH, O,H, O3H respectively. If @0,
intersects BCatA,, A,, =0, intersects AC at By, B, and 503 intersects AB at
Cy1, Gy, show that A4, A,, B4, B,, Cq, C, are concyclic.

11. (IMO 14) Given an acute angled triangle AABC, P, Q are on BC such that
ZLPAB = ZCand LCAQ = 4B. M, N are on the lines AP, AQ respectively
such that AP = PMand AQ = QN. Show that the intersection of the lines BM
and CN lies on the circumcircle of AABC.

12. (CHN 13) Given AABC where AB <AC, M is the midpoint of BC. =0
passes through A and is tangent to BC at B, intersecting the lines AM, ACat



D, E respectively. Draw CF // BE, intersecting BD extended at F. Let the lines
BC and EF intersect at G. Show that AG = DG.

13. (RUS 13) Let =/ denote the incircle of AABC, which touches BC, AC, Al
atD, E, F respectively. Let J;, J,, J3 be the ex-centers opposite A, B, C

respectively. If J,F and J3E intersect at P, J3D and J4F intersect at Q, J1E and
J,Dintersect at R, show that / is the circumcenter of APQR.

14. (IMO 10) Refer to the diagram below. ABCDE is a pentagon such that
BC// AE, AB=BC+ABnd £B = 4ZD. Let M be the midpoint of CE and O be
the circumcenter of ABCD. Show that if OM | DM, then £ CDE=2/ZADB.

| E




Insights into Exercises

Chapter1

1.1 Notice that LB+ LC = ZLA. If LPAB = £C, what can you say about
ZPAC?

1.2 We are toshow AC=AB +BD. If we choose Eon AC such that AB = AE, it
suffices to show CE = BD Since AD bisects £A, can you see that £ is the
reflection of Babout AD, i.e., AABD = NAED?

How can we use the condition £B=2/4C? Canyousee £B= ZAED?

1.3 Canyou see congruent triangles? It is similar to Example 1.2.6.

1.4 Notice that the ex-center is still about properties of angle bisectors.
How did we show the existence of the incenter?

1.5 Notice that Al, Aj are angle bisectors of neighboring supplementary
angles. Can you see Al | AJ; ? Refer to Example 1.1.9.

1.6 We have ._’E‘,ﬂ?:l,_’ﬁ_{ﬂ_ However, the remaining portions of
3,

£ BAD are far apart. How can we put them together? Moreover, BE and DF
are far apart as well. Cut and paste! It is similar to Example 1.2.9.

1.7 Can you see congruent triangles? Given that BP = AC and CQ = AB
which two triangles are probably congruent?

1.8 We are given the angle bisector of ZCBE and BE = AB Notice that
AABC is an equilateral triangle. Can you see congruent triangles (say by the
reflection about the angle bisector BD)? Can you seeD is on the
perpendicular bisector of AB?

1.9 Since/is the incenter of AABC, can you express both £ZBID and ZCIH
interms of LA, ZBand £C? Alternatively, you may apply Theorem 1.3.3.

1.10 One may immediately see that AABC = AADC. Even though this is not
related to PE and PF, we have more equal angles and line segments now.
Can you find more congruent triangles which lead to PE = PF?



Note:

(1) P could be onthe line segment AC or its extension.

(2) One may see many pairs of congruent triangles in the diagram, but
careful justification is needed for each pair and the argument must not
depend on the diagram.

1.11 By definition, O lies on the perpendicular bisector of BC and / lies on
the angle bisector of ZA. What can you conclude if AB=AC?

1.12 Can you see D is an ex-center of AABP, i.e., AD bisects the exterior
angle of ZBAC? Now can you express both ZPAD and 4ZBDP in terms of
ZABP and £LAPC?

1.13 |fABCD is a parallelogram, one sees that BC — AB = AD — CDholds.
Since AD // BC, we may draw a parallelogram ABCD' such that D' lies on the
line AD.Now AD - CD =BC—-AB =AD-CD'. This is only possible when D and
D' coincide. (You may show it using triangle inequality. Notice that you need
to discuss both cases when AD >AD'and AD<AD'.)

1.14 Notice that the condition AB is equal to the distance between €,¢, is
important. If we move €, downwards, ZG/H will be smaller, i.e., it is not a
fixed value.

If we draw a perpendicular from Eto €,, say EP | €, at P, we have AB = EP.



Does it help us to find congruent triangles?

Are there any other equal angles or sides? If EH | FG, then we have EH = FC
(Example 1.4.12). However, it seems from the diagram that EH and FG are
not perpendicular. Moreover, EH and FG are apparently not equal. What
should we do? It is difficult to calculate EH and FG because we do not know
the positions of E, F, G, H on the sides of the square. Perhaps we can use the
same technique as in Example 1.4.12, say to push EH upwards.

If we draw AQ // EH, intersecting CD at Q, it is easy to see that AQ = EH. Now
we have AEPH = AADQ (H.L.) and hence, 1 = 2. This implies that EH
bisects the exterior angle of ZCHG. A similar argument applies for FG as
well. Can you see/ is an ex-center of ACGH (Exercise 1.4)? Now we can
calculate ZGIH using the properties of angle bisectors.

Chapter 2
2.1 Canyou express [BCXD], [ACEY] and [ABZF] in terms of [AABC]?

2.2 Itis easy to show BG = CE(Example 1.2.6). How are BG, CE related to
(the midpoints) 04, 0,, M, N ?

2.3 Can you see right angled isosceles triangles in the diagram (for

example, CD = CF + AF} Since we are to show 4F {l(‘,[}_ what do we

know about CD—-2AE?

24 M, N are midpoints, but we cannot apply the Midpoint Theorem
directly on MN. What if we consider more midpoints (Example 2.2.8)?

2.5 Can you see EFGH is a parallelogram? Now we can focus on the
parallelogram EFGH, which is a simpler problem. Can we use the techniques
of congruent triangles to solve it?

2.6 Notice that every point in the diagram is uniquely determined once
the square is drawn. Let AB = a. We can calculate AP, for example, by
drawing PQ | AD at Q and applying Pythagoras’ Theorem. Can you find AQ

and PQ ? Canyou find ?

2.7 Given BG | CG, canyou see AB, BC, AC can all be expressed in terms of
the medians BD, CE (by the Midpoint Theorem and Pythagoras’ Theorem)?

2.8 Given AABC, we can calculate [DEF] by subtracting [AADF], [ABDE] and
[ACEF] from [AABC], while the areas of the small triangles are determined
once the positions of D, E, F are known.



[AD'E'F'] can be calculated in a similar manner, while the positions of D', E',
F'are determined by D, E, F.

Since D, E, F are arbitrarily chosen, the conclusion should hold if we let

AD = BE =h Cr — ¢ and express both areas in terms of g, b, c and

AB  BC CA
[AABC].

BD CF _
=——_Since

BE CD
£B=4ZC=60° we should have ABDE ~ ACFD. Can we prove it, say by equal

angles? Notice that A and D are symmetric about MIN, i.e., ZEDF = LA =
60°.

2.9 We are to show BD - CD = BE - Cfor equivalently,

2.10 Example 1.2.7 is a special case of this problem, where £A = 45° and
AH =BC We solved Example 1.2.7 using congruent triangles. Can you see a
pair of similar triangles in this problem?

211 We know how to calculate a median, but what about trisection
points? Can you see AD is a median of AABE? Similarly, AE is a median of
AACD.

2.12 Notice that the parallel line is almost the only condition. If we apply
Ceva’s Theorem, the conclusion would be concurrency instead of
collinearity. Nevertheless, we can show GM passes through D, which is
equivalent to the conclusion.

Applying Menelaus’ Theorem directly to D, G, M will probably not show the
collinearity because it is not related to the condition AB // CE. How about
applying Menelaus’ Theorem more than once?

2.13 Thisis similar to Example 2.5.3.

2.14 It seems natural to apply Menelaus’ Theorem. Even though the line
where D, E, F should lie does not intersect any triangle, Menelaus’ Theorem
still holds when the points of division are on the extension of the sides of
the triangle.

One may also consider applying the Angle Bisector Theorem to the exterior
angle bisectors.

2.15 Refer to the diagram below. If we apply Menelaus’ Theorem when

the line DE intersects AABC, we have AD ‘ BM ; CE

BD CM AE
we consider the line BC intersecting AADE, we have

=1 Alternatively, if




AB DM EC

DB EM AC
Perhaps we shall apply Menelaus’ Theorem to another triangle, but

—1 . However, neither gives us a clue for or

which triangle (and the line intersecting it) should we choose?

AB 4B

-+

AD AE
If we apply Menelaus’ Theorem, BD should be a side of the triangle

We are to show

2 where AB = AC How could we obtain say

i1

and the line should pass through A. It seems we should choose the line AE
intersecting ABDM. Even though AE intersects BD, DM and BM only at the
extension, we could still apply Menelaus’ Theorem.

Can you give a similar argument for

Chapter 3
3.1 Apply Corollary 3.1.4.

3.2 This is similar to Example 3.1.7. ConnectEF and one could see
concyclicity.
3.3 Can you see ,_",j_fj:i[‘;,g?iﬁ_] 7 How does this relate to the

a "

exterior angle of ZC?

3.4 Since AB is the diameter, AC | BCand AD | BD. Can you construct a
triangle whose orthocenter is P? Example 3.1.6 relates the orthocenter of a
triangle to the incenter of another triangle.

D



3.5 LetM be the midpoint of Clearly the angle bisector of ZPAB
passes through M. Can you find another angle bisector which passes
through M? You may apply Theorem 3.2.10 for angles related to tangent
lines.

3.6 Notice that ZBHC =180°— ZA because His the orthocenter.

3.7 ltis easy to see that OD is the perpendicular bisector of BC. How can
we show OM | PM? Draw a diagram and one may see many equal angles
and right angles. It should not be difficult to find concyclicity.

3.8 This is similar to Example 3.1.17. Besides, one may also recall the
property of AACD, i.e., an isosceles triangle with 120° at the vertex (Example
2.3.4).

3.9 There are many right angles in this diagram due to the orthocenter and
diameters. (Draw a diameter of :,0.)

3.10 Since we are to show CDEF is a rectangle, it suffices to show CF and
DE bisect each other and are equal. We know CM = DM = EM Hence, it
suffices to show CF = DE.

Notice that both CF and DE are uniquely determined by AC and BC. In
particular, CF and DE can be calculated by Pythagoras’ Theorem.

3.11 How can we apply the condition £B =24C ? Since AD is the angle
bisector, it is natural to reflect AABD about AD, i.e., choose E on AC such that
AB=AE.

Now ZAED=2/ZC, whichimplies £ZC= ZCDE,i.e., DE=CD.

It seems that BDEI is a rhombus. Can you show it? (Notice that if BDE! is
indeed arhombus, then Eis the circumcenter of ACDI. )

3.12 Let the circumcircle of AABP intersect AQ at M'. What do you know



about M'? Can you see M'is the midpoint of AQ?

3.13 Can you see AA'CB and ABB'C are isosceles trapeziums? Notice that
there are many equal angles in the diagram due to concyclicity, heights,
parallel lines and equal arcs.

3.14 This follows immediately from Example 3.4.2.
3.15 Canyousee /isthe orthocenter of AJ;J,J5?

3.16 One may see many right angles from the diagram. (Notice that the
diameter also gives right angles.) Moreover, P, Q, R, S are the feet of the
perpendiculars from Y, a point on the circumference. Is it reminiscent of
Simson’s Line? What if you draw YC' | ABat C?

We are to show /P(5 = lil’gg_ Can we replace li‘r{]z by an angle
3

-

on the circumference? Those right angles should give Blenty of concyclicity.
It seems we are not far from the conclusion.

Alternatively, one may also notice that PXQY and SYRZ are rectangles. What
can we say about these rectangles?

3.17 Since AD //BC and we are to show€; //€, weshould have a
parallelogram enclosed by AD, BC, €4 and €,. Can we show it?

By extending the sides of ABCD and €4, £,, we will have many equal tangent

segments. Hence, we may be able to find an equation of various line
segments. (Refer to Example 3.2.7. You may need to draw a large diagram.)

Now we may identify the parallelogram by applying Exercise 1.13. Even
though this is not a commonly used result, it is most closely related to the
parallelogram given the sum or difference of neighboring sides. (If you are
not familiar with this result, you may prove it first as alemma.)

Chapter 4

4.1 Draw a common tangent at C. Can you see AB// DE ? What other equal



angles can you obtain if A, C, D, E are concyclic?

4.2 Draw DE | AP atE. By definition, sin /PA4D = E _
AD

Can you see Cis the midpoint of AP? Can you see a number of right angled
isosceles triangles?

4.3 It seems not easy to see the geometrical sense of AB> and AD3.

However, there are many right angles and we know AB* and AD? (by
Example 2.3.1). In particular, if G, H are the feet of the perpendiculars from

D, Bto AC respectively, one can show that ‘{E: L 4G :
AD- AH
Now it suffices to show Since DE // BF, applying the

Intercept Theorem will probably solve the problem. Are you fluent and
skillful in manipulating ratios?

4.4 Since P is an arbitrary point and LOPF = £ OEP should always hold,
can we replace P by a special point on the circumference? Unfortunately,
we cannot use M because M lies on the line OE.

What can we say about P? Notice that we should have AOPE ~ AOFP, or
equivalently, OP? = OE - OF. Since OP = OM can we show that OM? = OE -
OF? Notice that we do not need the circle anymore! Since EF // AD, we may

probably show using the Intercept Theorem. (Are you skillful

in applying the Intercept Theorem? Refer to the remarks after Corollary
2.2.2))

4.5 The only equal lengths we have are PA = PB Apparently, it is not easy
to place QE, QF in congruent triangles. Notice that there are many equal
angles in the diagram due to the circle, tangents and parallel lines. Can you
identify similar triangles involving QE and QF? For example, can you see



AAEQ ~ MBC? If we express QE, QF as ratios of line segments, perhaps we
can show that the ratios are the same.

Note that it is not easy to solve the problem by applying the Intercept
QFE OF

Theorem even though we have AP // EF : we do not know == gr =
AP AP

4.6 Apply the Tangent Secant Theorem. (You may need Example 2.3.1.)

4.7 Can you see AD is both an angle bisector and a height? Can you
construct the isosceles triangle? Can you find BC using similar triangles or
the Tangent Secant Theorem? (You are given CE and BD. How are they
related to BC?)

4.8 We are to show D, E, F are collinear where D, E, F are closely related to
AABC : shall we apply Menelaus’ Theorem? Can you show that

4F .BD . & =17 What do we know about 4F _ A and E-_} We
BF CD AE BF  CD
know AF - BF = CP by the Tangent Secant Theorem, i.e., Can

you see that

Notice that the circumcircle of AABC and the tangent lines give similar
triangles. For example, can you see that ABCF ~ ACAF ?

-~
=

AF _AF CF _{( _4C"| " This
BF CF BF \BC)
implies is uniquely determined by AABC. Can you express and

Now and hence,

similarly?

4.9 We see that AJ, AKare not related to the choice of P. How are CE, BF



related to AABC? One easily sees that CJ = AJand BK = AK(because of the
perpendicular bisectors). Now CE, BF are in ACEJ and ABFK respectively.

If we have ACEJ ~ AFBK, then CE = i = Gl .
BF BK KF
Hence, CE ” JE : & “The conclusion follows becauseE = ﬁ
BF* BK KF BK 4K

Can we show ACEJ ~ ABFK ? There are many equal angles in the diagram due
to the circle and the perpendicular bisectors.

4.10 Since AP = AQ one immediately sees that 2 = ~1 = -3 (angles in
the same arc). Can you see similar triangles?

Since we are to show DE // BC, BCDEhould be a trapezium. Can you see
that BCDE should be an isosceles trapezium? How is O related to BCDE?
(Hint: OB = OC) Now it suffices to show that B, C, D, E are concyclic. What
can you conclude from AP = AQ and the similar triangles?

4.11 Naturally, we suppose two common tangents intersect at P and show
that P lies on the third common tangent. One may see this as a special case
of Theorem 4.3.6, while the radical axes are the common tangent. We still
apply the Tangent Secant Theorem and construct a proof by contradiction.

4.12 Since three circles intersect (or touch) each other, one may consider



applying Theorem 4.3.6. Can you see which lines are the radical axes? What
can you obtain by applying the Tangent Secant Theorem?

4.13 Since £B=2/4C, drawing the angle bisector of £ZB gives an isosceles
triangle. One may attempt a few techniques with the angle bisector, but
notice that applying the Angle Bisector Theorem or reflecting the diagram
about the angle bisector would not give AC?. Since we have an isosceles
triangle, how about reflecting the diagram about the perpendicular bisector
of BC?

4.14 Refer to the left diagram below. What property do we know about
the circumcenter of AACE? By Example 4.3.3, the circumcircle of AACE, say |,
is the incircle of AO;0,0; and moreover, A, C, E are the feet of the

perpendiculars from / to 0,0,, 0,05, 0,03 respectively.

We are to show B, I, C are collinear. It suffices to show BC | O O,. Let O4P
| €, at P. Refer to the right diagram above. Since 0,C = 0P, we should have
ABPO4 = ABCO,. However, it may not be easy to find equal angles since we
do not know how the line segments, say OB or BC, intersect the circles
given. Can we show BC = BP?

Would it be easier to show 0,8%—0,C? = 0382 — 05C? ? Notice that all these

line segments are uniquely determined by the radii of the three circles (by
Pythagoras’ Theorem).

Observe that those radii are not independent. Let the radii of @ 0, @ O,
and @ O3 be ry, ry, r3 respectively. For example, if we draw O3X | O,B atX,
we have 02X2 +O3X2 = 02032, where O,X = 2r; —r, —r3, 0,03 =r, +r3 and
03X =DQ-BP.

Refer to the diagram below. One may find BP via the right angled trapezium
BPO,0, and similarly DQ as well. Applying Pythagoras’ Theorem repeatedly

should lead to the conclusion.
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4.15 How can we use the condition that PQ is tangent to the circumcircle
of AMINL ? Notice that PQ only touches the circumcircle of AMNL once, i.e.,
atl. We are to show OP = OQ Hence, it suffices to show OL | PQ
Regrettably, this seems not clear because O isnot the circumcenter of
AMNL.

Refer to the diagram below. Once we draw AMNL, it is easy to see AB // ML
and AC// NLbecause M, N, L are midpoints. Are there any similar triangles?

Clearly, £ZBAC = ZMLN. We also have ZLMN = ZPLN = ZAPQ because of
Theorem 3.2.10 and AC // NL. Similarly, ZLNM = ZAQP. We must have
ALMN ~ AAPQ.

LM PL QL LN
BQ PO PO CP
this implies AP - CP = AQ - BQ How does this remind you of OP and 0Q?

Consider the power of points P, Q with respect to 3 O, the circumcircle of
AABC!

Notice that L is the midpoint, i.e.,

. Can you see

Chapter5
5.1 Recall Example 3.4.1.

5.2 There are many right angles in the diagram. One immediately sees
that PH2 =MH - BH Hence, it suffices to show MH - BH = AH - OH or

Can we show it by similar triangles?

Notice that M and O are midpoints. If we cannot find many angle properties
related to them, perhaps we can calculate more lengths.



On a side note, all the points are uniquely determined in the circle because
APAB is a right angled isosceles triangle. One may calculate PH, AH, OH
explicitly, say by Pythagoras’ Theorem and Cosine Rule. Of course, this
would not lead to an elegant solution, but is still a valid proof.

5.3 One may solve it by either similar triangles or angle properties in a
circle. Can you see any pair of angles which should be equal? Can you see
that A, I, E, P should be concyclic?

5.4 Can you see DR = D@ Can you see thatDX is the perpendicular
bisector of QR? What can you say about EY and CZ?

Hint: This is an easy question if you construct the diagram wisely. Do not
draw all the points explicitly as it only complicates the diagram
unnecessarily and distracts you from seeking the clues.

5.5 Given the orthocenter H and the midpoint M, one immediately sees
that A'BHC is a parallelogram, where AA' is a diameter of 0 (Example
3.4.4).

In particular, A', H, Q are collinear and N is the midpoint of A'H.

We are to show M, N, P, Q are concyclic.

It seems we may consider the Intersecting Chords Theorem. Refer to the
diagram above. Can you see that A'H- QH=C'H - PH, where C' is obtained by
PH extended intersecting (»0? (CC'is also a diameter!)

5.6 Recall thatr:l(ﬁﬂ—jﬂ_ﬁcj since ZA = 90°. Notice that a

-
£

similar argument applies for ry, r, as well.

5.7 Consider the reflection of C about BD, called C'. Can you see that CP +
PQ=C'P+PQ=C'Q? What is the smallest possible value of C'Q ? (Notice that
C'Q does not depend on the choice of Pand Q.)

5.8 We should have PM = QM However, it is not easy to show because
BQ, CP are not the altitudes. How are AAPQ and ABCH related? Notice that



ZBHC = 180° — ZA. Does it remind you of any technique? Double the
median HM!

5.9 It suffices to show ACQ = ZBAD. Notice that £CAQ = ZADB
(because AP is tangent to (30). Hence, we should have AACQ ~ ADAB. Can

we show

Notice that AQ =AP = BP. Can we show Is there another pair of

similar triangles which imply this? We have two circles and hence, plenty of
equal angles.

5.10 If X lies on BE extended, then P, H coincide and Q, X coincide, where
H is the orthocenter of AABC. It is easy to see that E is the midpoint of PQ
(Example 3.4.3). Refer to the left diagram below.

D' 4 C

Let X be an arbitrary point. Now it is not easy to show DE passes through the
midpoint of PQ since P, H do not coincide and Q does not lie on the
circumcircle of AABC. Nevertheless, since P still lies on the line AD, perhaps
we can draw QR // DE, intersecting the line AD atR. Refer to the right
diagram above.

We should have PD = DR. Since ABFH is an isosceles triangle (Example 3.4.3),



P and R should be symmetric about the line BC.
On the other hand, what properties do we know about Q? It is easy to see
that £LBFH = £BHF = ZAHQ and £LQAH = £PBF.

Hence, we have AAHQ ~ ABFP, where ABFP should be the reflection of
ABHR. Refer to the diagram below. Note that ABHR and AAHQ are related by
the parallel lines DE and QR.

If we equate the ratios of the line segments via the similar triangles and the
parallel lines, we will probably see the conclusion.

5.11 One immediately notices that the point A could be neglected. Let DE
intersect PH at G. We are to show that G is the midpoint of PH. In fact, we
have a midpoint H if we extend PH, intersecting I at Q. How can we apply
the condition PD = PE? Can you see that APEG ~ APQE?
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If we choose M as the midpoint of PE, M and H are corresponding points in

the similar triangles. Is it reminiscent of Example 5.2.8?

Alternatively, one recognizes that P is the circumcenter of ADEH. Notice that
the circumcircle of ADEH intersects I exactly at D and E. If DE intersects PH at
G, one may probably show PG = HGby considering the power of point G (or
by the Intersecting Chords Theorem).

Note: One may refer to Example 3.5.1, the diagram of which apparently



shows a similar structure.

In fact, if PP' is a diameter of I, one may draw @ P"' with radius P' D (where
PP' is the perpendicular bisector of DE). Notice that PD | P'D and PE | P'E,
i.e., PD, PE are tangent to 3 P'. Refer to the diagram below.

Let B'C' be the diameter passing through Q. It is easy to see that B'C' // BC.
By Example 3.5.1, B'E, C'D and AQ are concurrent atH. Unfortunately,
knowing this fact is not helpful when showing PG = GH.

5.12 Canyousee ZCPD=90°- CADand £CQD=180°-24CAD?

How are P and Q related?

Since B, C, E should be related, can you see that B should be the orthocenter
of AAPE ? Can you show that AB | PE?

5.13 Canyou see that DE is the perpendicular bisector of CI? Can you show
F lies on the perpendicular bisector of CI? It may not be easy because we do
not know much about the line segments CF and FI. We are given a parallel
line €; and a tangent line €,. If £; and the line DE intersect at F', can we

show that F'Cis tangent to O (i.e., Fand F' coincide) by angle properties?

5.14 We are to show AB — AC = BP — CP where ZA = 90° and angle
bisectors are given. It is natural to consider reflecting A about the angle
bisectors. In particular, if we draw DF | BCat Fand EG | BCat G, it is easy to
see that AB—AC=BG—CF.

Hence, P should be the midpoint of FG. Can we show it? (Notice that there
are many right angles in the diagram.)

5.15 One may notice that the condition and the conclusion are probably
related to similar triangles sharing a common vertex. In particular, we are to
show ZAED = ZBEP and we know that ZDAE = ZDBE. Hence, we should
have AADE ~ ABPE.



However, showing AADE ~ ABPE may not be easy because we know neither
BP nor ZBPE. Can we show AABE ~ ADPE instead? It seems the difficulties
remain: what do we know about P?

Perhaps we should seek more clues from the condition. We are given a
circle and a parallelogram, the properties of which should give us many
pairs of equal angles. For example, £ZBDC = ZABD = ZAED. Notice that we
also have ZPCD = ZACB= ZCAD from the given condition.

It follows that APCD ~ ADAE, which gives us Now we know

more properties of P. Can you see AMABE ~ ADPE ?

5.16 Upon constructing the diagram, one may notice that this problem is
very similar toExample 5.2.8. Can we still apply the technique by
introducing a perpendicular from O to the chord AB?

We are to show AC | CE, i.e., if CE intersects (0 at A', then AA' must be a
diameter of 0.

5.17 GivenA, B, C, D are concyclic and A, B, F, E are concyclic, can you see
that ZDAE = ZCBF? Is this useful? (Notice that AD and BF should not be
parallel because F could be arbitrarily chosen on CD).

Given the circumcenters G and H, can you see that £ZDGE = Z2DAE ? What
can you conclude about the (isosceles) triangles ADEG and ACFH ? Can you
seethatDG// FH?

Since P, G, H should be collinear, can you see similar triangles from DG // FH

? How are AAPE and ABPC related? Clearly they are not similar, but how are

E and E related?

Chapter 6

6.1 Recall Example 3.4.1.



6.2 LetAM and BP intersect at D. It is easy to find in the right angled

triangle AABM. Can you find by Menelaus’ Theorem?

Alternatively, one may draw PE | BC at E. Can you see that APEC is also a
right angled isosceles triangle?

Indeed, there are many ways to calculate One may also draw the

square ABCX. Can you see that BP extended pass through the midpoint of
CX, called F? Can you see AABM = ABCF ? Can you see

6.3 Since AD, BE, CF are concurrent, can you see many pairs of similar
triangles?

6.4 \We are given a median, an angle bisector and an altitude. Can you
show that BE is an altitude as well (by considering the median on the

hypotenuse BC)? Canyou see FF — i,i(_"?
-

6.5 How will the circles drawn (with diameters BC and AC) intersect AABC
? If you draw a circle with a diameter AC, can you see that it must intersect
BC, ACat D, Erespectively?

Can you see that MN, PQ intersect at the orthocenter of AABC, called H? Can
you show that MH - NH = PH - QH by the Intersecting Chords Theorem?

Alternatively, one easily sees that CM = CNand CP = CQ Since M, N, P, Q
should be cyclic, this circle should be centered at C. Can you show CM =CP?
(Notice that they are in right angled triangles!)

6.6 What can you say about by the Angle Bisector Theorem or

similar triangles? How are AADX and ACDY (not similar) related?

6.7 Since AABC should be an equilateral triangle, one should draw an
almost equilateral triangle. Suppose the circumcircle of ADEF intersects BC
at D, D'. Can you see that D and D' are symmetric about the midpoint of BC?
(Notice that the perpendicular bisector from O toBC is also the
perpendicular bisector of DD'.)

How are BD and BD' related? How are BD and BF' related?
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6.8 How to show Q lies onBC? One strategy is to show that if the
circumcircle of ABPD intersects BC at Q', then C, E, P, Q' are concyclic (say by
angle properties). However, this may not be easy because we do not know
how ABDP and ACEP are related.

Where should ABDP intersect BC? Refer to the diagram below. It seems that
A, P, Q' are collinear. If this is true, we should have ZB= ZAPD.

Notice that £B = ZAED (because BE, CD are heights). Hence, we should
have LAED= ZLAPD, i.e., A, D, P, E should be concyclic.

Itis easy to see that PD = PE because OP is the perpendicular bisector of DE.
Canyou see why A, D, P, E are concyclic?

6.9 How can we construct such a diagram? If we choose D and P casually, it
is difficult to introduce € which gives DE = DF.

Let us construct the diagram in the reverse manner. Refer to the diagram
below. First we draw a line segment EF with its midpoint D, and N is on EF
extended. Now if P and C are chosen, A and B will be uniquely determined
(illustrated by the broken lines).



L
L)

\ \

FAh ™

! T

i
M: +E D F N
e
if o,
"gl.—’

Hence, M is uniquely determined (by the dotted lines), where we should
have DM =DN.

It seems that DM can be calculated via other line segments. Is it reminiscent
of Menelaus’ Theorem?

Which triangle should we apply Menelaus’ Theorem to? We should have
line segments DM, DN (or equivalently, EM, FN) in the equation, and
probably DE, DF as well. Apparently, more than one triangle will be
involved.

6.10 Notice that drawing all the circles given, 30, 30, and 05, only

makes the diagram unnecessarily complicated. Instead, we may study the
properties of two circles, say 0, and 303. Similar properties should apply

to @0, as well.

Let @0, and 03 intersect atP and H. One immediately sees that PH |
0,0;.

Since 0,,05 are the midpoints of AC, ABrespectively, we have 0,05 // BC
and hence, PH | BC. Thisimplies A, P, H are collinear.

Now a simple application of the Tangent Secant Theorem shows that B, B,,
Cy, G, are concyclic. Similarly, we should have A4, A,, B;, B, concyclic as
well. How can we show that A,, A,, B;, B,, C;, C, all lie on the same circle?



Which circle does By, B,, C, C, lie on? Do you know the center and the
radius of that circle? (You may identify the center by drawing the
perpendicular bisectors of B;B, and C;C,.) How about the circle which A4,
A,, By, Bylie on?

6.11 Suppose BM and CN intersect at X. Since we are to show X lies on the
circumcircle of AABC, the most straightforward method might be showing
that £BXC=180°— ABAC.

One notices that £ PAB = ZC is a useful condition, with which one easily
sees that AABC ~ APBA.

Similarly, AABC ~ AQAC. (*)

Refer to the diagram below. Can you see that /1= 2= /BAC?

Hence, we should have 4= /BAC = +1 = ZBQN, which implies B, N, X, Q
are concyclic.

Now we should have £3 = ZN and similarly, £ZBCN = ZM. This implies

that ABPM ~ ANQC. Can we show it? Since 1 = -2, it suffices to show

E:E Notice that we have not used the condition that P, Q are
PM CQ

A
midpoints of AM, AN respectively. Now it suffices to show — = g
AP 20

.Can

you see it from (*)?

6.12 We are given a circle and a triangle, but the condition CF // BE seems
not closely related to circle geometry. Perhaps we can find equal angles
through the parallel lines and the property of 0.
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B M E

Refer to the diagram above. Since BE // CF, we have £ZBFC = LEBF = ZCAD,
which implies A, D, C, F are concyclic. Alternatively, one may obtain this
result by ZACF= ZBEC= ZADF. Suppose A, D, C, Flie on 3,0;.

We are to show AG = DG which implies G should lie on the perpendicular
bisector of AD. Since AD is the common chord of m0 and =0, its
perpendicular bisector is the line 00,. Can we show thatG, O, O, are
collinear? Refer to the diagram below. Can we show ZBGO = Z£BGO;?
Notice that BE // CF gives us similar triangles ABEG ~ ACFG. Hence, it suffices
to show O and O, are corresponding points in ABEG and ACFG.

L
|
|
B M C

O is obtained by intersecting the perpendicular bisector of BE and the line
passing through B perpendicular to BC. Hence, it suffices to show BC is
tangent to 30;,. Notice that we have not used the condition BM = CM
Observe the position of M and the two circles. Does it remind you of the
Tangent Secant Theorem?

6.13 Refer to the diagram below. We are to show / is the circumcenter of
APQR, which is equivalent to P/ = Q/ = Rl How is/ related to P, Q, R? We
know E/ = Fland indeed, Al is the perpendicular bisector of EF. Notice that /



should lie on the perpendicular bisector of QR.

It seems from the diagram that EF // QR. Is it true?

Ji JiR
If we can ShOW'—QZ “17  then QR // EF, which implies QI = Rl(because

A, 1, J; are collinear and J;E = J;F). Similarly, PI = Qland the conclusion
follows. This is probably the critical step we need!

On the other hand, we know EF //J,J3 because Al | J,J3 (Exercise 1.5).
Similarly, we have DF // J;J3 and DE // J;J,. Refer to the diagram below.

Notice that the parallel lines give ADEF ~ AJyJ,J3. Now can you see
JO JiR "
FQ ER

6.14 We are given many conditions. It is easy to seek clues from some of
the conditions. Refer to the left diagram below. Since AB=BC + AE and AE //



BC, it is natural to move BC up (i.e., extend AE to G such that BC = £G). (*)

o o

We obtain a parallelogram BCGE where M is the center, as well as an
isosceles triangle AABG. Given AE // BG can you see that BG bisects ZABC?

Now it suffices to show that .~ 4F = ij{:‘ﬂE =i4,§3(j' = ZAGSB, i.e.,
) )

we should have A, B, D, G concyclic.

Apparently, we do not know much about the line segments, but only about
the angles. Refer to the right diagram above. Can we show that £BDG =
180° —Z A? Notice that 180° - ZA = ZABC = ZCDE. Hence, we should have
£ BDG = £CDE, or equivalently, £ZBDC = ZEDG.

Notice that we have not used the following conditions:

e  Misthe midpoint of CE (and hence the center of the parallelogram BCG
e  Qisthe circumcenter of ABCD.

e OM | DM

It seems that these properties are related to symmetry. Refer to the
diagram below. Let D' be the reflection of D about OM.

What can you say about D' ? Can you see congruent triangles related to D' ?
How is the parallelogram BCGE related to D' ? How is D' related to O, the
circumcenter of ABCD ?



Note: If one extends BC instead of AE at (*) to G such that CG = AE an
isosceles triangle AABG will be obtained where AG bisects ZA.
Unfortunately, this is not useful because we need angles related to half of
ZABCor LCDE.



Solutions to Exercises

Chapter1

1.1 Since AP =BP, we have 1= ZB. Now 2=90°- ~1=90"- £B= Z(,
which implies AP = CP. The conclusion follows.
c

A B

1.2 Choose E on AC such that AB = AE Since AD bisects BAC, one sees
that AABD = AAED (S.A.S.). Hence, BD=DE and AED= +ABD=2 -C.

Since »AED= C+ CDE, we conclude that ZC= ZCDE, i.e., CE=DE.

Now CE = DE =BD. We have AC=AE + CE=AB +BD.

1.3 Itiseasytosee that AMACE = AAGB (S.A.S.). Hence, we have BG =CE and
ZLACE = ZAGB. Let BG and CE intersect at P. Notice that £ CPG = ZCAG =
90° (Example 1.1.6) and hence, BG | CE.

1.4 Refertothe left diagram below. Let BP,CP bisect the exterior angles of
4B, ZCrespectively. We are to show AP bisects ZA. Draw PD | BCat D, PE
| ABat Eand PF | AC atF. Itis easy to see that ABPE = ABPD (A.A.S.) and
hence, PD = PE. Similarly, PD = PF.
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Now we have PE = PF. Refer to the right diagram above. One sees that AAPE
= AAPF (H.L.) and hence, AP bisects ZA.

1.5 ConnectAJ;. Since Al and AJ; are the angle bisectors of neighboring
supplementary angles, we have Al | AJ; (Example 1.1.9, or one may simply
see that

1 1
AI4J) = ZCAI + ZCAJ, = ?LBAC+:[1 80°— /BAC)=90°)
Similarly, Al | AJ,. Now J;AJ, = 90° + 90° = 180° which implies A, J;, J, are
collinear and hence, Al | J1J,.

1.6 Choose E' on CD extended such that DE' = BE. Connect AE' It is easy to
see that AMABE = AADE' (S.A.S.). Hence, AE = AE'and £BAE = ZDAE.' Now we
see that LEAF = ZE'AF = 45° and AAEF = AAE'F (S.A.S.). Hence, EF = EF = DF
+ BE.

E'

A

o
- |
-
o |
-

A D
FE
B E C

1.7 We have ZABD= ZACE=90°- ZBAC. Hence, AMABP = AQCA (S.A.S.). It



follows that AQ =AP and £LZQAD = LAPD=90°— £LPAC, i.e., ZQAD + £LPAC
= /ZPAQ=90°. Thus, ZAQP =45°,

1.8 Connect CD. Since BE = AB = BCand BD bisects Z CBE, we have ABCD =
ABED (S.A.S.). Hence, £BED = £BCD.
Since AD =BD, D (and similarly C) lie on the perpendicular bisector of AB,
which is indeed the line CD. It follows that CD bisects ZACB.

A

B G

1
Now ~BED = ABCD = —£ACB = 307,

1.9 Sincel/ is the incenter, C/ bisects ZC. Theorem 1.3.3 gives
LAIB=90°+~ /. Hence, ZBID = 180" / 4]B = 90°+~ /(" = 90° -

4 BCl= £LCIH.

B* B c
1.10 Since £1=Z2and 3= 4, we have MBC = AADC (A.A.S.). Hence,
AB =ADand LABF = LADE. Now AABF = ADE (A.A.S.), which implies AE =

AF. It follows that AAEP = AAFP (S.A.S.) and PE = PF. Note that the proof
holds regardless of the position of P.



1.11 Let M be the midpoint of BC. Since O is the circumcenter of ABCD, OM
is the perpendicular bisector of BC. On the other hand, since!/ is the
incenter of AACD, Al is the angle bisector £ZA, which passes through M
since AB = AC Thus, A, I, O lie on the perpendicular bisector of BC. The
conclusion follows.

D

A
B M C
1.12 Let LABC=2aand LAPC=2pB. We have /BAP=ZLAPC—- ZABC=2(a
—B). Since BD, PD are angle bisectors, we have ,~CBD =a and £CPD = . It
follows that ,BDP = ,,CPD— £ZCBD=a—8

Notice that D is the ex-center of AABP opposite B (Exercise 1.4), which
implies that AD bisects the exterior angle of ZBAP.

#
Af
EB* ] s

1 1
N o w.P4D=—(180°- £ZBAP)=90°—=2(a— B)=90°— LBDP.

2

This completes the E)roof.

1.13 Suppose otherwise. Draw CD' // AB, intersecting the line AD at D' Now
ABCD' is a parallelogram and AB = CDBC = AD' We have AD'-CD' =BC —AB =
AD-CD.



Case I: AD<AD'

Refer to the diagram below.

We have DD' =AD'-AD =CD' —CD, i.e., DD'+CD = CD This contradicts triangle
inequality.

Case ll: AD>AD'
Similarly, we have DD' =AD —-AD' =CD -CD', i.e., DD'+CD' =CD. This
contradicts triangle inequality.

It follows that D and D' coincide, i.e., ABCD is a parallelogram.

1.14 Draw EP | €, atP and AQ // EH intersecting CD at Q. It is easy to see
that AEHQ is a parallelogram and hence, EH = AQ Given that EP = AD we
must have AEPH = AADQ (H.L.). It follows that £L1= ZAQD = £2.

Similarly, we have £ZBGF = ZHGF.

Now /GIH =180°— /HGF — /1 where Z1=—(180°- ZCHG)

[ | =

. 1
=00° — %LCHG and similarly, “HGF = 90° —:f_f’CGH.

Y F ™
Hence, /GIH =180°—| QDD—%LCHG |—| 90“—%LCGH 1
5\ A 5 L !

:i[iCGH+.,_”CHG]:4i°_ because ACGH is a right angled triangle
T
where £ C=90".

Note: One may observe that/ is the ex-center of ACGH opposite C (Exercise



1.4). Indeed, one may show, following a similar argument as above, that if J
is the ex-center of AABC  opposite A, then we always have

ABIC=90" —%L'i_ (You may compare this result with Theorem 1.3.3.)

Chapter 2

2.1 Since 48 = BD. [&43{*];[&3{*_{)]:%[3(:*@]_ i.e., we have
[BcxD]=2[a4BC].

Similarly, [ACEY] = [AABC] and [ABZF] = 4[AABC].

Now the total area of parallelograms is 175 = 7[AABC]. It follows that [AABC]
= 25¢m>.

2.2 Itis easy to see that AACE = AAGB, which implies CE =BGand BG | CE
(Exercise 1.3). Since O4M is a midline of ABEC, we have ¢}, ] -'=l “E and
= 7

0,M /] CE.

Similarly, (. N l “E and O,N //CE. Now O)M =0,N and O;M // O,N
& )

imply MO;NO, is a_parallelogram.

A similar argument gives ON=0O,M = lBG and O;N // O,M // BG. Now
F 0

BG = CEimplies O4M =0,N while BG | CE implies O1M. | O,N It follows
that MO,NO, is a square.

23 DrawBG | AF atG. It is easy to see that AABG and AADF are right
angled isosceles triangles and BCFGis a rectangle.

Hence, CF = BG = AGand AF = DF. Now CD —2AE =CF + DF — 2AE =AG +AF -
2AE=(AG-AE) + (AF—-AE) =EF—EG.



& }L'_ D
EF DF I .
>—_1e_ EF > EG.

Since DF = AF > AG=CF, =
BC DF+CF 2

. 1
In conclusion, CD—2 AE >0 and AE < ;C‘D.

2.4 Notice that PM is a midline of ABDE. Hence, PAf =lﬁ}_‘) and PM //

BD. Similarly, ON _ LY ep_parandany/ep )l Pm.
B 2

We also have (A = PN = LCE and QM // PN // CE. It follows that MPNQ
b= 2

is a parallelogram. Since PM //AB, QM [/ AC and AB | AC, we must have
PM | QM. Hence, MPNQ s a rectangle and MN = PQ.

2.5 Itiseasyto see that EFGH is a parallelogram (Example 2.2.6). We focus
on EFGH. Refer to the diagram below. Let EM extended and FG extended
intersect at Q.

Since EH // FQ and GM = HM, AEHM = AQGM (A.A.S.). Hence, QG =EH = FG. It
is given that FG =PG. We have PG=FG=QG :lf@l It follows that FP | PQ
e

Fa

(Example 1.1.8).

2.6 LetAB =a. Since ABCD is a square, it is easy to see that BE = CFand
ABCE = ACDF. Now £ BCE = £ CDF =90° — ZCFD, which implies CE | DF.



NS

]

=1

B F:

Notice that £F _ =

CF i 1 = (Example 2.3.1).
PD 4

CD )

Draw PX | BCatX, PY | CDatYand PQ | AD at Q. We have

FX PF 1 4 2
nd =_" —_  Hence, DF:%G:PQ andCX =—CF =—BC,
CX FD 4 2 3 5 5
which impIiesAQ —BY =—n
5
By Pythagoras’ Theorem,
¥

———— I 3 P _
AP=\[AQ*+PQ* =a| 2] +|_1 —a je AP=AB.

s
wtgj

Note: There is an alternative solution based on the median CE doubled.
Refer to the diagram below. Extend CE to X such that CE = EX It is easy to
see that ABCE = NAXE.

Hence, X lies on the line AD and AD = AX Notice that CE | DF as shown in
the proof above. It follows that AP is the median on the hypotenuse DX of

the right angled triangle APXD. Hence, A_P:lDX =AD =AB (Theorem
¥

1.4.6).

This is an elegant solution, even though the previous solution using
Pythagoras’ Theorem is more straightforward.

2.7 LetBD,CE be the medians. By the Midpoint Theorem, BG = 2DGand CG
= 2EG.



Let DG=a and EG =b. Since BG | CG, we have BE? = (2c7)2 +b?%=4g%+b2.
Hence, AB? = (2BE)? = 4-(4a® + b?) = 16a° + 4b°.

Similarly, AC? = 4a? + 16b°. It follows that AB% + AC% = 20(a? + b?), while BC? =
(2a)? + (2b)? = 4(a® + b?). The conclusion follows.
A

E C

2.8 Refer to the following diagrams. Since DD' // BC, by the Intercept
AD AD' Let AD AD'

Theorem, we have Le =:{f
nn cn AB  AC
Similarly, Ietg = E =bh and E :E =
BC AB AC BC
A 4
D
E¥ T ¢ B&B* ¥ . [

Lets = A[ABC]. Note that[ADEF |= S —([AADF |+ [ABDE |+ [ACEF])
and [AD'E'F'|= 5 — (JA4D'E']+ [ABE'F'|+ [ACD' F')).

|AADF| _AD AF
[aA4BC] 4B A4cC
Similarly, [ABDE |= (1~ a)S and [ACEF]=c(1-8)s.

One sees that

—all—c),ie. [A4DF]=a(l-c)s.

We also have{&qﬂ'f’]:—-‘—:ﬂ[l—b]lﬂ‘._ [.-'LB.E'F']=EJ{1—C}S
and [Acp'F'|=cll-a)s. |
Hence, [AADF |+ [ABDE |+ [ACEF |=[a(l—¢)+b(1—a)+c(1-b)]-§

=la+b+c—ac—ab-bc]-S



=[a(t-8)+5(1-¢)+e(l—a)]- s = [a4D E]+ [ABE' F'[+ [acD F].
The conclusion follows.

2.9 Connect DE, DE We claim that ABDE ~ ACFD. Notice that £ZB = ZC =
60°. It suffices to show that £1= Z2. Since EF is the perpendicular bisector
of AD, we must have AE = DEand AF = DF. Hence, AAEF = ADEF (S.S.S). Now
ZEDF = ZEAF =60° and hence, £2=180°- ZEDF- £3=180°-60°- £3=
180°— £/B—- /3= /1.

We conclude that ABDE ~ ACFD. It follows that or equivalently,

BD - CD=BE - CF.

2.10 It is easy to see that ZEAH = ZDCH. Hence, ABCE ~ AHAE and we

have BE _ & _ tan /4 .

AH AE

B® B c
¥
211 LetBC=a,AC=b,AB=c, AD=xand AE=y. Clearly, BE = CD ="—q.

-

a
A
LY
l\
L \
& & N
B D E =
< oy
Since AD i dian of AABE, we have,2 L 2.1 2 1{2 ¥
Ince IS a median O , We ave_-‘_-'-zTc- _'_:-}:' _Efza \'
v 2,

Theorem 2.4.3. Similarly, 17 =é53 +%_~{‘ -3




median of NACD. Hence, we have
> a3 1.5 1 1.5 1. 5. T2 1{2 } ,
I"_'_}:- =_E;‘+_{'J +_I"+_J__'-__ a | __[ Y | | " which could
2 2 2 2 4\ 3 ) 4.3
2

-
(2]

be simplified to % + 2 = I:.E;n2 +(‘2l:|—-—ﬂ'

Pythagoras’ Theorem gives b% + c% = a® and the conclusion follows.

2.12 LetAE and BC intersect at G. Suppose GD extended intersects AB at

M'. By Ceva’s Theorem, AM " BC : GE —1_ Since CE //AB, we have
BM' GC AE
A

BT c G
An

BMT
passes through G, i.e., the lines AE, BC, MD are concurrent at G.

Hence, =1 i.e., M' coincides with M. We conclude that the line MD

Note: One may solve this problem by Menelaus’ Theorem as well.

AE GB CD

Consider the line BE intersecting A4CG: — — ——=1_ (*¥) Since
GE CB AD
AB // CE . We obtain from (*). Now
implies AM " 8G . D =1 It follows from Menelaus’ Theorem that D, G,
BM CG AD

M are collinear.
2.13 Referto the diagram below. Let AQ intersect BC at Q', BR intersect AC
BQ' CR' AP _1

at R'and CP intersect AB at P'. We claim that ;
CQ' AR' BP




Notice that Bg = [&{BQ]
co  [a4cg]

1 :
—AB-BQOsmn ~4B0Q o

i :AE5'1_1114"15‘[:_‘4-m]| where BQ =CQ anda =
1 : ACsin(£4CB +a)

~4C-CQsm ZACQ
ZBCQ=ZCBQ. Itis easy to see thata = ZACR = ZABP.

Simi CR' BC3111[LAC‘B+Q] AP ACsin|/BAC+ )
imilarly, anc = : £t
AR ABS111{13AC+(1] BP' BCsin|l/4BC+ )

BO' CR' AP

follows that ——- : =1 and by Ceva’s Theorem, AQ, BR, CPare
Q' AR' BF

concurrent.

2.14 By Menelaus’ Theorem, it suffices to show AF BD CE—l By the

cD
Angle Bisector Theorem, Fﬂ: A€ BD ‘é: and f—g The
BF BC’ CD AC AE AB

conclusion follows.
Note:

(1) One may find it easier to solve this problem by applying Menelaus’
Theorem and the Angle Bisector Theorem mechanically instead of
referring to the diagram.

(2) One may also solve this problem using Desargues’ Theorem.

Refer to the diagram below, where P, Q, R are the ex-centers of AABC
opposite A, B, C respectively. Apply Desargues’ Theorem to AABC and
APQR.

One sees that D, E, F are the intersections of the corresponding sides



extended: AB, PQ intersect at F, BC, QRintersect at D, AC, PRintersect
atE.

Now D, E, F are collinear if the lines AP, BQ, CR are concurrent. This is
clear because they all pass through the incenter of AABC.

F
1
s
E ,,fﬁ
.-.\‘_ P /
>4 0
G ]
D B . C

2.15 Referto the diagram below. Apply Menelaus’ Theorem when the line
AE intersects ABDM : BA . DE MC _ 1

DA ME BC
A

AB ME

Since we have Z—— — 7

AD DE
Apply Menelaus’ Theorem when the line AB intersects ACEM :

C4 ED MB . i
- : =1_Smece —=
E4 MD CB CB ,

AB  AB 4B  AC (DM  EM)
+ = + e +

AD AE AD AE "\ DE DE)
, DM+EM _, .~ AB AB
- DE TR AR AR

Since AB =AC, we have

— 7 This completes the proof.

Note: One may find an alternative solution using the area method. We are

7 7y
to show 1 b L = ' AD‘I_“IE: ~ . WeclaimthatAD - Al

1 = T e
AD AE AB AD-AE AB
+AB-2AD- AE




Notice that [M (_jj;}]: l‘,j_}_j -ABsin ZA (since AB=AC),
i

[A4BE|= éiqﬁ . AEsin Z4 and [A4DE|= %.w - AEsin /4

Hence, it suffices to show that [AACD] + [AABE] = 2[AADE].

Refer to the diagram below. Since BM = CM, we have [ABDE] = [ACDE]. (Can
you see it?)

Hence, [AADE]-[AACD] = [AABE]-[AADE], which completes the proof.

Chapter 3

3.1 (a) We always have LA = ZCinthe parallelogram ABCD. Now ABCD i:
cyclicif and only if LA + £C=180°, which implies LA = £ZC=90°.
Hence, ABCDis cyclicif and only if ABCD is a rectangle.

(b) Inatrapezium ABCD, say AD // BC, we always have LA + £ZB =180
Now ABCD is cyclic if and only if ZA + ZC = 180°, which implies
4B = ZC, i.e.,ABCD is cyclic if and only if it is an isosceles
trapezium.

3.2 Since £BAF = ZCDE, A, D, F, E are concyclic. Hence, £BAD = £CFE
(Corollary 3.1.5). Since £ZBAD + ZABC =180°, we have ZABC + ZCFE =180°,
i.e., B, C, F, Eare concyclic.

4 D
e
< \F

EZN

B C




Since LZAFE = ZADE and £BFE = £BCE (Corollary 3.1.3), we have ZAFB =
LAFE + £BFE = ZADE + ZBCE. One can easily see that ZADE + £BCE =
Z CED (Example 1.4.15). The conclusion follows.

1

33 Since /1= /BAI+ ZABI =—(Z4+ ZB) and

12:%[18[}‘:‘—/_'(_"}:% ZA+ /B), we have £L1= £2. Hence, A, I, C,J

are concyclic.

Note : One may also show that ZCAI= £CJI.

3.4 Let the lines AD, BC intersect at X. Since AB is the diameter of the
semicircle, we must have AC L BC, AD L BD (Corollary 3.1.13). Hence, P is
the orthocenter of AABX. It follows that XP L AB, i.e., X, P, E are collinear.
Example 3.1.6 states that P is the incenter of ACDE.

3.5 LetOPintersect 0 at M. Itis easy to see APAO = APBO (H.L.). Hence,
ZLAOM = £BOM and they must correspond to equal arcs. It follows that M
is the midpoint of



Since PAM =l¢:{(}jff (Theorem 3.2.10), we have

1, 1
ZBAM = = ZBOM = = LAOM = ZPAM.

Now AM bisects ZPAB and clearly, PM bisects ZAPB. It follows that M is
the incenter of APAB.

3.6 (a)Since His the orthocenter, £ZBHC =180° - LA (Example 2.5.5).
Since B, C, O, H are cyclic, we have £LBOC =24£A = £BHC. It follows that
2/A=180°- LA, or LZA=60".

(b) Let the circumradii of AABC and ABHC be R;, R, respectively.

BC BC
, =2R and ———=12R
3 g |

By Sine Rule, _ i
sin £BHC 2

Since ZBHC =180° - Z A, we have sin ZA =5sin(180° - ZA). It follows that
Rl =R2.

3.7 Itiseasytoseethat ODisthe perpendicular bisector of BC. Hence, BM
=CM and we have £2=ZCMD=90° - ZC. On the other hand, consider the
right angled triangles AAOP and ABOP.



) . 1
We have 1 =90°—_.73 and . 3= ?Lg (B = .~ (Theorem 3.1.1).
It follows that £1=90°- £C= Z2and hence, B, O, M, P are concyclic. Now
ZOMP = L0OBP =90°. This completes the proof.

3.8 Extend CD to P such that CD =PD. We have BP = 2DE and AADP is an
equilateral triangle (because ADAC is an isosceles triangle and ZADC =
120°). It follows that LZAPD =60° = LABD, i.e., A, P, B, D are concyclic. Refer
to the left diagram below.

] ;

B E

Let Fand F' be the trisection points of AC. Notice that ADFF'is an equilateral
triangle (Example 2.3.4). Clealy, PF' // DF. We must have ZAF'P = ZAFD =
60° = LADP. It follows thatA, F', D, P are concyclic. Refer to the right
diagram above.

Now A, P, B, D, F' lie on the same circle where PF'is a diameter (since ZPAC
=9092). We have DE // BP, EF // BF and BP L BF' (since PF'is the diameter). It
follows that DE L EF.

3.9 LetCE be a diameter of ;0. Now BE L BC and AH L BC, which
implies BE // AH. Similarly, AE // BH since both are perpendicular to AC. It
follows that AEBH is a parallelogram. It suffices to show that H, M, E are
collinear, in which case the diagonals of AEBH bisect each other.
Notice that ZCDH =90° = ZCDE. Hence, H, D, M, E are collinear.



3.10 Let the midpoints of AB, AC, BC be O, 04,0, respectively. We have
CM =DM =EM (equal tangent segments). Draw O,D0' L O,D atD'. Notice
that DEO,D' is a rectangle and hence, DE=D'0,.

We denote O,C =r;y and O,C =r,. Notice that AB = 2(r, +r,) and hence, OF =
OB=r;+r,. It follows that 0,D'=0,D -0,E=r; -r, and OC=0B -BC=(rq +

r) - 2r, =r; -r, ie,0D' =0C. We also notice that

0,0,=0,C+0,C :éam%ac =éAB=?“1 +1, =OF.

Now AOCF = AO4D'O, (H.L.), which implies CF =D'0O,. Hence, CF = DE. Since
CM =DM = EM, we must have FM = DM.

Now CDFE is a parallelogram since CF and DE bisect each other. Moreover,
CDFE is arectangle since CF = DE.

Note: One may also show CF =DE using Pythagoras’ Theorem, i.e.,

CF:W..'GFE _OCE and DE =£},|G,2 — EIIIO]G_-_-E _ ()IDIE-

3.11 Choose Eon ACsuch that AB=AE. Itis easy to see that AABD = AAED,
BD =DE and AD is the perpendicular bisector of BE.

Now ZLAED = ZLABD = 2£C, which implies ZCDE = LAED - ZC = XLC.
Hence, CE =DE =BD. We claim that E is the circumcenter of ACDI/ and it
suffices to show that E/ = DE, or equivalently, Bl = BD.



Notice that_/BDf=i]_+4'C=lL.1+iC and ZBID = Z2 + /3

:li&T‘ Z3. Since 23 :lL‘IBC: 2 C.we have £BDI = £BID, i.e.,
7 )

BI = BD. This completes the pr_oof.

3.12 LetM' denote the midpoint of AQ. Since ZA = 90° and Q is the
midpoint of BC, we have AQ = BQ =CQ.

Hence, 4M'= i*iQ — lBQ =BP.

7 7
Since QA = QB, we have PM' // AB by the Intercept Theorem. It follows that
ABPM' is an isosceles trapezium. Hence, A, B, P, M' are concyclic (Exercise
3.1), i.e., M' lies on the circumcircle of AABP. Similarly, M' also lies on the
circumcircle of AACQ. We conclude that M and M' coincide and hence, A, M,
Q are collinear.

3.13 It is easy to see that AA'CB and ABB'C are isosceles trapeziums.
Hence, which extend equal angles on the circumference, i.e.,

L1=L2.



We also have £2=/3since AA'// BC.

Notice that A, B, D, E are concyclic (because AD, BE are heights) and hence,
£L1=ZLA4. 1tfollowsthat £3= Z4and hence, A'B'// DE.

3.14 Refer to the left diagram below. Let Al extended intersect the
circumcircle of AABC at D. Example 3.4.2 gives BD =CD = DI, which implies
that Dis the circumcenter of ABIC.

3.15 Refer to the right diagram above. By definition, A, /, J; are collinear.
Since Al L J,J5 (Exercise 1.5), we have AJ; L J,J3. Similarly, BJ, L J;J3 and
Clz L iy,

Now A, B, C are the feet of altitudes of AJ;J,J3 whose orthocenter is /. It
follows that the midpoints of IJ4, IJ,, )3, JJ1, JJ5, JJ3 lie on the nine-point
circle of AJ1J,/5.

3.16 Draw YC'L ABatC' Since P, Q, C' are the feet of the perpendiculars
from Yto the sides of AABX, we must have P, Q, C' collinear (Simson’s Line).
Similarly, S, R, C' are also collinear. It follows that PQ and SR intersect at C,
i.e., Cand C' coincide.



Since LAPY= ZLARY= ZACY=90°, we have A, P, Y, R are concyclicand A, P,
Y, C are concyclic. It follows thatA, P, R, Y, C are concyclic. Now

SPCS =/ PAR =lﬁ'ﬂz_ which completes the proof.

ol T
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Note: One may also find the following alternative solution, which does
not requires the fact that C lies on AB. Refer to the diagram below. It is easy
to see that

%LXOE=LX:IZ =180° — /ZXYZ.

Hence, it suffices to show that ZPCS + £ZXYZ =180°.

Consider the shaded quadrilateral PCSY, where the sum of the interior
anglesis 360°, i.e.,

LPCS+4LXYZ + LPYX + LCPY + £LSYZ + LCSY = 360°. (*) Since AB is the
diameter, we have ZAXB = 90° = ZXPY = ZXQY. Hence, PXQY must be a
rectangle. Now ZPYX = ZCPY=90° - £1. Similarly, SYRZ is also a rectangle
and we have £SYZ= ZCSY= Z£2. Now (*) gives LPCS + £XYZ + 2 x (90° -
Z1+ £2) =360

This leads to the conclusion ZPCS + £XYZ =180° as one observes that L1 =
£ 2 (Corollary 3.1.5).

3.17 Refertothe diagram below.



Let the lines AB, CD intersect at P. Let y4 touch I, at F and intersect the line
BC at M. Let y, touch I'; atL and intersect the line AD at N. It suffices to
show that AMCN is a parallelogram.

We claim that CM - AM = AN - CN. (*)

By applying equal tangent segments repeatedly, we have CM -AM = (CG +
MG) - (MF - AF) = CH + AE, because MG = MF.

Similarly, AN - CN = (AJ+ NJ) - (NL-CL) =Al + CK

Now (CH + AE) - (Al + CK) = HK - El = (PK — PH) - (Pl - PE) =0 since P/ = PK and
PE = PH.

This completes the proof of (*).

Now it is easy to see that AMCN is a parallelogram (Exercise 1.13).

Chapter 4

4.1 Draw the common tangent of ;0 and =P at C. By applying Theorem
3.2.10 repeatedly, we have LA = Z£1=4£2= 4D. Hence, AB // DE. Since A,
B, D, E are concyclic, we have LA = ZE (angles in the same arc).

Now £D = ZE and since AB // DE, LB = LE = ZA. It is easy to see that
ABDE is an isosceles trapezium and AABC ~ AEDC.



We have since they are corresponding line segments. The

conclusion follows.

Note: One may also see that£: Tgin B oand E: 2sin A D Sine
ocC

Rule. Since ZB= ZD, we must have

4.2 We are given that ACDO is a parallelogram, i.e., CD // AB. Since D is
the midpoint of BP, we must have AC = CP.

Connect BC. Since AB is the diameter, we have BC L AP. Since AC =CP, one
sees that AABP is a right angled isosceles triangle where AB = BP (because
AABC = APBC).
Draw DE L AP at E. We have DE // BC Since D is the midpoint of BP, we must
have ('E = PE = ldp by the Intercept Theorem.

4

Let OA =1. It is easy to see that and

.'I’J' .'r
lpe a8 semrpary. PE AN
2 AD 10

DE =

-

4.3 LetACintersect DE, BF at G, H respectively. Since £ZB=90° and ABCD is
cyclic, we must have ZADC =90°.

Since DE L AC, we have AB2=AH - AC.



(Example 2.3.1). Similarly, AD> = AG - AC.

D

-

It follows that “IE; o AH_ (1)
AD-  AG
Since DE // EF, we have i) = A6 = ‘{D_
AB A4AH AF
By (1), AE - AD~ AD {1)

AB  ABY AF’

./

P '-.IE '\3 3
Now “1E _AE_AE _ADzj AD _A.B LI-LD :A_D‘

AF  AB AD AF \ AB) AD \ 4B) 4B

Note: There are many ways to derive the conclusion from (2). For

example, one may write 4F — AD" e 4B~ and hence obtain
' AD
4.4 Refer to the left diagram below. We claim that Since OP =
OM, it suffices to show E =%_
oM OFE
___H\

Refer to the right diagram above. Let AD extended intersect BC extended at



OF CO OM . OF DX

X. We have = e
DX CX AX OM AX

Similarly, We conclude that or equivalently,

It follows that AOFP ~ AOPE and hence, ZOPF = Z OEP.

4.5 Notice that LABC = £LPAE = ZE, which implies AABC ~ AAEQ. Hence,
QOE BC

AQ ~ AC’
It follows that OF = M
AC
Similarly, MBD ~ AMFQand oF = D2 4€
N AD

Now it suffices to show that but this is by Example 4.1.1.

4.6 Connect OA. In the right angled triangle AAOP, PA% = PO-PM (Example

2.3.1). We also have PA? =PC-PD by the Tangent Secant Theorem. Hence,
PC-PD = PO-PM and the conclusion follows.




4.7 LetAC extended and BD extended intersect at P. One sees that AD
bisects ZBAC (Corollary 3.3.3). Since AB is the diameter, we have AD L BP
and hence, AABP is an isosceles triangle where AB = AP (because AABD =

AAPD). Now Bp — 2BD = 445,

It is also easy to see that ABDE ~ ABCP since both are right angled triangles.
Hence, we have BE - BC = BD - BP(One may also see this by the Tangent
Secant Theorem becauseC, E, D, P are concyclic.) It follows that
BE.- [’EE e 3} - EEE _ 4»."?_ solving which gives BE =5.

Hencé, BC =8 and by Pythagoras’ Theorem,

| * 9 I'fj 3
CP=+BP?—BC? =45 -8 =4.

Since PA - PC = PB - PDby the Tangent Secant Theorem, we must have
We conclude that AB=PA =10.

4.8 Since £BCF= 4£BAC (Theorem 3.2.10), we have ABCF ~ ACAF. Hence,
L

AF CF AC and we have 4F _ AF CF | AC | _

CF BF BC BF CF BF  BC

ﬁD_tAB

Similarly, 2 i |
DA AB |

¢ 4B Tﬂ; O
\AC ) \ AB)

It follows that —1 and by

AF_ED_CE:(ACWE

BF CD AE \ BC)
Menelaus’ Theorem, D, E, F are collinear.

Note: Thisis an example of Menelaus’ Theorem where the line does not
intersect the triangle, but the division points are on the extension of the
sides instead. In this case, writing down the equation mechanically could be
easier than referring to the diagram, especially for beginners.

4.9 Refer to the diagram below. Connect CJ, BK It is easy to see that CJ =
AJ and BK = AK. (*)



Notice that LE = ZABF — 4£BPE, while £ZBPE = ZA (Corollary 3.1.5) =
ZABK (since AK = BK).
Hence, LE= LABF—- LZABK= ZFBK.
Similarly, ZLF= ZECI.
It follows that ACEJ ~ AFBK.
N CE JE oJ

ow = = :

BF BK KF

CE- JE CJ AJ-JE
BF® BK KF AK-KF

Hence,

by (*).

4.10 ConnectBP, CP.Since AP =AQ, we have £2= Z1= Z3(anglesin the

same arc). Now AADQ ~ AAQC, which implies
AQ  AD 5

T ,or AQ" =AC-AD.

AC A4Q

Similarly, AP% = AB- AE. Since AP =AQ, we have AC-AD=AB - AE.

It follows that B, C, D, E are concyclic and hence, LZABO = £ZACO. Notice
that AOBE ~ AOCD. Since OB = OC, we have AOBE = AOCD (A.A.S.) and hence,
OD = OE. Now AOBC ~ AODE since both are isosceles triangles. Hence, ZOBC
= Z ODE, which implies DE // BC.



Note: SinceB, C, D, E concyclic, one sees that AABC and AADE are
isosceles triangles where AB=ACand AD = AE.

4.11 Let the common tangents passing through A and B intersect at P,
i.e, PA L 0,0, andPB L 0,0;. Notice that PA =PB (equal tangent
segments). Refer to the diagram below. We claim that PC must be a
common tangent of (-0, and z;03.

(o
.

£ r
o, Tk

Suppose otherwise, say the line PC intersects 30, atC andD. By the

Tangent Secant Theorem, PB? = PA? = PC - PD If the line PC touches )05 at
C, we have PB = PC This is only possible if PCis a common tangent of (0,
and 303, i.e., C, D coincide. If the line PC intersects (3053 at C and E, we

have PB? =PC - PEand hence, D and E coincide. Since ;0 and @03 are

tangent to each other at C, this implies C, D, E coincide and hence, PC is a
common tangent of (04 and 03.

In conclusion, PC is the radical axis of (304 and 303. Hence, €4, €,, €5 are
concurrent at P.

4.12 Draw PA, PB tangent to (0 at A, B respectively. Notice that AP is the
common tangent of 7,0 and 30, and hence, the powers of P with respect
to 0 and 0, are the same. Similarly, the power of P with respect to 0
and 0, are the same. It follows that P lies on the radical axis of 0, and
®0, (Theorem 4.3.6), i.e., P lies on the line CD.



Let OP intersect AB at H. Clearly, OP is the perpendicular bisector of AB.
Hence, we have PA? = PH - OP (Example 2.3.1).

Since PA2=PC - PD we must have PC - PD=PH - PQ This impliesC, D, O, H
are concyclic. It follows that ZODC = ZOHC =90°.

4.13 Let D be the point on the angle bisector of £B such that AD //BC.
Since £LB=2/4C,wehave L1=/4£2=/ZC.

Since AD// BC, we have £1= /3= ZC. It follows that ABCD is an isosceles
trapezium which is obviously cyclic.

By Ptolemy’s Theorem, AC- BD=AD - BC+AB - CD.

Since AC=BDand CD =AB =ADbecause Z2= /3), we have AC’=AB - BC+

AB?=AB- (AB +BC).

Note: Once we have AB = AD = CDone may also show the conclusion by
the area method. Refer to the diagram below. Extend CB to E such that BE =
AB. ltis easy to see that AE=BD =AC.




Hence ,[MCE]:%AC-AESin z_/CfIEZITACE sin /CAE ~ and

1 B U TR
[ACDE|=—~CD- CEsin ZBCD = — AB(AB + BC)sin ZBCD,

Since LCAE= £ZBAC+ ZL1land £1= ZAEB = £ZACB by isosceles triangles,
we have ZCAE= £LBAC+ £LACB =180°— £LABC. It follows that sin £ZCAE =
sin ZABC =sin £BCD.

Since [AACE] = [ACDE], we must have AC2=AB - (AB+ BC).
One may notice that applying Ptolemy’s Theorem is much faster.

4.14 Refer to the left diagram below. Let 0, touch€,, €, atP, Q
respectively. Itis easy to see that PQ is a diameter of (30, and 0,B// 03D //
PQ. Let | be the circumcenter of AACE.

Example 4.3.3 states that the circumcircle of AACE is the incircle of AO,0,0;.
In particular, IC L 0,03. We claim that BC L 0,05.

Let the radii of m0;, 0, and 03 be ry, r,, r3 respectively. Refer to the
right diagram above. Draw O,X; L PQ atX; andO3X, L BO, atX,.

Pythagoras’  Theorem  gives USBP=0,X; = \L,'IIE}-UF} = 01X12

[ O .} r P [
=J+n) —(H-n) =2,/nm . Similarly, D =2 ,fnr; .

In the right angled triangle A0,05X,, 0,03% =0,X,% +03X,?. Observe that
0203 =r2 +r3, 02X2 =PQ - Bq _DO3 = Zrl _r2 —I’3 and
O:X, =DQ—-BP =2\\/rnrs — /iy ). Hence (i + i ) =25 -1 -1y f

— —2 - ipe . . . — g
+4{._1.."?'3 1y — 17 T__the simplification of which gives 1= z*n.""i"E (%)

Now Bo.? —CO;” = BX,” + O, X" — 13’



=t

=(2n =13 +al{fnrs —fir | =17 =40 +4mmy —sn\rary
=4nnm by (*¥).
Thisimplies 3o,> — co,® = BP? = B0, — O,P* = BO,* —0,C* .

It follows that BC L 0,05 by Theorem 2.1.9. Since IC L 0,03, B, I, C are
collinear. Similarly, A, I, D are collinear. The conclusion follows.

4.15 Since PQ is tangent to the circumcircle of AMNL, i.e., PQ touches the
circle exactly once, the point of tangency must be L. It is easy to see AB //
MLand AC// NL because M, N, L are midpoints.

Clearly, £ZBAC = ZMLN. Notice that ZAPQ = ZPLN = ZLMN and similarly,
LM AP
ZLMN = ZAQP. It follows that ALMN ~ AAPQ and hence, E =

LM PL 7 ]
PL=QL, we must have = = % = de. ﬂ:ﬂ
BQ PQ PO CP LN CP

AP BQ .
Now we have —— = —=_or equivalently, AP - CP =AQ - BQ.

AQ CP
Let 0 denote the circumcircle of AABC. Consider the power of point P
with respect to 0. We see that OP> —r> = —AP - CP wherer is the
circumradius of AABC. (Refer to Definition 4.3.5.) Similarly, we have 0Q*-r?

=—AQ- BQ.




Since AP - CP =AQ - BQ, we obtain OP?=0Q?, i.e., OP = 0Q.

Note: It is easier to write down the expression for the power of a point
without referring to the diagram. Indeed, those irrelevant lines in the
diagram could be very confusing.

Chapter5

5.1 LetBD, CE intersect at H, the orthocenter of AABC. By Example 3.4.1,
£BAO = LCAH =90° — ZC. It is easy to see thatB, C, D, E are concyclic.
Hence, ZC= ZAED. It follows that ZBAO + LAED=90%, i.e., AO L DE.

5.2 Connect BP, OP. It is easy to see that APAB is a right angled isosceles
triangle where ZAPB=90° and £LPAB= ZPBA =45°.

[PM? =narr BM

In the right angled triangle APBM, we have ]
| P =MmH BH (2

Since AM =PM, (1) gives AM? = MH - BM, or

It follows that AAHM ~ ABAM. Hence, ZMHA = L MAB = 45° and ZMAH =
Z MBA

On the other hand, since £ZBHP = £ZBOP =90°, B, O, H, P are concyclic, which
implies £ZBHO = £BPO =45° = L MHA.

MH OH or
AH BH
AH - OH=MH - BH = PH? by (2). This completes the proof.

Now we have AAHM ~ ABHO and hence,




Note: One sees the conclusion is essentially a property of the right
angled isosceles triangle APAB where only medians and perpendicular lines
are introduced. Hence, one may solve it by brute force, i.e., calculating PH,
AH and OH.

Let AO =BO =0P = 1. We have Notice that APBM is a right
angled triangle whose sides are of the ratio (Pythagoras’
PM-PB 2 1x2 410

Theorem). Hence, prr — -
BM LA 3

] . fn
Notice that MH :l__ ie. MH= ““m_ Since AM :q"_‘__ we have
PH 2 10 2
AH*> =AM? +MH? - 2AM - MHcos ZAMB by Cosine Rule, where

cos S AME =—cos S PMBE=— 1

(J2) (J10) ., 1 V2 Jio_4
Hence,AHJZ N=, 2 e ‘4.2_ _.*"_.*"'I = —
2 . 1) b Z de 5
_ . . 2410
Notice that OH is a median of AABH, where gry — 2pgg = =¥~
B
573
g A e Foion 1 14 1{2410] 1
Hence, OF® =~ AR’ +=BH" ——AB == Z+—| =—| -—x2’
2 2 4 25 2( 5 4
e £ A FA | n }
2 1 2 1
It followsthat AH -OH =—-—=—=PH"~
N3 A5 5

5.3 Recall thatﬁjﬁ:{;[j}ﬂ—lic SinceCD = CE we have
2

; 1 \ N 1 .
£LCDE =—j{_18ll]° — Z()and hence, /EDP = 90° + T/_’C' = £ AIE Since

Z ABI = Z PBC, we must have AABI ~ APBD.




458 = E and we conclude that AABP ~ AIBD.

BP RD
It follows that ZAPB= ZIDB =90°.

Hence,

Note: One may also show that LAPI= ZLAEl=90°. In fact, once we obtain
ZAIP =90° — lLC = CED = /4EP one immediately sees thatA, |,
. .

E, P are concyclic and hence the conclusion.

5.4 Notice that in the right angled triangle ABCR,
BD=CD=DR= ITBC.

Similarly, D¢ = LEC =DR.

=
It follows that DX is the perpendicular bisector of QR. Similarly, EY, FZ are
the perpendicular bisectors of PR, PQ respectively. Hence, DX, EY, FZ are
concurrent at the circumcenter of APQR.

55 LetAA' be a diameter of 0. ByExample 3.4.4, A'BHC is a
parallelogram and N is the midpoint of A'H. Notice that A',H, Q are collinear.
Let CC' be a diameter of 0. Similarly, we have C', H, P collinear and M is
the midpoint of C' H.

By the Intersecting Chords Theorem, A'H- HQ =C'H - HB, which implies MH -
HQ=NH - HP since A'H=2MH and C'H = 2NH.

It follows that M, N, P, Q are concyclic.



A o=

Note: One may also notice that MN //A'C' (Midpoint Theorem) and
hence, A', C', Q, P concyclicimplies M, N, Q, P are concyclic (Example 3.1.7).

A

B D el 1

5.6 Notice AABC is a right angled triangle. We have

J'Z%{AB—E—AC—BC].

Similarly, 7; :%{AD+BD —AB) and 1, = %{AD +CD—AC).

Itfollowsthaty + 5 +71, = AB+%{ED +CD—BC)=AD.

5.7 LetC' be the reflection of C about BD. Draw C'H L BC at H. One sees
that CP +PQ=C'P+PQ=C'Q 2 C'H. Refer to the left diagram below.

c"'f
A
I\
A Jf 1\ D
/ | A
Fi
! |
'
B 0 H X

Itis easy to see that CC' L BD and hence, ACC'H~ ADBC.

i xR 1 i 2
= = —_Referto the right diagram above.

We have —
CC" B 45




. 1 BC-CD
Notice that B¢ . D = j[ﬂﬁr_’_ﬂ} — BD -:CC'_ Hence, ¢ ('=2 ————

5 g BD
Itfollowsthat C"H = —CC'= —.
V35 5

]

In conclusion, the smallest value of P+ PO 15 — where C'Q L BC atQ

LA

and C'Qintersects BD at P.

5.8 Extend HM to D such that HM = DM Clearly, BDCH is a parallelogram
where ZDBH=180°- ZBHC = Z A because H is the orthocenter. (1)

Let CE be a height. Notice that ZAPQ=90°— £LPHE=90°- LCHQ = LCHM =
ZBDH. (2)

(1) and (2) imply that AAPQ ~ ABDH. Since £ZHBM =90° — £ZC = ZCAH, we
PH DM

conclude that H and M are corresponding points, i.e., —— =——=1_This

completes the proof.

Note:
(1) One may also see that AAPH ~ ACHM and AAGH ~ ABHM.
PH MH MH QOH
W —_— —_— '
AH CM BM 4H
(2) Notice that the diagram of this question is similar to Exercise 5.4.
However, the techniques used are entirely different. In fact, this
question is more closely related to Example 5.2.6. Can you see that
AAPQ and ABCH are related in a similar way as AABC and AEFO in that
example?

No leads to the conclusion.

5.9 Referto the diagram below. Since PBis tangent to ()0, we have ZPBD
= ZBAD. Since B, C, D, P are concyclic, we have LZACD = £BPD. It follows
that AACD ~ ABPD.



Hence,

Since OA is the perpendicular bisector of PQ, we have AQ =AP =BP.

40 BD

AC  AD
(because AQ is tangent to z0). We conclude that AACQ ~ ADAB. Now

ZDAB=ZACQ and we must have AD // CQ.

By (1), _Refer to the diagram below. Notice that £ BAQ = LADB

5.10 LetH be the orthocenter of AABC and AD extended intersect the
circumcircle of AABC at F. It is easy to see that DH = DF and £BFH = £BHF =
ZAHQ.

On the other hand, we have ZQAH = ZPBF (angles in the same arc). It

follows that AAHQ ~ ABFP. Refer to the left diagram below. Since £ CAF =

Z CBF, D and E are corresponding points and E = E (1)

EH DF



Draw QR // DE, intersecting AF at R. Refer to the right diagram above.

NOW—EQ :—DR c 22}
EH DH
Since DH =DF, (1) and (2) imply PD = DR By the Intercept Theorem, DE must

pass through the midpoint of PQ.

Note: This is not an easy problem. Recognizing similar triangles AAHQ,
ABFP and ABHR is the key step, even though ABHR is not drawn explicitly in
the proof. Indeed, one may see this problem as an extension of Example
3.4.3.

5.11 Since ZA =90°, one sees that BC is a diameter of I. Let DE intersect
PH at G. Let M be the midpoint of PE. Let PH extended intersect I'at Q.

We have ZPED= £ZD= £Q (angles in the same arc). It follows that APGE ~
APEQ.

Clearly, H is the midpoint of PQ. Since M is the midpoint of PE, we have
APGM ~ APEH. Nowﬁzﬁ= 1 i.e., PG=PM.
PM PH

It follows that MG // EH, and hence, G is the midpoint of PH.

Note:



(1) We introduced the midpoint M of PE instead of explicitly drawing a
perpendicular from the center of I to the chord PE. Nevertheless, the
motivation still comes from this technique.

(2) One may also connect MH and see that MH // EQ. Since PE = PH, we hav.
APMH ~ APEQ and APMH = APGE (A.A.S.). Now EHGM is an isosceles
trapezium and the conclusion follows.

(3) There is an alternative solution by the Intersecting Chords Theorem.
Refer to the diagram below. Draw the circumcircle of ADEH.

Since PD = PE = PH, As the circumcenter of ADEH. It is easy to see that
PH=HQ=PR.LetPH=r,PG=aand GH=r—a.
By the Intersecting Chords Theorem, PG - GQ =DG - GE =GH - GR.

Hence, a(2r—a) =(r—a)(r+a), i.e., 2ra =r.

r
It follows that & == and Gis the midpoint of PH.

5.12 By considering the isosceles triangle ACDQ, one sees that ZCDQ =
£ DCQ=ZLCADand hence, £ZCQD =180°-2 LCAD.

Draw (»Q with radius CQ. Since AB is a diameter, PD L AD and hence,

ZCPD=90°-/ACAD =— ZCQD . It follows that P lies on Q.

I3 | =



Hence, PQ = CQ and we have ZCPQ = ZPCQ.

Since AC L BC, we have ZPCQ =90° — £BCQ = 90° — £BAC. This implies
that ZCPQ+ £BAC=90%i.e.,AB L PQ.

Since PD L AE, B must be the orthocenter of AAEP. Now BE L AC, which
implies B, C, E are collinear.

Note: One sees from the proof that PQ = CQ = DQ = EQ, i.e., Qis the
midpoint of PE. Indeed, one may find an alternative solution as follows.
Suppose the lines AD and BC intersect at E' where Q' is the midpoint of PE".
Connect Q'Cand Q'D. Refer to the diagram below.

Since ACPE' and ADE'P are right angled triangles sharing a common
hypotenuse, we have (J'(" = iPE': oD
L5 S ¥

Now it suffices to show that Q'C and Q'D are tangent to 50, or equivalently,
oclc

e — —
=

s i

b

A
s

h'f"

Since AC L BC, it suffices to show £ ACO = ZBCQ'. Notice that B is the
orthocenter of AAPE', i.e., AB L PE'. We have ZBCQ' = ZCE'Q' = 90° -
LAPE' = LCAO = LACO. This implies OCLQ'C and similarly, OD L Q'D.
Hence, Q' coincides with Q and we conclude that E' coincides with E. This
completes the proof because E' lies on BC.

5.13 Since/ is the incenter of AABC, we know that DC =D/ and EC = El
Hence, DE is the perpendicular bisector of Cl. Let the line DE and €,
intersect at F'.

Itis easy to see that AEF'l = AEF'C (S.S.S.) and hence, ZECF' = ZEIF'

Since IF'AB, we have ZEIF' = ZABI = ZCBI. It follows that ZCBI = ZECF'
which implies CF'is tangent to 0 at C. In conclusion, F and F' coincide. This
completes the proof.



5.14 Draw DF L BC atF and EG L BC atG. Since BD bisects ZABC and
ZBAD = £ZBFD = 90°, we must have AABD = AFBD (A.A.S.). Hence, AB = B/
and AD = DF.

Similarly, AC = CG and AE = EG. We claim that FP = GP.

Let AP and DE intersect at X. By applying Pythagoras’ Theorem repeatedly,
we have FP? = pp? - DF? = PD? - AD?

= (PX% + DX?) — (DX? + AX?) = PX> - AX%. (1)

Similarly, GP? = PE? —EG? = PE? — AE?

= (PX% + EX?) — (EX2 + AX?) = PX?—AX2.  (2)

(1) and (2) imply that FP = GP.

Now AB—AC = BF —CG = (BP + FP) — (CP + GP) = BP — CP.

5.15 Since ZACD = ZBCP, one sees that ZPCD= £ZACB = ZCAD because
AD // BC. Since AB // CD, we have ZPDC = LABD = £LAED (angles in the
same arc). It follows that AADE ~ ACPD and hence,




Since CD =AB, we have

Clearly, £BAE = ZPDE (angles in the same arc).

We conclude that AABE ~ ADPE. It follows that ZAEB = ZDEP, or
equivalently, ZAED = ZBEP.

Note: We applied the technique of similar triangles sharing a common
vertex to show AABE ~ ADPE, where the “common” vertex is not E, but A and
D: although these are different points, the corresponding angles at the
vertices are the same due to the concyclicity.

5.16 LetA'be the point symmetric to A about O. Let the lines CA' and BD
intersect at £'. Since A'A is a diameter of 0, we must have AC L CE'. Now
it suffices to show that P, O, E' are collinear.

Connect BC. Notice that LABC = ZA'CD because they correspond to equal
arcs (i.e., by symmetry).

Clearly, £LCAB= £CDB. We must have AACB ~ ADE'C. Draw OM L ABatM
We see that M is the midpoint of AB. Connect CM, OE' Since O is the
midpoint of CD, we have AACM ~ ADE'O.

It follows that £1= Z3. Connect OP. Since ZOMP=/Z0CP=90°,P,C, O, M
are concyclic and we have £1= Z£2. Now £2 = £3, which impliesP, O, E'
are collinear.

Note: One may also re-write the proof in a direct approach: upon drawing
OM L AB at M, we show that MACM ~ ADEO and hence, AACB ~ ADEC. Now
the angles extended by on 0 are the same (where CE

intersects O atA'). Hence, A and A' are symmetric about O. We conclude
that AA'is a diameter of 50 and hence, AC L CE.

5.17 Notice that £ DAE = £ZBAD — £BAE where £BAD = 180° — ZC and



£ BAE = ZBFC (because A, B, C, Dand A, B, F, E are concyclic).
It follows that ZDAE=180°—- £LC— £BFC= £CBF.(1)
Refer to the left diagram below.

Since Gis the circumcenter of AADE, we have ZDGE =2 ZDAE.
Similarly, £ZCHF =2 ZCBF. Refer to the right diagram above.
Now (1) implies £ZDGE = ZCHF and hence, the isosceles triangles ADEG and
ACFH are similar. In particular, DG // FH.
Consider AAPE.
DE sin ZDAE
and = :
AE sin ZADE
PD  APsin £PAD
DE AEsin ZDAE
AP sin ZAEP Now PD  sin ZAEP-sm ZPAD
AE sin/P  DE sin/P-sin/DAE
A similar argument applies in ABPC, which gives

PF _ sin ZBCP-sin £PBF 3)

CF  sin/P-sin/CBF

Notice that LZAEP = ZPBF and £ZBCP = ZPAD by concyclicity. We also have
ZDAE= ZCBFby (1).

Sine Rule gives

Since sin ZPDA =sin ZADE, we have

By Sine Rule,

(2)

Now (2) and (3) implies thatE =E_ 4)
DE CF
Since ADEG ~ ACFH, we have % - E (5)
DE (CF
(4) and (5) give and hence, APDG ~ APFH.

Now ZDPG= ZFPH and it follows that P, G, H are collinear.



Chapter 6

6.1 DrawAH L BC atH. Let OA and DE intersect atF. It is well-known
(Example 3.4.1) that LOAD = £ CAH.

If B, C, E, D are concyclic, we must have ZADE= ZC.

Now ZADE+ ZLOAD=/LC+ ZCAH=90°i.e., DE L OA.

On the other hand, if DE L OA, we have ZADE =90° - ZOAD =90° - ZCAH
= ZCand hence, B, C, E, D are concyclic.

Note: Exercise 5.1is a special case of this problem.

6.2 Let AMand BP intersect at D. It is easy to see thatﬂ — 7 and hence,
.\ BM
i =
M, AD ] AB =
DM |\ BM |

Apply Menelaus’ Theorem when AACM is intercepted by the line BP. We
have AD BM CP

DM BC AP

Now 4p— 31."[: and AC = 3'»."r3_ Hence, AB=3.

in the right angled triangle AAB

=1 Itfollows that



B ME C

Note: One may also draw PE L BCatE. It is easy to see that AABM ~ ABEP
1 . 1
and we have PE = CE = :BE._ Le; O = EEC

Since we have CE=1and AB=3.

6.3 Refertothe diagram below. Itis easy to see that AABG ~ AEDG.
Hence, A — BG = A3 :l_ (1)
EG DG DE 4

BG CG BC _

Similarly, ABCG ~ AFEG, which implies - = E (2)
FG EG EF 5
1 2 3

By (1) and (2), AGzIEG and CG =?EG=EAG-

5 5
Since ACD(F ~ AAFGG. A_F = £ :i_ It follows that 4 F :E{_"D: 1_

ch COG 8 8 3

6.4 In the right angled triangle ABCD, DF:lBC because D is the

midpoint of BC. Since DE =DF, DF = lB(_“, which implies ZBEC =90°.
J,



B D c

Since BE bisects ZABC, we have AABE = ACBE (A.A.S.), which implies AB =
BC and Eis the midpoint of AC.

Hence, in the right angled triangle AACF, EF = l‘a‘ a4

5

Since DE = EF, we have AB = BC = 2DE = 2EF = AC. This completes the proof.

6.5 Refer to the diagram below. Let AD, BE intersect at H, the orthocenter
of AABC. It is easy to see that A, B, D, E are concyclic.

Apply the Intersecting Chords Theorem repeatedly: PH - QH =AH - DH = Bh
EH=MH - NH.

It follows that M, P, N, Q are concyclic.

Note:

(1) One may notice that M, P, N, Qlie on acircle centered at C. In fact since
BCis the perpendicular bisector of MN, we have CM =CN and similarly,
CP =CQ. We claim that CM =CP.
Since BCis a diameter, ZBMC =90° and hence, CM2=CD - BC(Example

2.3.1). Similarly, we have CP? =CE - AC By the Tangent Secant
Theorem, CD - BC=CE - AC Hence,CM =CP and M, P, N, Qlie on the
circle centered at C with the radius CM.

(2) One may also draw CF L AB. at F. Since AC, BC are diameters, F lies on
the circumcircles of AACD and ABCE. By the Intersecting Chords
Theorem, PH-QH =CH - FH=MH - NH and hence the conclusion.

6.6 Referto the diagram below. Apply Sine Rule to AADX and ACDY.



We have =— an :
DX sin.J/? DY s5in /3

AX  sm A d e i §1n£4_ Notice that Z1 = Z4 and

2+ /3=180°i.e.,sin£2=sin/Z3. It follows thatﬂ :E_
DX DY
We have AE = AX and CH = cr by the Angle Bisector Theorem.
DE DX DH DY
Hence, , which implies AC // EH.

AG_AI’_CX_CFj

G BY BX BF
We conclude that EH // FG. Similarly EG // BD // FH It follows that EGFH is a
parallelogram.

Similarly, FG // AC. (Hint:

6.7 Letthe circumcircle of ADEF intersect BCat D, D', ACatE, E' and AB at F,
F'. Notice that the midpoints of BC and DD' coincide, i.e., D and D' are
symmetric about the midpoint of BC.

D AE BF




We have B} = LBC and BD'=CD = L.?:E-'{f‘_
k+1 kE+1
Similarly, BF = AB and BF'= AF = LAB_
kF+1 k+1
7 k g !Tf 2
We have BD-BD'=———BC" and BF -BF'=—— AB".
(E+1) (k+1)

Since BD - BD' = BF - BF (Tangent Secant Theorem), we must have AB? =BC?,
i.e.,, AB=AC.
Similarly, BC=AC and the conclusion follows.

6.8 Refer to the left diagram below. Since OD = OF and OP bisects £ZDOE,
we must have PD = PE (because AOPD = AOPE).

Clearly, AD #AE because AABC is non-isosceles. Since AP bisects ZA, we
must have A, D, P, E concyclic (Example 3.1.11).

It follows that ZAED = ZAPD.

Refer to the right diagram above. Let AP extended intersect BC at Q'. Since
B, C, D, E are concyclic, we must have £ZB= ZLAED = LAPD.

Hence, B, D, P, Q' are concyclic.

Similarly, C, E, P, Q are concyclic. It follows that the circumcircles of ABPD
and ACPE intersect at P and @, i.e., Q and Q' coincide. This completes the
proof.

Note:

(1) It is easy to see that BE, CDare the heights of AABC, but this is not
important when solving this problem.

(2) Recognizing A, D, P, E concyclicis the key step. This is the conclusion of
Example 3.1.11, a commonly used fact.

6.9 Apply Menelaus’ Theorem to AAMD intersected byBP, AAMF
intersected by BC and AADF intersected by PN:



AB DP ME

=t (D)
MB AP DE
MB FD AC

' : =T 2}
AB MD FC
AP DN FC

¢ wasl
DP FN AC
Multiplying (1), (2), (3) gives 2= £2 DIV _ )

DE -MD-FN
D_"!-"I 5 D}".r i DE D_F

= s1e., +i=——41.
EM FN EM FN

It follows that EM = FN and hence, DM = DN.

Since DE = DF, we have

Note: Multiplying (1), (2), (3) is a quick way to cancel out the terms. Of
course, one may also manipulate each equation by moving the desired
terms (DE, DF, MD, ME etc.) to one side and the rest to the other side. This
is a basictechnique when applying Menelaus’ Theorem.




6.10 Let 70, and 03 intersectat P and H. We have PH L 0,03 and 0,03
// BC (Midpoint Theorem).

Hence, PH L BC, which implies A, P, H are collinear. By the Tangent Secant
Theorem, we have

AC]. : ACZ =AP- AH=ABl : ABz.
Hence, B4, B,, C4, C, are concyclic.

Let the perpendicular bisectors of BB;, CC; intersect at O. Notice that 00,,
003 are also the perpendicular bisectors of AC, AB respectively.

Hence, O is the circumcenter of AABC, i.e., By, B,, C4, C, lie on 0 whose

radius is OB;.

A similar argument gives thatA,, A,, By, B, also lie on & 0. It follows that
A4, A,, By, By, €y, C, are concyclicon 0.

6.11 LetBM and CN intersect atX. Since ZC = ZPAB, we have AABC ~
APBA. Similarly, AABC~ AQAC.

Hence, £1= /2= ZBAC and we also have ZBPM = ZNQC.

Consider ABPM and ANQC. Since P is the midpoint of AM, we have
because AABC ~ APBA.

- NQ A0 A4B
Similarly, — = — _
e AC

N
It follows that 2o = 2 and hence, ABPM ~ ANQC.

PM  CQ




Now Z£3= 2N and we must have £L4=/BQN = /1= ZBAC. It follows that
A, B, X, C are concyclic.

6.12 Since BE // CF, we have £LBFC = LEBF = ZCAD (angles in the same
arc), which implies A, D, C, F are concyclic, say on 0.

Since M is the midpoint of BC, by the Tangent Secant Theorem, AM - DM =
BM? = CM?, which implies BCis tangent to 50;.

Since ABEG ~ ACFG, it follows that O and O are corresponding points.

It follows that £ZBGO = ZCGO, because they are corresponding angles in
ABEG and ACFG respectively. This implies G lies on the line 00, Since 00, is
the perpendicular bisector AD, we have AG = DG.

Note: One may also show G, O, O, collinear via AOBE ~ AO,CF and hence,
OF 3 BE _ BG

= = .Now AOBG ~ AO,CG and ZBGO = LCGOl.
OC CF CG

6.13 Recall thatJ,J3 // EF because both are perpendicular to Al (Exercise
1.5). Similarly, Jljz // DE and J1J3 // DF. It follows that ADEF ~ AJ1J,J5.

Now JIQ ('31111:‘6' JiJ3 I DF )
FO J;J}

s (simce ADEF ~ AJjJq2J3)

1+ 2

JiR .
== (since DE /| J;J5)
ER B



Hence, QR // EF. Notice that AJ; is the perpendicular bisector of EF and
hence, J1E =J4F. It follows that AJ; is also the perpendicular bisector of QR.
Since / lies on AJ;, we must have Q/ =RI.

Similarly, PI = Ql and the conclusion follows.

6.14 Refer to the left diagram below. Extend AE to G such that BC = EG
Since AB =BC +AE, we have AB=AG.

Now ZABG= £LAGB= £CBG (because AE// BC), i.e., BG bisects ZABC. Itis
also easy to see that BCGE is a parallelogram where M is the center.

We claim that A, B, D, G are coney clic. (1)
Notice that (1) would imply that ZADB = ZAGB, which leads to the
conclusion because .~ 4GB = S/ (BG = lL{BC = liCDE_

7 2

Refer to the right diagram above. It suffices to show that £ BDG = 180° -
ZA, where 180°— LA = ZABC = ZCDE. Hence, it suffices to show Z BDG =
ZCDE, or £BDC= £LEDG. (2)



Let D' be the reflection of D about OM. Refer to the diagram below. Since
OD =0D', D' must lie on 70 whose radius is OD. Notice that 0 is exactly
the circumcircle of ABCD, i.e., B, C, D, D' are concyclic.

Now £BDC= Z1.(3)

On the other hand, one sees that CDED' is a parallelogram because DD' and
CE bisect each otherat M

It follows that CD' =DE' and CD' // DE. Now it is easy to see that ABCD' =
AGED (S.A.S.). We conclude that LZEDG = £1. (4).

(3) and (4) imply (2), which completes the proof.
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